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1 Differential Equations of First Order and First Degree 


DEFINITIONS 


1. 


An equation which involves differential 
coefficients or derivatives is called a differential 
equation. 


A differential equation is said to be partial if 
there are two or more independent variables. 


The order of a differential equation is the order 
of the highest derivative occuring in the 
equation. 


The degree of a differential equation is the 
highest power of the highest order derivative 
present in it when the derivative occurs in the 
form of polynomials i.e. made free from 
radicals and fractions so far as derivatives are 
concerned. 


A differential equation is said to be linear if the 
dependent variable and all its derivatives occur 
in the first degree and they do not occur 
together with multiple operation, otherwise 
called non-linear. 


The function y = f(x) is said to be the solution 
of a differential equation if, when putting in the 
equation it reduces the equation to an identity. 


If in a differential equation, the independent 
arbitrary constants are equal to the order of the 
differential equation then the solution is called 
the general solution. 


A solution obtained by giving particular values 
to the arbitrary constants in the general solution 
is called a particular solution or integral. 


The solution of an n® order differential 


equation may contain n arbitrary constants. 


DIFFERENTIAL EQUATIONS OF FIRST ORDER 
AND FIRST DEGREE 


1. 


The differential equation of first order and of 
first degree is represented by 


Mdx + Ndy = 0 


where M and N are some functions of x and y 
or are constants. 


If the differential equation can be written in the 
form f(x) dx = o(y)dy 

where f(x) is a function of x only and 6(y) isa 
function of y only then we get the solution by 
integrating both sides and we say that the 
variables are separable. 


A differential equation of the form 
dy _ f(x, y) 
dx (x, y) 
homogeneous functions of x and y of the same 


degree, is called a homogeneous equations in 


such cases we put y =vx and a =v+x a 
dx dx 


and then solve it by variables separable 
method. 


where f(x,y) and (x,y) are 


The differential equation of the form 
dy ax+by+c 
dx Ax+By+c 


can be reduced to the 


homogeneous form by substitution 


x=X+ pos bandso =” 
dx dx 


The given differential equation reduced to 


dY  axX+bY+ah+bk+c ee ee 


dX AX+BY+Ah+Bk+C’ 


k such that 
ah + bk +c=Oand Ah+ Bk +C=0 
Then given equation becomes ay’ = aX + bY 
dX AX+BY 


and solve by substituting Y = VX. 


This is called equations reducible to 
homogeneous form. 
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5. 


An equation of the form oe + Py = Q where P 
Ix 


and Q are functions of x only is called a linear 


differential equation of the first order. In such 


case, multiply both sides by el Ee ie, 


elPi ( + Py} = Q.elPax 
dx 


ie. <(v.™)-9. 3% 


Integrating both sides, we get 


y ol Pdx _ J Q. ol Pax + C which is a solution. 


The differential equation & + Py = Qy” 
x 


where P and Qare functions of x alone is called 
Bernoulli’s equation. 


On dividing both sides by y”, we get 


y? dy. py rt = Q 
dx 


Put y"tl=V so Te 
dx dx 
dV a 
pedces tO: +(1-—n) P.V =(1 —n)Q which is 
Ix 


linear. 

It is called equations reducible to the linear 
from. 

An exact differential equation is formed by 
directly differentiating its primitive i.e. solution 
without any other process. 


The necessary and sufficient condition for the 
arbitrary differential equation Mdx + Ndy =0 


to be exact is that 
aM _ aN 
oy ox 


If the differential equation Mdx + Ndy = 0 is 
exact then its solution is 


fMdx+ =f Ndy=C 
y as constant Only those 
terms in 
N which do 


not contain x 


EQUATION REDUCIBLE TO THE EXACT 
EQUATIONS (INTEGRATING FACTORS) 


ale 


A differential equation which is not exact can 
sometimes be made exact by multiplying by 
some suitable function of x and y then such 
function is called an integrating factor. This 
integrating factor can by formed by inspection. 
If the differential equation Mdx + Ndy = Ois of 
the form 

Lf(x, y)] ydx + [ (x, y)] x dy=0 and 


Mx — Ny # 0, then : is an integrating 
Mx 


factor. 


If the differential equation Mdx + Ndy = 0 is 
homogeneous equation and Mx + Ny #0 


then —— is an integrating factor. 
Mx + Ny 
If a & - “| = f(x)is a function of x alone 
N\ oy ox 


then the integrating factor for Mdx + Ndy = 0 
is el fi oe 


1 (AN oM 
—_ | —- —— |= is a function of y alone, 
7; ( ax Op ) f(y) y 


then the integrating factor for Mdx + Ndy = 0 
ig a fly) dy 


If the differential equation is 

xy? (mydx + nxdy) + x°y? (pydx + qxdy) = 0 
Where a, b,m,n_c, d, p, q are constants, then 
its integrating factor is xhyk where h and k can 
be obtained by multiplying the given equation 
by xhyk and equation must become exact. 


Differential Equations of First Order and First Degree a 
es 
EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1. 


10. 


y= Ae* + Be™%, is the general solution of the 
differential equation (K.U. 2015) 
2 2 
(a) Yay (b) Ye y+1=0 
dx dx 
a’ d? 
(c) “¥-y=1 (a) <S=y 
dx dx 
d’y 
The differential equation eu sin y = sin x is 
(K.U. 2014) 


(a) Linear of order 2 (b) Non linear of order 2 


(c) Linear of degree 2 (d) Non linear of degree 2 


The order and degree of the differential equation 
3 
2 4 
if oe +(2) + y* =Oare 
dx? dx 
(a)2and3 (b)3and2 (c)2and1 


(d) 3 and 4 
The differential equation corresponding to the 
equation y = Acos x + B sin x is 

(a) y"+y'+y=0 (b) y" + 2y’+ y=0 


(c) y”+ y=0 (d) y+ y=0 

The solution of (1 + x) ydx + (1—- y) x dy = Ois 
(a)x + y=ce* ¥ (b)x —y=ce**¥ 
(c) xy=ce* 9 (d) xy = ce? * 


If for differential equation se =e**Y y (1) =1then 
Ix 


y (—1) is equal to 


(a)1 (b) -1 (c) 0 (d) 2 
The solution of oe : is 
xX  xXY-Xx 
(a) x = ke’!* (b) y=ke*!¥ 
(c) y= ke?! (d) y =ke* 
3x 


If the function 1 and -e “* are the fundamental 


solutions of the equation y” + py’ — 3y = Othen, pis 


(a) 0 (b) 1 (c) -1 (d) 3 

The degree of the differential equation 
y”+ /1+ y’ =0is 

(a) 1 (b) 2 (c) 3 (d) 0 


The integrating factor of =. + 2xy = ee is 
Ix 


(c) e& (d) xe* 


I, 


16. 


17. 


18. 


20. 


val 


The solution of dy +y=e~ is 
dx 


(a) yeX =x +c (b) xe? =x +e 


(c)xe? =y+c (d) yeX =y+c 
The integrating factor of (x + 2y°) * =yis 
x 


(a2 (b) y (c) x (a) 
x 


1 

y 
y=Ax- ie is the general solution of the 
differential equation 
(a) (y)? - xy’ + y=0 
(c) (VF + y=0 

The differential 
y=acos (x + 3), is 
(a) y’ + tan(x + 3)=0 
(c) y’— tan (x + 3)=0 


(b) y"+ y’=0 
(d)y"-y’=A 


equation whose solution is 
(b) y” + tan (x + 3)=0 
(d) y” — tan (x + 3)=0 
The solution of sec? x tan ydx + sec” y tan x dy 
= 0 is 

(a) cot x tan y=c (b) tan x cot y=c 


(c) cot x cot y=c (d) tan x tan y=c 
The solution of cos (x + y)dx = dy is 
(a) tan (x + y)=c (b) cos (x + y)=c 


(¢) sin ($2) =x + (d) tan (22 Jax ve 


2 
The solution of x ay +¥ = yis 
dx x 
(a) cx = e*/¥ (b) cy =ex!¥ 
(c) cx =e*Y (d) cy =e? * 


The differential equation yx’ = y — 1, y(0) = Lhas 
(a) Infinite number of solutions 
(b) Unique solution 


(c) No solution (d) Many solutions 


The integrating factor of cos” x a + y= tan x is 


x 


cot x 


(a)tanx  (b)cotx (ce (d) efx 


The solution of (y cos x + 1)dx + sinx dy = Ois 


(a)yt+x sinx=c (b) y+ x cosx=c 


(c)x + ysinx=c (d)x + ycosx=c 


The integrating factor of x +y= y? log x is 
Ix 
1 


Ce) (a) 4 


1 1 
(a) | = 
x x y y 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29: 


30. 


31. 


The differential equation Mdx + Ndy = 0 is exact 
when 


(a) Mx = Ny (b) My = Nx 
aM _ aN aM _ aN 
ox oy oy ox 


(b) y+ eV a6 
(d) None of these 


If xy be the factor of 
(y? + 2x*y)dx + (2x3 — xy)dy = 0 then handk are 
(a) -5/2, 1/2 (b) 5/2, 1/2 

(c) 5/2,- 1/2 (d) - 5/2,-1/2 


The integrating factor of 


integrating 


(x2y2 + xy + l)ydx + (x2 y2 —xy + 1)x dy = Ois 


ee (b) + 

2xy 2x2y 

1 1 

(ce) ——> d) —; 

2Qxy 2x“y 
If the polar subtangent is constant then the curve is 
(a) r(8-c)=a (b) r8=a 
(c)r(0+c)+a=0 (d)r+0=a 


If the equation y sin x dx — sin x dy=0 is exact 
then x is equal to 


(a) 0 (b) 2/2 (c) 2/3 (d) 2/4 
The solution of OY 2x? if y(1) = lis 
dx x 

2 4 

x x 3 
a) xy=—+c b)xy=s—4+ = 
(a) xy Fi (b) xy a 

2 2 

x 3 x 3 
coy = + = d)xy=7— += 
(c) xy fa (d) xy a a 
The differential equation 
xdx + ydy + XY = 94% - ig 

x*+y 


(b) Of order 2 
(d) Exact 


(a) Homogeneous 
(c) Linear 

The solution of (x? + y’) dx — 2xy dy = Ois 
(a)x -y=cx (b) x? + y2=cx 


(c) x? — y? = ex (d)x + y=cx 


The solution of x * =y (logy —-logx + lis 
x 


(b) x = ye“ 
(d)x=ytec 


(a) y = xe™ 


(c) y=x72 + 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


In homogeneous equation the degree of each term 
is 

(a) Different 
(c) Two 


(b) One 

(d) Same 
+ ay + x)dx + (y? +x-y)dy 
= Ois exact then ais 


If the equation (x? 


(a) O (b) 1 (c) 2 (d) Not exist 

If the subnormal is constant then the curve is 

(a) Circle (b) Ellipse 

(c) Hyperbola (d) Parabola 

The differential equation as + a x= tan , is 
yoy l+y 

linear only when dependent variable is/are 


(b)y 
(d) Neither x nor y 


(a) x 
(c) Either x or y 


The differential equation (y2e* + 2xy)dx - x*dy 


= Ois 
(a) Exact (b) Not exact 
(c) Linear (d) Homogeneous 


The number of arbitrary constants in the solution of 
differential equation of order 2 is 


(a) 1 (b) 2 (c) 3 (d) 4 
The order of the differential equation 
2/3 
2 
3 

|4+ a | = ba + lis 
[kee | 
(a) 1 (b) 2 (c) 3 (d) 4 


(c) 2 (d) 3/2 


The solution of (xy + x)dy — (xy + y)dx = Ois 


(a) x =cye?~ * (b) y=cxe” * 


y 


(c) xy = ce” * (d) xy = cex~ 


The solution of os =1+ tan (y — x) is 


x 


(a) sin (y + x) = ce* (b) cos (y — x) = ce 


(c) tan (y — x) = ce* (d) sin (y — x) = ce* 


The solution of dy = tan vy 
dx 


x Xx 


is 
(a) tan y/x = cx (b) sin y/x = cx 


(c) cos y/x = cx (d) cot y/x = cx 
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43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


The solution of 

x cos xdy + (xy sinx + ycosx-1) dx =0 
(a) xy=c sin x-cos x 

(b) x - y=sinx + c cosx 
(c) 
(d) xy =sin x +c cos x 


x+y=sinx+ccosx 


The solution of x + tan x tany = cos x sec yis 
x 
(a) sinx seecy=x+c_ (b)sinysecx=x+c 


(c)sinx secx=y+c  (d)sinx cosy=x+t+c 

If xhyk be the integrating factor of 

(3y — 2xy3)dx + (4x — 3x2y?) dy = Othen handk is 
equal to 
(a) 2,3 (b) 3, 2 


(c) 2,4 (d) 3, 4 


The integrating factor of s + Py =Qis 
Ix 

(a) el ay (b) el Pay (c) el ax (d) el Pax 

The integrating factor of (y + 2x3) dx — x dy = Ois 

(a)1/x? (b) x (c) ex (d) e* 


The solution of y’ + y tan x = cos x , y(0) = Ois 


(a)x sinx (b)x cosx (c)sinx (d) cos x 
In solving as anys the substitution are 
dx x-yt 


(a)x =X+h,y=Y-k 
(b) x =X? +h, y=Y? +k 
(c)x =X+h,y=Yr+k 
(d)x=X+1ly=Y+1 


a 3/2 
The differential equation (4) +y= x7/3 ig 


(a) Linear (b) Non linear of order 1 
(c) Non linear of order 3/2 
(d) Linear of order 1 


The differential equation aa Py = Qy” can be 
Ix 


reduced to linear form by substituting 


(a) 2. =V (b) 2 =V 
y y 
(Jt =v (aay 
y y 


The differential equation yx’ = y—1 with x(1)=0 
has 

(a) Unique solution 

(b) Infinite number of solutions 
( 


c) No solution (d) Only two solutions 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


If the differential equation Mdx + Ndy=0 is 
homogeneous and Mx + Ny # Othen its integrating 


factor is 
(a) Mx + Ny (b) Mx — Ny 
1 1 
(c) ——___ (d) ———~—__ 
Mx + Ny Mx — Ny 
If f(x) = = (= - a) is a function of x alone in 
N\ oy ox 


the differential equation Mdx + Ndy=0 then 
Integrating factor is 
(a) el vax (b) elxdy 


The solution of cos (x + y)dx = dy is 
fa) tan (S22) =y +c (6) tan ($Z¥J=x + 


(c) el fly)dx (d) el flxidx 


(tan (#2 Jax tyre 


(d) None of these 

The differential equation 
y = Ae* + Be™ + Ce* is 
(a) y” -—5y’+ 3y=0  (b) yy” -7y’+ 6V=0 
(c)y"—Ty'+y=0 — (d) y+ 7y’-3y=0 
The equation 
y=e* (Acosx + B sin x) is 
(a) y”— 2y’+ 2y=0 — (b) y”— 2y"+ y=0 
(c) yy’ + 2y=0 (d) y”— 2y’+ 3y=0 


corresponding to 


differential corresponding to 


2 
The solution of ay + . dy = Ois 
dx? x dx 
(a) y=Ax+B (b) y=A/x +B 
(c)x =A/y+B (d)x = Ay+B 
The solution of dy _ a at y(1) = 2is 
x* +1 
(a) pix? + 1) =1 (b) x(y? + 1)=4 
(c) u(x? + 1)=4 (d) x(y? + 1) =1 
2 
The solution of x dy += yat y(l) =1lis 
dx x 
(a) ex = ex/9 (b) x = eX/¥ 
(c) ey=ex!? (d) y= eX! 
The solution of dy _y + tan Yat y(l) = n/2is 
dx x x 
(a) cos (2) =< (b) tan (2) =x 
x x 
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62. 


63. 


64. 


The differential equation 
(3a2x? + bycosx) dx + (2sinx — 4ay’))dy = 0 is exact 


when 

(a)a=2,b=3 (b)a=3,b=2 
(c)a=3,b=3 (d)a=2b=2 

The solution of the differential equation 


dinx “2 ayleawuahy Ses 
dx 2 


(a) ect x/2 (b) esin x/2 (c) ecos x/2 (d) etan x/2 
The solution of x = 2\/y with y(0) = Ois 
x 


(a) No solution (b) Unique solution 


(c) Infinite solution (d) Finite solution 


65. 


66. 


The differential equation of all circles passing 
through the origin and having their cenres on the 
y-axis is 

(a) (x? - y?) y+ xy=0 

(b) (y? — x?) y+ y=0 

(c) (y? — x?) y’ + 2xy =0 

(d) vy” + xy’ + 2xy=0 


dy _ af v? + w)is 
Ix 


The solution of y—x 
dx 


(b) y = ay (x + a) 
(d) y=c(1 + ay) (x — a) 


(a) y = c(1— ay) (x + a) 
(c) y=c(1+ ay) x 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


iL CN 2 P| 2. IE cs WCW] S CNR] G WG! 7% IG & ee) © tae) ao. (tS) 
aay) (a) |2)) (cd) Se) (a) aes (a) See) (dc) ese) (cd) ize) (a) gSee) (b) |etou) (d) |e2088) (c) 
2a) (b)! |e225q) (d)) e2sem| (a) e24em| (d) |25em) (cd) 26 (c) |e (d) e28em (b) (20%) (d) |esOem| (c) 
31.) (a) | 32.) (d) 335) (b) 345) (d) 3555) (a) 36") (b) 375) (b) | 385) (c) P39F) (b) |40r) (a) 
41. | (d) | 42. | (b) | 43. | (d) | 44. | (b) | 45. | (a) | 46. | (d) | 47. | (a) | 48. | (b) | 49. | (c) | 50. | (b) 
51 (a) 522) (a) |53e)| (c) |PS4es) (dc) (S555) (b) (S565) (b) S75) (a) (5859) (b) |PS9%9) (c) |MGOM) (a) 
61. | (c) | 62. | (b) | 63. | (d) | 64. | (b) | 65. | (c) | 66. | (a) 
_ Ax -x 4; eng é 2 
1. y= Ae + Be se a two times 7 re oy : miata: “ Spe a 
“ = Ae* — Be™, a ; = Ae* + Be™* AY ° x 
: 2 as du vex? v 
d y v+x 2 
SO, a2 7 dx (v—1)x v-1 
dv _ v* v 
5. (1+ x) ydx + (1— y) xdy=0 so X= v= 
dis Lay dx vu-l v-1 
dx +}—-—* |dy=0 _ 
( x ( y i.e. (° * jv as (1 *} dv ee 0 
, ‘ v x v x 
= ( 1) dx + (; = 1a =f Integrating v — logu — log x = loge 
integrating it we get logx + x + logy—y=loge = loge (~) =v 
. xy) _ : aps 
ie. log (2) =y—xie. xy= cel ™ ie. log cy = y/x >cy =e"* sy=k e!/* 
10 Thei F : J 2xdx _ x? 
; e integrating factor is e =e 
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11. 


13. 


15. 


16. 


18. 


20. 


Orie te 44 ihe ee 
dx 
So solution is y e* =fe%,e%dx + C=x+C 
= Dor 
y=Ax-A’,y=A 
n2 , pas 2 2. 
So (y’)* — xy’ + y= A* — Ax + Ax —- A“ =0 
sec” x sec’ y 
dx + dy = Ointegrating, we get 
tan x tan y 
log tan x + log tan y= loge 
log (tan x tan y) = logc > tan x tan y=c 
Put oie put it in 
dx dx 


cos (x + y)dy = dx 


cos v du 
= dx 


We get cos v (= : 
dx 1+ cosv 


1)=lie 

i.e. b-S dv =dx 
1+ cosv 

or (1-5 sec” | dv = de 
2 2 


integrating we get v — tan 5 =x+C 


=>xt+y tan (Z¥)ax+e 


i.e. y=er ten (<2) 
2 
y& y-l (2 1 Nay = ds 
dy y 


Integrating y —- log y=x + logc>y-—x =logcy 
ie. cy = e” * now put (0) = 1 

we get c=e 

So required solution is ey=e”~* i.e. unique 
solution. 

(y cos x + 1) dx + sinx dy=0 

aM _ ON 


Here M=ycosx +1, N=sinxso 
oy ax 


i.e. given differential equation is exact so integrating 
it 
J (y cosx + 1)dx taking y constant 


+ J sin x dy = c taking free from. 


ysinx +x =c 


21. 


24. 


25. 


26. 


27. 


30. 


gs psy ieee ee 
dx 2 dx xy - 
y 
put — =vi.e 1 dy _ dv 
y y? dx dx 
we get dv vu logx _.dv_ 1. _ logx 
dx x x dx x x 
1 
So. ifase ev logx _ ,logl/x 1 
x 


If x? yk be the I.F. then the equation 


(Pk + 2+ 2xht2ykthy ay 
+ (Axht8yk — xh+l yk+ lay = is exact 


So OM _ aN 
Oo 222.52 

oy ox 
i.e (k + 2 ykttyh 4 axht2 (e+ 1) yk 
=Ah+t 3)xtyk (h+ 1) xhyk+} 


Comparing the coefficient we get 

k+2=-h-land2+2=2h+ 6 

after solving we get h= — 5/2, y=-1/2 

The given equation is (x?y? + xy + ly dx 
+ (x2y? —xy+ 1)x dy=0 

It is of the form [f(x, y)]ydx + [0 (x, y)] xdy = 0 


so its integrating factor is 
x — Ny 


1 


xy(x2y2 + xy + 1)- xy (x2y2 —xy + 1) 
1 


2x7 y2 


i.e. 


The polar sub tangant is r? “ =a 


ie. d= Sar integrating it 
r 


6+c=-2% ie.r(0+c)+a=0 


r 
y sin x dx + sin x dy = Ois exact then ono 
oy ax 


where M = y sin x, N = sin x 
so sinx =cosx >x = 7/4 


2 


2 
x 7¥ , put y =vx 


dx 2xy 


Given that 


ie. OY v+x a then come get 
d d 


x x 
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33. 


40. 


41. 


42. 


dv _ x? (1+v)_ 1402 
dx 2x2y ) 


du = as integrating it 
1-0" x 


log (1 - Vv’) = —logx + loge 


> log {x (1—v7)} = loge 


oratt-v"} 2c or] |e 
2 


i.e. x -~y*=cx 


47. 


If (x2 + ay + x)dx + (y? +x-y)dy=0 is exact 


Given that (1 + y)xdy — (1+ x)ydx =0 


te (+2 Jay (=+)a=0 
y x 

(2+ 1Jav (= + 
y x 


logy + y— logx x = loge slog 2 =x y 
xc 
ie. log [22 J=—x 4 y => xa%ev-* 
y Cc 
=>x=c'ye’ * 
F dy _ dv , P 
Put y-x=v ice. se in 
dx ae 52. 
dy 14 tan(y—x) 
dx 
dv 
we get — + 1=1+ tan(v) > cot v du = dx 
dx 
ie. log sinv =x + loge = log (5 War) =x 
é 
> anes) e* =sin (y — x) = ce*™ 
Cc 
56. 
Put 2 =vi.e. y=vx 
x 
or CY 5p gg OO ea DY 
dx dx dx x xX 
pe pape Side 
dx dx 
: dx 
i.e. du cotv-——=0 58. 


x 
Integrating it, we get 


log sin v — log x = log c > sin v = cx 


44. 


1) dx = Ointegrating it, we get 48. 


i.e. sin ve cx 
x 

dy 

dx 


Given + tan x tan y= cos x secy 


dy 
dx 
ay dv — we get — dv 
dx dx dx 


ftan x dx _ os BOON = sony 


So solution isu. sec x = Jsecx-cos xdx+c 


i.e. cos y + tan x .sin y= cos x, put sin y =v 


i.e. cos y — + tan x .v=cos x 
LF. is e 


i.e. sin y-secx =x+c 
Given that (2x3 + y)dx —x dy=0 


here M = 2x? + y, N= ne a 1 
oy ox 
1(0M ON 1 2 
So, = 1+1)= = f(x) 
( oy oN) x ( ) x j 
2 1 
so IF. is Pili ecees eat 1 
x? 


dy tanx.y = cosx, y(0) = 0 


iB is el tanx dx = log secx =secx 


so solution is y sec.x = [sec x-sin dx+c=x+c 


ie. ysecx=x+c 


put y (0) =O>0=0+c>c=0 
so required solution is y secx =x >y=xX cosx 
Given that x % = y —1andx(1) = 0 
dy 
x2 2 
i.e. x dx =(y + 1) dy integrating it ie ar -yte 
1 1 
put x(1) = Owe get O= ao cSc= 
So required solution is x y? =2 (; - v} 
i.e. a unique solution. 
Given y = Ae* + Be + Ce* 
differentiate it y’ = 2A e* — 3Be* + Ce* 


y” = 4Ae* + 9 Be + Cex 
y”’ = 8 Ae™ - 27 Be ™ + Ce* 


after solving we get y” — 7y’ + 6y=0 
d’y dy _ dy _ du 


nega <= sen 
dx x 


: ial Equati fF; First D 
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> ay 2 aee O integrating it x? + (y-a)? =r? (i) 
poe Fe 2 since it pass through (0, 0) so we have 
loguv + 2logx = loge >ux% =c=> . 5 oe =r? 
Xx xX 
l (ere ie aa mae 
again integrating, we get y = — Ce B= é +B oo) — a Por =o 
x x => x* + y” = 2ay ... (ii) 
59. We have 2xydx + i + Idy=0 Differentiating it w.r.t. x 
Here, M = 2xy, N=x*+1 0 pt Ng: x4 29 Verge VY 
oy ox dx dx 
i.e. equation is exact, so integrating it 2xy + 2Qy? s = (x2 4 y’) a 
J 2xydx + J? + Ildy=c : % 7 pal . 
yis constant Free from x Le., (y ie ) yor 2xy =0 
2 : dy _ 2, dy dy _ dx 
x“y+ y=c yl) = 2we getc =4 66. Given y—x =a] y+ > 5 
dx dx y-—ay xt+a 
yx? +1) =4 
Se 9 Nye * de 
61. Put : =v we get required solution. y l-ay : xt+a 
65. Let Co-ordinates of the centre of the circles be (0, a) Integrating both sides, we get 
and their radii r then equation of circle is log y — log (1 — ay) = log (x + a) + loge 
y 
ea | y |. log {c(x + a)} 
1l-ay 
=>y=c(1—- ay) (x + a) 
O00 


CHAPTER 


2 


Linear Differential Equations 


with Constant Coefficients 


DEFINITIONS 


1. 


A linear differential equation is an equation in 
which the dependent variable and _ its 
derivatives appear only in the first degree. 
d"y d™ly d™y 

+ ay I 
dx” dx” 


facta go pape Q 
dx 
is a linear differential equation of order n with 
constant coefficients. Here ay, ag,... a, are all 
constants and Q is a function of x. 
If y = f(x) and y = g(x) are the general solution 
(Complementary function) and _ particular 
solution (P.I.) respectively then y = f(x) + g(x) 
ie. y=CF.+P.1. 


DETERMINATION OF COMPLEMENTARY 
FUNCTION (C.F.) 


Consider a linear differential equation of order 
n with constant coefficient f(D) y = 0 
ie, (D"+a,.D""*+a5D"™ 

+...¢a,])y=0 eaiclel) 
then its auxiliary equation (A.E.) is 


m" +a,m"~14 


..ta,=0 if it will given n 
roots say M4, M2...m,, then 

Case I. If all the roots my, mg ... m,, are distinct 
then general solution (C.F.) is 

y=Cye™™* + Coe +...4 C,e™ 


Case II. If two roots m; = mg are equal then 
CF. is 
(Cy + Cox) e™* + Cze™* +...4 C,e™™ 
Similarly, if three rootsm , = mg = mg are equal 
then C.F. is 
(Cy + Cox + C3x) em 


m4X 


+ Cge™* +...4 C,e™* 


Case III. If two roots my=a+iB and 
mg =a —iB are complex the C.F. is 
y =e™ (Cy cosBx + Co sin Bx) 
or Cye™ cos (Bx + Co) 
If the imaginary roots also repeated i.e. a + iB 
and o — iB occur twice then C.F. is 
y=e™ {(Cy + Cox) cos Bx 

+ (C3 + C4x) sin Bx} 
Case IV. If apair of the roots are irrationali.e. 
at VB then C.F. is 


e(C, cosh ,/Bx + Cz sin h,/Bx) 
or Cye™ sinh (BR x + Cz) 
or Cye™ cosh (8 x + Cz) 


THE PARTICULAR INTEGRAL (P.1I.) 


Let the linear differential equation of n” order 
is 

(D"+a,D" +a,p?+ ... + a,)y=r (x), r(x)#0 
i.e. f(D)y = Q(x) then its particular integral 


(P.I.) is Q(x). 


1 
F(D) 


m 


Case I. If differential equation is f(D) y=x 


_ 1 = . 
then P.I. is —— x’ =[f(D)]~ x™ expending 
f(D) 


[f(D)y? in ascending powers of D by using 
binomial theorem. 
Case II. For f(D) = e“o(x) 

1 1 


PI. is 7D e” (x) =e jib +a) 


(x) 


Case III. For f(D) = sin ax or cos ax 


then PI. is - sin ax = : 5 sin ax, 
(D*) 


provided f(-a”) #0 


cos ax, provided 


and = cos ax = 5 
(D*) f(-a*) 


: 1 . ae 
sin ax =x- sin ax, similar for 
, 


cos ax 
If f’(-a?) = Othen 


sin ax = x? sin ax, similar for 


1 
f(D?) i? Ga") 


cos ax and so on. 


Case IV. If f(D) = e™ then 
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ae” Foe tilae0 

=x Ge if f(a) 

= * To -Liffle)=0 
Case V. 5 I e® fe O(x) dx 


Case VI. For f(D) = xV, V is any function of x 


Lie yo 
f(D) f(D) fF (D)}? 
Case Miles ——— fk e~ fe* (x 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


d’y 
The solution of —= oe 4y = Ois 


(a) C, cos x + Cy sin x 

(b) C, cos 2x + Cy sin 2x 

(Ge "=te> 

(d) Cex + Coe * 

The particular integral of y” — 5y’ + 6y = sin 3x is 


(a) 7 (cos 3x — sin 3x) 


lis) (Geode ain Se) 
12 


(c) = (5 cos 3x — sin 3x) 
78 


ld 45 oe Ses in 
78 


The complementary function of (D4 - D?) y =2is 


@Oo+Cexet Ge O64 Cxn+ce 


(c) (C, + Cox)x? + Cy (d) C, + Gx + Cx 


The particular integral of y”’ + 3y” + 3y’+ y=e* 


is 


1.2 -x 
(a) 7 (b) = x“e 
6 
1 3 -x 1 4 -x 
(c)= xe (d) —x 
6 6 
The solution of (D? + 1) y=0 when y(0) = 2 and 


y(n/2) = — 2is 


(a) cos x + sin x )2cosx + 2sinx 


(b 
(c) 2cos x + sin x (d) 2cos x —2sin x 
The particular integral of (Dp? + 9)v = cos 4x is 
( 


(a) cos 4x b) = cos 4x 


(c) Z cos 4x (d) = cos 4x 
5 7 


The particular integral of oO -4D+ 4y= x? is 

(a) x? + 2x (b) x? + Bx + 5 

(5 (x? + 2+ 5) (a) 5 (x? + 2+ 5) 
4 2 2 


The particular integral of (D* — 6D + 9y = 6e** is 


(a) 3e°* — (b) 6e** ~—(c) 3x e** ~—(d) 3x e™* 


The particular integral of (D3 + l) y=e™ is 


(b) 2 (c) 2 (d) 2 


(a= 
3 9 9 3 
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10. 


11. 


12. 


13. 


14. 


15; 


16. 


17. 


18. 


The particular integral of (D? -—5D+ 6)y=cos3x 19. 


is 


(a) ae (cos 3x — sin 3x) 


(b) Zz (3 cos 3x — sin 3x) 
78 
(c) 73 (-—5 sin3x — cos 3x) 20. 
(d) + (5 cos 3x + sin 3x) 
78 

as e™ Vis 
f(D) i i 
(a) e™~ —_V a V 

f(D) f(D + a) os 
(jes yo d@e™v 

f(D — a) f(D + a) 

3 sin 2x is equal to 

D*+4 
(a) x cos 2x (b) - x cos 2x 

2 2 
(c) x cos 2x oe x cos 2x 22. 

4 4 
The solution of (D2 + 1)y =0 with y(0) = 0, y(0) = O 
is 
(a) y= cos x (b) y=sin x 
(c) y=0 (d) Infinite solution 
The solution of ordinary differential equation of n 
order contains 
(a) narbitrary constants 
(b) More than n-arbitrary constants aa 
(c) Less then r-arbitrary constants 
(d) No arbitrary constants 
The equation ydx + xdy = Ois 
(a) Exact (b) Not-exact 24 
(c) Partial differential equation 
(d) Differential equation of order 2 
The differential equation derived from y = Ae* 
+ Be ~ have the order 25. 
(a) 1 (b) 2 (c) 3 (d) Infinite 

2 
The solution oo! -2 dy + y=Ois 
dx dx 

(a) CQje* + Cye* (b) (C, + Cox) e* ae 
(c) (Cy + Ca)e* (d) C, + Cyxe* 
The particular integral of y” — 2y’+ y= xe is 
ay (b x 2e2* (Xe 202k 


4 12 12 4 


The particular integral of (D? + 9) y=cos 2x 


+ sin 2x is 


(a) = (eos 2x + sin 2x) (b) ; cos (2x + sin 2x) 


(c) ; (cos 2x + sin 2x) (d) None of these 


The value of a sin 4x is 


D 
(a) xs sin 4x (b) ms sin 4x 
4 16 
1 1 
(c) -— cos 4x (d) —— cos 4x 
16 4 
The value of u sin V3 x is 
D* +3 
x x 
a) — —— cos V3x b) —— cos V3x 
e 2/3 ml 2/3 
xs Mos 
c) —~ sin J3x d) — —~ sin V3x 
e 2/3 . 2/3 


% + Py=Q is a linear differential equation of 


degree first order if 


a) P,Q are functions of x only 


(a) 
(b) P,Q are functions of y only 

(c) P and Qare functions of x and y 
( 


d) None of these 


dy 


The differential equation a. + p(x) y=q(x) is 
Ix 


homogeneous when 


(a) p(x) = 0 (b) q(x) #0 

(c) p(x) # 0 (d) q(x) =0 

If xhyk is an integrating function of 
(x7 y? + 3y)dx + (3x8y — x)dy = Othen 
(a)h=-7,k =1 (b)h=7,k =1 
(c)h=-7,h=-1 (d)h=7,k=-1 


A differential equation of first order and first degree 


is homogeneous if 


(a) y= 6 (2) (b) y’ = (x) 

(c) y’ = constant (d) None of these 

The differential equation a y=2x with 
dx x 


y(0) = Ohas 
(a) Unique solution (b) Finite solution 


(c) No solution (d) Infinite solutions 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


The solution of (D* + D*)y = Owith 
y(0) = y(0) = y(0) lis 


(a) y= sin x 


( 
(c) y=x —cosx (d) y=x -—sinx 


The particular integral of (D? + 2D + 2)y = sin hx is 


x xX x —x 
mest wae 
x — Xe. 
(c) ee (d) None of these 


sin ax is equal to 


D? +a? 
(a) ~ sin ax (b) -— sin ax 
2a 2a 
(c) ~ cos ax (d) - ~ cos ax 
2a 2a 
The differential equation of the solution 
y = Acos (ax — 8) is 
d? d? 
(a) “2 =y (b) <¥ =0 
dx dx 
2 
(c) dy _ wy (d) None of these 
dx 


The order and degree of e” a y” + xy = Oare 
(a) 3,1 (b) 3, infinite 
(c) 3, not defined (d) 3, finite 


sin /2x is equal to 


D?-2D+2 

1. 1 
(a) 28 sin J2x (b) 28 cos V2 x 
(c) a 2x (d) : cos 3x 


If 6(x) be any function then a 1 


(x) is equal to 


(a) ew fe Ox) dx 
(c) ef (x) dx 


The homogeneous _ differential equation 
Mdx + Ndy = 0 can be reduced to a differential 
equation in which the variables are separated by 
the substitution 
(a) y =ux 
(c) xy=v 


(b) e® | ox) dx 
(d) al | e ™ o(x)dx 


(b)x + y=v 

(d)x -y=v 

The solution obtained from complete primitive by 
giving particular values to arbitrary constants is 

(a) Complete solution 
(c) Particular integral 


(b) Singular solution 
(d) Non-singular solution 


36. 


37. 


38. 


40. 


41. 


42. 


43. 


44. 


45. 


The particular integral of (D4 + y= x4 is 


4 2 4 
x =x x*+4 
a b 
(a) ji (b) ‘i 
4 4 2 
x*-6 x*-x*-6 
Cc d 
(c) A (d) rm 
Particular integral of (D2 + ]y= x? is 
(a) x? + 2 (bx? —2 
(c)x? +1 (d) x? -1 


The solution of (D? + 2D? + D)y = Ois 
(a) y=C, + (Cy + Cox)e* 

(b) y=, + (Cy + CgxJe™ 

(c) y=(Cy + Cox + C3x?Je* 

(d) y= Cx + Cox? + Cye* 


sec 2x is equal to 


D -2i 


(a) (eo? sec 2x dx (b) e* (sec 2x dx 


(c) eae sec 2x dx (d) emer sec 2xdx 


Which one of the following is not an integrating 
function for xy’ = y 


@— wt owt ws 
x+y x 


Y x? y 


The solution of (D° + 6D* +12D + 8)y = Owith 
y(0) = y'(0) = 0, y"(0) = 2is 


(a) x%e% +x 41 (b) x2e7* — 2x 
(c) x20 (d) x 202k 
Integrating factor of cos” x “ + y= tan x is 
x 
(a) esin x (b) erecx (c) ernee x (d) efan x 


If a equation contains x-arbitrary constants then the 
order of differential equation derived is 
(a) n-1 (b) n (c)n+1 (d) 1 
il e*. 
= equal to 
D*+2D+1 x 
(a) eX logx + x7 +1 (b) -e* log x 


(c) -e* + logx +1 (d) e * —logx -1 


The solution of the differential equation 
dy . 

(x -y-1) ==lis 
dx 


(b) y-z-—x = Ce? 
(d) None of these 


(a)x -y-z=Ce¥ 


(c)z-—x—y=Ce* 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


The solution of y” + 2y’+ y=0, y(0) =1,y’(0) =-1 
is 

(a) xe* (b) -x e* (c)e~* (d) -e* 
The differential equation whose auxiliary equation 
has the roots 0, 1, 1 is 

(a) (D? — 2D? + D) y=0 

(b) (D3 + 2D? + D) y=0 

(c) (D? — D? + 2D) y=0 

(d) (D3 + D? + 2D)y =0 

The particular integral of (D2 -—1) y=cos xis 


1 1 
a) — cos x b) -=cosx 
ie (b) 


(c) -5 sin x (d) None of these 


2 
The particular integral of ey + ddl a Pelee is 


dx? x dx x? 
(a) 2 (log x) (b) 2 (log x)? 
(c) 2 (log x)° (d) (log x)* 
The solution of the differential equation 


(D? + 1) y = Owith y(0) = 1, y (2/2) = 2is 
(a)y=2cosx+sinx (b)y=cosx+2sinx 
(c) y=cosx + sinx 


as x? sin ax is equal to 


(d) y=2cosx + 2sinx 


(a) e'®™ a2 ee x? 
f(D + ia) 
(b) Real part of e! % ag? 
f(D + ia) 
(c) ev iax 1 x? 
f(D — ia) 
iax 1 2 


(d) Imaginary part of e 


x 
f(D + ia) 


The solution of y” + a’y = Owith y(0) = 0, y'(0) = ais 


(a) sin ax (b)cosax (c)secax (d) cosecax 


The solution of 
y(0) = 0, y’ (0) = Lis 


y’+2y’'+2y=0, with 


(a) e* sin x (b) e* sinx 
(c) eX cos x (d) e* cos x 
1 x is equal to 
D°-2D+ 
x+1 x x-l x 
a b) = c aya. 
(a) 3 ( - (c) 5 (d) 5 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


The particular integral of (D? + ly= x? ig 


(a)l+ x? (b)x?=2 (c)-x*+2 (d)x-2 
The P.I. of (D - a)*y =e™ f(x) is 
(a) e ™ f(x) (b) f(x) 
(c) e™ f(x) (d) e™ f(x) 
The particular integral of (D? -2D+ 4y 
= e* cos x is 
1. x 1 x3 
(a) — e* cos x (b) = e* sin x 
2 2 
(c) eX cos x (d) e* sinx 
e-* (C, cos V3x + Cy sin V3x) + Cye* is the 


general solution of 


(a) (D?- 4) y=0 (b) (D? - 8 y=0 
(c) (D? + 8y =0 (d) (D? + 4) y=0 
C, + Cox) + (C3 + Cyx)e™ is the solution of 
a) (D* + D? + D*)jy=0 
)(D* + D’) y=0 
( 


2x x 
Ge ae" 44 a ele | 
9 2 
2x 
(c) e* - 2e% +1 (a) - e+ 1 
The P.I. of (D? + D - Qy =xis 
(gy 1 ye +? 
12 18 
(cy *H4 (ay set 
18 36 
The P.I. of (D? — 4D + 3)y = e* sin 3x is 
2x OX ae 
tie e™ sin 3x (b) - e™ sin 3x 
10 6 
2x 
(c) eS . 3x (d) None of these 
The differential equation derived from 
y = Ae* + Be ®* + Ce have the order 
(a) 1 (b) 2 (c) 3 (d) 4 
The differential equation derived from 
y = Ae* + Be ~ have the degree 
(a) 1 (b) 2 (c) 3 (d) 0 


Linear Differential Equations with Constant Coefficients 7] 
a ica 


65. 


66. 


67. 


68. 


The particular integral of (D =F y= ee f’"(x) is 
(a) e* f(x) (b) -e” f(x) 
(c) e®* f(x) (d) e f(x) 

1 
f(D) 


(a) e 


x° cos x is equal to 


ix 1 x3 
f(D +i) 


(b) Real part of e* 
f(D 


(c) Real part of e* 


x 
D -i) 


(d) eX x° cos x 


f(D + i) 
— xe* sinx is equal to 
D*“-2D+1 


a) e* (x cos x + sin x) 
b) -e™* (x cos x + sin x) 
x 


c) e* (x sin x + 2 cos x) 


( 
( 
( 
( 


d) —e* (x sin x + 2 cos x) 


1 : 
——_—__— x is equal to 
D?-5D+6 
gi Sees (b) +4 
36 18 


1 70. 


71. 


6x —5 (a) 2 =5 


ie 36 18 


The particular integral of (D? + 8y= x4 + 2x + lis 
3 4 


-1 x*-x41 

ig te (i, 2 ess 

5454 1 ‘ . 3 

it ij 
8 8 


: d’y _ ae a 
The solution of gat bx + cx* with y’=0 
dx 


when x = Oand y = d when x = Ois 
bx? cx? sd 


a) y=ax + + + 
ey 2 3. 4 
ee ax? bx? cx ag 
2 6 12 
3 4 
(c) y= +7 +o +d 
bx | cx dx* 
d) y=a+ —+ + 
(d) y - - 


2 
The solution of d ; y=1, (0) = 0, y (-a) > finite 


dx 


(a) e* (b)eX +1 (c)e*-1 (d)-e*% -1 


ANSWERS 


Te I] 2 I & PO] 2 I] S. WCW] G. Wen] 2. eR] & Ga ©: Poly] 20: Ite) 
ills oy) 25 ICN SO) 2c TREN] 2S. (EN! 26. TR 27 oe 2: |e) 22. Pee) 20: TR) 
2am (a) 2255) (a) 2358) (cd), ae) (a): 25a (a) zeae (cd) zee) (dd) ese (a) 29S) (cd) sor) (c) 
31. | (c) | 32. | (b) | 33. | (d) | 34.) (a) | 35.) (c) | 36.) (c) | 37. | (b) | 38. | (a) | 39. | (d) | 40. | (a) 
41. | (c) | 42. | (d) | 43. | (b) | 44. | (b) | 45.) (a) | 46. | (c) | 47. | (a) | 48. | (b) | 49. | (c) | 50. | (b) 
51. | (d) | 52. | (a) | 53. | (b) | 54. | (a) | 55. | (b) | 56. | (c) | 57. | (a) | 58. | (b) | 59. | (c) | 60. | (b) 
61. | (d) | 62. | (a) | 63. | (c) | 64. | (a) | 65.) (d) | 66. | (b) | 67. | (d) | 68. | (a) | 69. | (b) | 70. | (b) 
71. | (c) 


HINTS AND SOLUTIONS 


Given(D? + 4)y = OAE. ism? + 4=Oie.m = + 2i 
So solution is y = C, cos 2x + Cy sin 2x 
Given differential equation is(D? —5D + 6y =sin 3x. 


Its particular integral is sin 3x 
D?-5D+6 
= : sin 3x = sin 3x 
-9-5D+6 -5D-3 


zoe B.Sc. Objective Mathematics (Differential Equations and Integral Transform) 
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13. 


16. 


17. 


(5D — 3) 


sin 3x 
(5D + 3) (5D — 3) 
=- (SD — 3) sin 3x 
25D" - 9 
= — 1 (15 cos 3x — 3 sin 3x) 18. 
—225-9 
ws (15 cos 3x — 3 sin 3x) 
234 
ae (5 cos 3x — sin 3x) 
78 24. 
1 ark 
D? + 3D?+3D+1 
=e : 1 


(D —1)° + 3(D-1)2 + 3D-1)+1 


o* 


D° -1-3D(D—-1)+ 3D*+3-6D+3D-2 


3-x 
_ ex. 4x e 1,3 
D3 3x2 6 
2 cos 4x = cos 4x = : cos 4x 
D“+9 —lo+ 


D?-4D+4 4 4 
27. 
2 Z 

ship aya Soe 

4 4 2 

Neglecting higher terms 

=Z[1+D+ 5D? |x? a [x + 2+ 4 

1 ex _ 1 e2x = 1 2x 
D341 8+1 9 
Given that (D? + 1) y = 0, (0) = 0= y(0) 
AE. ism? +1= Oi.e., m = +iso its solution is 
y=C,cosx + Cosin x, y’ =— Cysin x + Cy cos x 
If (0) =O=0=C, 
If y(0) = O50=Cysoy=0 
Given y = Ae“ + Be ~, y’= Ae~* - Be * 28. 


Adding we get y’ + y = 2Ae* 
Again differentiate y” + y’ = 2Ae* 
Subtracting we get y” — y = Oso its order is 2. 


Given (D? — 2D + 1)y=OAE. ism? - 2m+1=0 


Le. (m—-1)%=03m=11 


So solution is 


y=(C; + Cox)e* 
The particular integral is a : eX x? 
-2D+1 
ek 1 ea ee exx4 
(041)? -2D+1)41 be 12 


If x"y be the LF. of (xy? + 3y)dx 
+ (3x8y — x)dy = 0 
then (xP#7 yk+2 4. 3¢hyktly ay 
+ (3x8 yk+1 _ xht1yk) dy =0 


- .. OM _ dN 
is exact i.e. —— = — 


oy ax 
Le., (e+ BxPt7yktl + Ste + Ixhyk 
=3(h+ Qxbht7yk+l_ (hg dy xh yk 
Equating the coefficient, we get 
k+3=3h+ 24&3 + 3=-h-1 
After solving, we geth=-—7,k =1 
Given 
(D4 + D*) y=0, WO =y'( =y"(0), yO =1 


AE. ism* +m? =Oie.m=0, 0, + i, -i 


so its solution is y = C, + Cox + C3 cos x + Cy sinx 
so y’ = Cy — Cz sin x + Cy cos x 
y” =— C3cosx — Cy sinx, 
vy” = Cg sin x —Cy cos x 
y0}=0 > C+C,=0 
y()=0 = Co+C,=0 
y(0)=0 =-C,=05C, 
y”(0) =1 1 Cy =>Cy 


So the required solution is 


Oso C, =0 
1..Cy=1 


y=x-sinx 


1 x 1 bl — x 
2 (D2 + 2D + 2) 


Linear Differential Equations with Constant Coefficients “3 | 
iit 


30. 


32. 


36. 


41. 


45. 


dy 


= — Aw sin (x — 8) 
dx 


y = Acos (wx — 8), 


2 
a) = — Aw* cos (ax — 8) 
dx 
d2 
so differential equation is — =- wy 


dx 


Se sin J2x = u V2 cos V2 x 
op A-2) 


x! a )-4" 6 
4 


Given that (D? + 6D? +12D + 8) 
WO =y'() =0, (0) =2 


AE. ism? + 6m” + 12m + 8=0 


y=0, 


m@(m + 2) + 4m (m + 2)+ 4(m+ 2)=0 


=> (m? + 4m + 4) (m+ 2)=0 
m = 2, He ven 2,-2,-2 


So solution is y = (C, + Cox + Cx") ae 


y'=-26, eo * +6, (e* -2e* 
+ C; (2x e™ — 2x? e*®) 
y” =4C, e™ + Cy (-4e™ + 4xe™) 
‘Cae te aoe 
y()=030=G =C, =0 
y’ (0) =030=-2C,+ CoC, =0 
y” (0) = 2-92 = 4C, - 4C, + 20, >, =1 


So required solution is xe, 
Given that (x — y - 1) dy a15% =x-y-l 
dx dy 
ie. dx —~x=-—(y+1)IF. is gy =e? 
dy 


49. 


55. 


56. 


Of; 


58. 


60. 


So its solution is xe-¥ = — fev + 1)dy+C 
xe %=+(y+le¥- Je ?dy +C 


=(yt+le%+e4%+C 


xe Y=(y+Qe%+ Ca(x-y-z)e%=C 


ie., x-y-z=Ce’ 
2 
Given that ay + Edy _ de legx 
dx x dx x? 
2 
ie. ge EY xg BY inex 
dx? dx 


put x =e” we get [D(D-1) + D] y=12z, where 
Z =logx &D = ¢ 


Z 


Thus, we have D*y =12z so PI. is 2 12z 
D 


=e cos x 


Consider (D? - 8) y = 0, ALE. ism? - 8=0 
(m — 2) (m? + 4- 2n)ie.m=2, == V9 10 


2+ 2/3: 
2 


So solution is e *(C, cos 3x 
+ Cysin J3x) + Cye* 


=21+4 J3i 


ie. m=2, 


(e2 + e* +1) 


(D? +1) 
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-1 
‘| 2x 1 x 1 2 
7 en + e + 1 1 _1 5D -D 
Do+1 D341 D341 Ee Tea (2 a i 
2x x 2x x 2 
ose ale) ate a 1 1 5D-D + [22 (x+ 2) =e 
9 2 9 2 6 6 6 6 36 
1 ae 
62. ———— e™ sin 3x f ‘ : 1 4 
D2_4p+3 69. Particular integral is pak x'+2x+1 
2x 1 : = | 
=e sin 3x if. pl 
(D+ 22 -4(D+2)+3 “ay gl (x4 + 2x +1) 
2x 2x . 
= 3x = 3 3 
e Bee sin 3x =e x sin 3x 3-5 +] race 
__ e® sin 3x i, 1a 4 
~ 10 =e aia att (x* + 2x + 1) 
63. y=Ae.+B e-* differentiating it 1 (x4 + 2x 41-3x)= 1 (x* —x +1) 
8 8 
dy x ~2x 2: 
— = Ae* — 2B 
ae 2 70. Given oa =a+ bx + cx, y() =0, (0 =d 
Ix 
Subtaeting =. -~y=-3Be™ ...(1) 7 bee eee 
dx Integrating Y = ax + + +e 
Again differentiating <2 ~ © = 6Be™* vet2) Again integrating 
de - _ ax? P bx? i cx? ceeng (1) 
Multiply equation (1) by 2 and add with equation y 2 6 12 = 
(2), we get vO=ds>f=d 
2 
24 SY — 2y = 0s0 its degree is 1 y'(0) =O>e=0 
dx e put these values in equation (1), we get 
1 ad 1 ad 
65. 5 e* f(x) = e* == ag _ ax? . bx? . cx4 d 
(D — 2) (D + 2-2) y 2 - 6 2” 
2. : dS 
_ - fx) = ex - f'lx) 71. Given the (D2 1) y=1, y(0) = O v(-a) = finite 
AE. ism* -1=0=m=+1 
66. = Real part of e”* 
cos x = Real part of e™ so CF. is Get + Cye* 
1 3 ix 1 3 
——— x” cos x = Real part of e x 1 = 
f(D) . fiD +i) PL e—1=-(1-D91 1 
67. See sin x = 5 (e* +x sin x) =-(1+D*+...).1=-1 
D*-2D+4+1 (D - 1) ‘ =y 
F So, solutionisy = Cje* + Cge* -1 fi L) 
=e x sin x = e* x sin x 
(D+1-1)2 D2 y(0) =OS0=C+C,-13C0O+C,=1 
v(-a) = finite > C, = 0 soC, =1 
= e* 1 in 1 2D 1g 
* D2 SUN D2 D2 SUL put these values aoe (1) we get 
“ . a | veers 
=e x sin x 3 sin x 
D O00 


=-e* (x sin x + 2 cos x) 


CHAPTER 


3 Homogeneous Linear Differential Equations 


DEFINITIONS 
1. A differential equation of the form 
n n-1 
geY ae Yet ane + a,y=P 
dx dx dx 


where ay, ag... a, are constants and P is either 
a constant or a function of x is called a 
homogeneous linear differential equation. 


To solve homogeneous linear differential 


equation, we put x = e” or log x =z such that 
1 dz 


x dx 
Then dy_dy dz_ldy 
dx dz dx x dz 
So go a pyaieete 
dx dz dz 
Z 
Again d“y_d (+)- d (2 Al 
dx? dx \dx) dx \x dz 
1d (“) dy 1 
= + 
x dx \dz) dz\ x? 
_ld*y dz 1 dy_1d’y 1d 


x dz* dx x%dz x* dz* x* dz 


2 2 
pe OY pai 


or 
dx? dz* dz 


y 


3 
Sitdilarly, «2 = D(D - 1)(D — 2)y and so 
dx 


on. Thus, the new transformed equation is 


f(D)y = Q, where D = S and Q is a function of 


z. The general solution of this equation is the 
sum of particular solution of this equation and 
general solution of f(D) y = 0. 

Now we discuss all the cases to find the 


complementary function (C.F.) of, f(D)y = 0. 


Case I. Ifm ,mo,...m,, are distinct roots of the 


auxiliary equation of f(D)y=0 then C.F. of 
f(D) y = Qis 


= m,z M,Z m,-Z 
y=Cye "+ Coe +...... C,e 


Case II. If r roots are equal say m and others 

(n —r) are different then C.F. is 

(Cp PCr toniC.2 Ve" +C, je" 
+...+ Ce? 

ie. (Cy + Co logx +...+ C, (logx)" Yx™ 


iC a Ce 


Case III. If the roots are imaginary i.e. a + iB 
then 
CLF. is e®*(C 1 cos Bz + Co sin Bz) 
= x” [C1 cos (B log x) + Co sin (6 log x)]or we 
can write Cye™ cos (Bz + Co) 
i.e. C1x" cos (B log x + Co) 
Case IV. Ifa +i occur r times then C.F. is 
eo” C4 Cee C2) 
cos Bz + (dy + doz +...d,2"~}) sin Bz] 
ie. x™ [{Cy + Co logx +... 

+C, (log x)~}} cos (6 log x) + 
{dy + do logx +...+ dr (log x)"~} 

sin (B log x)] 

Now we discuss the cases to find the particular 


integral (P.I.) of f(D)y = Q 


1 al az _ 
jo? FD. “Fa 
fla) #0 


Case I. e™ , provided 
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Case Il. = COs az = 3, COS az 
f(D*) f(-a*) 
and 5, sin az = 5, sin az, provided 
f(D*) f(-a*) 
f(-a”) #0 
Case Wm. 1 2™=[¢(D)P12™ and then 
f(D) 
ae 


lin ascending powers of D. 


[f(D)T 
1 


Case IV. 1 eVWV =e” V 
f(D) f(D + a) 


5. 


where V is a function of z. 


Cue. tyse— ve Fate hy 
f(D) f(D) dD f(D) 
If the differential equation is 
d"y 4] ql 
n n 
(a + bx) ae ay (a + bx) el 


ayy = X then it can be reduced to linear 
differential equation with constant coefficient 


by substitute a + bx = e”. 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1. 


The complementary function of (x2D? + 3xD + l)y 
1 


1- x)? 


0 + Cy log x 


is 


“| 
(a) 


(o) = (C, + Cy log x) 


(b) Cyx + Cox - log x 
(d) & + Cox log x 
x 


The complementary function of 


(x*D* — 4xD + y =x? is 
(a) Cyx + Cox? (b) C, + Cox 
(c) Cx + Cox? (d) Cx + Cy 


For solving the homogeneous linear equations we 


2 
substitute x = e” and D = a than x? d'y is 
Z dx? 
(a) D’y (b) (D = 1)y 
(c) D(D + ly (d) D(D — ly 


The solution of (x*D2 + xD + l)y = Ois 
(a) C, cos (logx) + Cg sin (log x) 
(b) C, cos x + Cg sin x 

(c) (C, + Cpx) cos (log x) 

(d) (Cy + Cox) - sin (logx) 

The solution of (x2D? — xD)y = Ois 


(a) Cx Cx* (b) C; + Cox 
Ac + tx dCx4 Cx? 
2 
On putting x =e, x? dy + x +y=x is 
dx dx 


transformed to 


10. 


11. 


12. 


2 2 

(a) SY -yae (b) Y 4 yee 
dz dz 
2 2 

()T8+ Bayo Fos Bae 
dz® dz dz? dz 


The particular integral of (x*D2 + xD + l)y 
= sin (log x?) is 
a) 


1 2 1 
a) — cos (log x b) — — cos (log x 
Gar (log x*) eae (log 


(c) : sin (log x?) (d) - : sin (log x?) 


The P.I. of (x2D? + xD + ly =x is 


a) x bys Je dare ® 
(a) (b) : (c) - (d) - 
The complementary function of (xD? — 3xD + 4y 
= 2x? is 

(a) (C, + Cp) x? b) (Cy + Cy log x) x? 


c) yx + Cx log x (d) C, + C5x log x 


The particular integral of (x*D? + xD -l)y= x7e* 


is 
(a) xe* 


(c) [: 2 =e" 
x 


If we substitute x =e” in (x2D? + 3xD + l)y=0 


then the transformed differential equation is 
(a) (D” + l)y=0 (b) (D” +2)y=0 
(c) (D’ + 1)2y =0 (d) (D’ + 2)y=0 


The P.I. of (x + a)*D7y — 4x + a)Dy + 6y =x is 


(b) Sta (c)x +2 (d) 


(a)x +a wad 
3 2 3 
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13. 


14. 


1S. 


16. 


17. 


18. 


19. 


20. 


If we substitute 5+ 2x =e” in the differential 


2 
equation (5+ 2x)? TY — 654 249 W + gy=0 
dx? dx 
and D= a then it transform to 
dz 
(a) (2D? — 3D + l)y=0 (b) (D2 - 4D + Qy=0 


(c) (2D2 + 3D + l)y=0 (d) (2D2 + 4D + 2Qy=0 


To transform (x*D? + xD + 1)y = O into the linear 


differential equation with constant coefficients, we 
put 


(a) x =logz (b) x = e” 
(c) x = 2 (d) x =e” 
The P.I. of (x°D? + 3x2D? + xD + ly =x is 
(a) x? + 2x (b) x? -x +1 
x 2 
c)o d)x*+x 
( ra (d) 


The P.l. of (x2D? — xD — 3)y = x? logx is 


2 
(a) x2 (3 logx + 2) (b) — = (3log x + 2) 


2 
(c) - = (3logx +2) (d) -x (3 logx +2) 


If we substitute x=e* and D= - in 
Zz 
3 2 
xo SY 52 IV WM yan then 
dx? dx? dx 


transformed equation is 
(a) (D? + 3D? + D+ I)y=0 


b) (D° + D+ ly =0 
) 


( 

(c) (D? + Jy =0 

(d) (D° + Ny =0 

The particular integral of (x*D? + ly= 3x? is 
(a) x (b) x? (c) 3x? (d) 2x? 
The solution of (x2D? — 4xD + 6)y = Ois 

(a) Cyx + Cox? b) Cx? + Cox3 

(c) C, + Cox d) Cx + Cox4 

The particular integral of (x2D? — 3xD + 5)y 


=x? sin (log x) is 
(a) - = log x cos (log x) 
(b) — sin x (log x) 


(c) — zs log x 
x 


(d) - # sinx (log x) 
x 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


AD) e* (x) is equal to 
x 1 x _ al 
(a) e 7+) (x) (b) FD (x) 
-x l se 1 
(c)e FD) (x) (d) e jiD (x) 


The n'® order linear differential homogeneous 
equation have 


(a) Finite singular solution 
(b) n-singular solution 

(c) No singular solution 

( 


d) Unique singular solution 


The particular integral of (x2p? - 4xD + 6)y = be 
x4 
is 
1 1 1 1 
(a) — (b) (c) | (d) — 
x x? x4 x 


If we substitute x =e” in (x2D? + 4xD + 2y=0 
then the transformed differential equation is 

(a) (D’? + 3D’ + 2y=0 (b) (D? — 3D’+ Jy=0 
(c) (D’? - 3D’+ 4y=0 (d)(D? + 3D’+ Hy =0 
The particular integral of (x2D? — 4xD + 6)y 


(b) x2 —x 


= x4 is 
(a) x4 +x%-1 


x+1 
(c) 
12 
The P.I. of (x°D? + 2x2D? + 2)y =10x is 


(a) 10x (c) 5x (d) 15x 
The P.I. of (x2D? — xD + 2)y =x log x is 


) rae (o) (25 * Se 
4 4 


2logx -3 


4 
x 
(d) oe 


(b) 20x 


(c) 4 (d) x log x 

If D stands for “ and x = e” then x® ae is 
(a) D(D — 1) (D - 2)y 

(b) D(D — 1)(D — 1)(D - 3)y 

(c) D3(D = 1)y 

(d) D(D — Iy 


The particular integral of (x3p? + 2x"p? 


+ 3xD -~3)\y=x? is 
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30. 


31. 


2 2 
x* +1 x 
by) = 
(a) z a 
3 2 
(gj Xt ees (d) x = 
7 i 


a Q is equal to, where D stands for Es 
D-a Zz 


(a)e@ J e” Qdz 
(c) fe“a 


(b) J e “Qdz 
(d) en e “Qdz 


The particular integral of 


2 
(+ x)? SY 414 x) M4 y= 208 log (1 + x)is 


dx dx 


32. 


(a) sin log (1 + x) 

(b) 2 log (1 + x) sin log (1+ x) 
(c) log (1+ x) sin log (1 + x) 
(d) log (1 + x) cos log (1 + x) 


By substitution y = as the homogeneous equation 


a) (x2D2—xD + 1)z2=0 

b) (x2D? +1)z = 0 

c) (x*D2 — 2xD —1)z =0 
( 


( 
( 
( 
(d) (x2D? -2)z = 0 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1 em > om = Wom: Rom > Bem >. Bom: Rem: Wem: Boe Be 
41. | (c) | 12. | (a) | 13. | (b) | 14. | (b) | 15. | (c) | 16. | (c) | a7. | (a) | a8. | (c) | a9. | (b) | 20. | (a) 
21. | (a) | 22. | (c) | 23. | (c) | 24. | (a) | 25. | (a) | 26. | (c) | 27. | (a) | 28. | (a) | 29. | (b) | 30. | (d) 
31. | (c) | 32. | (a) 
: F : : 2p2 2 
1. Given differential equation is (x on 3xD 6. Gi oe dy, ea 
+1)y= 5 put x =e” and D=— we get dx dx 
(1 - x) dz DD =)+ D+ poe 
_ 1 
[DID - 1) + 3D + y=, ee yet 
(1 — e*) 
ie: (D2 +2D+l)y= 1 ; ds Given (x*D? + xD + l)y = sin (log x?) put 
(1- e”) epee 2 
28 x =e’, D’= — we get 
AE. ism* + 2m+1=Oi.em=-1,-1 dz 
So, CF. is (C + Cyzle® =(C, + Cy log x)- 4 [D(D’ - 1) + D’ + Ily = sin (22) 
x ie. (D’”? + ly = sin 2z 
4. Given that’ = (x"D?+xD4+1)y=0, put seta as 
gad pia sin 2z = + sin 2z = Daeg 
dz (D’2 +1) -4+1 
We get[D‘(D’ — 1) + D’ + lly = Oi.e.(D” + 1)y=0 2. Gn@isa BS—  enlides) 
3 3 
_ 2 a. 
A.E. ism™ + 1= 05m =i, ~i 10. Given differential equation is 
2p2 2 , 
So solution isC, cos z + Cy sinz = C, cos (logx) (x*D* + xD — ly =x*e* put x =e’, D’= ay we 
+ Cysin (log x) get 


(D(D’ — 1) + D’ - 1)y = eee” 


H Li Diff ial Equati 
omogeneous Linear Differential Equations = 


12. 


13. 


16. 


=> (D’? — 1)y = e* ee? = x7e* 
PI. is : x2e% = 
See 


(x [x?e* xh ldy) = 


1 xe 
D’+1 


a 


oh) 
D’+1\D’-1 


23. 


=x7l fxe* xtldy = x7! (x — Ne* = &* 


(ye 


Given that (x + a)*D*y —4(x + a)Dy + 6y= 


x + a=e’ we get 
[D(D’ -1)-4(D 
ie. (Dp = 


So, P.I. is u e* -a 1 


xX put 


\+6@ly=e? -a 
5D’+ 6y=e" -a 


1 


(D’ — 5D 6) Dp”? 


6 6 


= a_x a 
2 6 2 #6 2 3 


2 
Given that (2x + 5)? os 
put 2x + 5 =e” weget[4D(D’ — 1) 
=[(D -D) -3D’+ Qy=0 
ie. (D’? - 4D’ + Qy =0 
Differential equation is (x*D? — xD 


put x = e*,D’= we get 
Zz 


[D(D’- 1) - D’ - 3y = ze” 
2z 


= (D” -2D’-3)y=ze 


PI. is a zew2 
(D’2 — 2D’ — 3) 


22 1 


5D’+ 6 


a1 
eae 25. 
Zo (} aa ai 


62x + 5) M4 8y=0 
dx 


— 12D’ + 8]y= 0 
21: 


—3)y = x*log x 


=e 
(D’ + 2)? 


2 (0 +2) 


3 3 


e% 2 en E 2D , D 72 


-1 
: 
29. 


Given homogeneous equation is (x*D? — 4xD 
+ Gye put x=e” and pe we get 
xe dz 
[DD’ - 1) - 4D’ + 6]y = 4ze” 
=> (D”-5D’'+ 6y=4ze" 
Pi ig ae 
BD” = 8D’ +6 
> =4:e%% 3 1 1 
(D’ —4)* —5(D )+6 
= 42°44 1 1 
D’? -13D’ + 4z 
, 12 
_ 42 e424 13D’ D 1 
4z 4z 42 
_ 4 oz (1 s 13D’ - Ja ez _ 1 
Az 4z x4 
Given (x2D2 — 4xD + 6y= x4 put 
x=e’,D’= cs 
dz 
We have [D(D’ — 1) - 4D’ + 6] y= et? 
ie. (D’? -5D’+ Oy= 
1 ae x4 
(D’? - 5D’ + 6) 2 2 
Given differential equation is 
(x2D? —xD + 2)y=x logx 
d 
ut x =e’, D’= 
r dz 
we get (D(D’-1) —D’+ 2Qy= 
ie,  (D*%-2D'+2Qy= 
PI. is SS ze” 
D® —9n’+2 
=e" 1 Zz 
(D’+ 1)* —-2(D’+1)+2 
=@ 1 28+ D1. 2522 
DA +1 
=x logx 
Given (x°D° + 2x2D? + 3xD - 3)y = 
put x = e” opie? we get 
dz 
[D(D’ — 1) (D’ — 2) + 2D(D’ — 1) + 3D’ - 3Jy= eo” 


or (D’ — 1) (D”” + 3)y =e” 
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31. 


2z 22 
SoP.L. eeu. 8 aF 
(D’ -1)(D” +3) (2-1)(4+3) 7 
ae 
7 
Given differential equation is 
2 
Haw? 2! ea! apa vcocbogil ax 
dx? dx 


Put 1+ x = e”, we get 


[D (D -1)+ D+ l]Jy=2cosz 


= (D? + ly =2cosz 
p=f 
dz 


2 cos z 


The particular integral is 
D*+i1 


-2 sin z = 2 sin z = log (1 + x) sin log (1+ x) 


32. 


Given differential equation is 


Z 2 
2x7y d ; + Ay? x?) 2xy dy _ 0 
dx bg 


dx 
Put y = 2”, ay = 222 — de 
dx dx’ 
2 
a 2 4% + 2(%) we get 
dx? dx? d. 
2 
2x29? |» de (<4) iF 424 - 4%2( | 
dx x Ix 
~ Dre? De 9 9 
dx 
2 
or get BE, a) 
dx? x 
or (x*D* -xD + 1)z=0 
Q00 


CHAPTER 


4 


Differential Equation of First 
Order but not of the First Degree 


DEFINITIONS 


1. 


A differential equation of the form 
p"+Ayp™ 1+ Asp"? +...A, 1 p+A,=0 
is called a differential equation of the a and 
ba 


nth degree, where p stands for and 


Ay, Ag, Ag... A, all are functions of x a V. 
For the equations solvable for p, let the 
differential equation in above can be resolved 
into n linear factors such that 

{p — fix, wt {p - fa (x, vt... {1p - fn (x, y)} = 0 
Now we can equate each factor to zero and 
than solve the resulting differential equations of 
the first order and first degree i.e. the solution is 

4(x, ¥, C1) = 0, 2 (x, y, co) =0 
1+ On(X, Y, Cp) = O 

Consider a unique constant C then n solutions 
are 4(x, y, c) = 0, b9 (x, y, c) = 0... 0, 
(x, y, c)=0 

Thus, the combined solution is 

1 (x, Y, C) O2 (X,Y, C)... On (x, y, c) = 0 

For the equations solvable for y let the 
differential equation is 


v= f(x, p) whl) 
Differentiating (1) w.r.t. x we get 
d 
p-o(sa 2] (2) 
dx 


where p stands for ay 
dx 


Let the solution of (2) is 

F(x, p,c)=0 sve(3) 
Eliminating p between (1) and (3) we get the 
required solution of (1) say 

o(x, y, ) =0 
If we cannot eliminate p between (1) and (3) 
then we may solve (1) and (3) such that 
x = fi(p, c)andy = fo (p, c) ...(4) 
which are the solution of (1). 


4. For the equations solvable for x, let the 

differential equation is 

x = fly, p) --(1) 
Differentiating (1) w.r.t. y we get 

1 d 

=o(v. 0 2) vil 

Pp dy 
Let the solution of (2) is 

Fly, p,c)=0 ahs) 
Eliminating p between (1) and (3) we get the 
required solution of (1) such that 
(x, y,c)=0 

If it is not possible to eliminate p, we solve (1) 
and (3) for x and y such that 

x = fi(p, c), y = falp, ¢) veoh) 
Which is the required solution of (1). 

CLAIRAUT’S EQUATION 

1. The differential eqution of the form 
y=px+f(p) is called Clairaut’s equation 
where f(p) is a function of p_ only. 
Differentiating it w.r.t. x 

Gp | ¢ OP 
=ptx—+ —= 
PD f"(p) T 
d 
or SP tx + f'(p)} =0 
dx 
2% or x+f’(p)=0 
dx 
First eduation gives p = constant = c. Thus, we 
obtained y = cx + fi(c). 

2. If we eliminate p between y = px + f(p) and 
x + f’(p)=0 we get the singular solution of 
given differential equation. 

3: Some differentiable equations by suitable 


change of variables (may be given in questions) 
may be reduced to Clairaut’s form. 
Let f(x, y, p) = Obe the differential equation of 
first order and its general solution is 
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o (x, vy, c)=0 it represents a curve for each 
value of c i.e, it represents a family of curves. 
Hence every differential equation of the first 
degree represents a family of curves. 


SINGULAR SOLUTIONS 


1. 


The singular solution of a differential equation 
is given by the envelope of family of curves 
represented by that differential equation. 


Thus, if the envelope of the family of curves 

o(x, y, c) =0 ...(1) 
represented by the general solution of the 
differential equation 


f(x, v, p)=0 vol) 
exists, the equation of the envelope is the 
singular solution of the differental equation (2). 


Let the given differential equation be 


f(x,y, p)=0 vil) 
and its general solutioniso(x, y,c)=0 _ ...(2) 


The envelope of the family of curves (2) is 
contained in the locus obtained by eliminating 
C, between (2) and 


006, 9,.0=0 zo) 
so the c-eliminant between (2) and (3) be 


W (x, y) =0 (4) 
This is also called c-discriminant relation. 


Similarly, the condition for the equation (1) inp 
to have two equal roots is obtained on 
eliminating p between (1) and 


2 Fe, y, p)=0 ...(5) 
op 


and the p-eliminant between (1) and (5) is 
called the p-discriminant relation. 
If p occurs only in the first degree in the 
differential equation, there will be no singular 
solution. 
The locus common to both the c-discriminant 
and the p-discriminant relations gives us the 
singular solutions of (1). 
Let the general solution of the Clairaut’s 
equation y = px + f(p) ..(1) 
is vy =c(x) + f(c) ...(2) 
Differentiating (2) partically w.r.t. c 

O=x+f’(c) sacl) 
The singular solution, which is envelope of (2) 
is obtained by eliminating c between (2) and 
(3). 
Again differentiating (1) partially w.rt. p, we 
get 

O=x+ f’(p) ...(4) 

The singular solution of the Clairaut’s equation 
(1) is obtained by eliminating p between (1) 
and (4). 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1; 


The solution of p” — 5p + 6= Dis 


Solution of the equation y = px + Gis 
Pp 


(a) cy=c*x +a (b) y=x+a 


(c) cy=ex +2 (d) y=cx+a 
Cc 


The solution of the differential equation 
y=px + \p2+4 is 
(a) (y- cx)* = 4.x 

(ce) (v-o? 4c? =0 (d) (y- ex)? -c? =4 


(b) (y — cx)? + 4c? =0 


The singular solution of the differential equation 
(xp-y)? =p? - lis 

(b) x? — y? =1 

(d) x? — 2y2=1 


(a) x2 + y*=1 


(ce) y? —x? =1 


Differential Equation of First Order but not of the First D 
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5. 


10. 


11. 


12. 


13. 


The solution of p” — ax = 0is 
~4ax® =0 


The solution of the differential equation 
xp” -(y - x) p—y = is 

(a) (y+ x —c)(xy—c)=0 

(b) (y+ 2x + c) (xy—c) =0 

(c) (2y + x — c) (xy—c) =0 

(d) (y— x — c) (xy—c) = 

The solution of y = sin p — p cosp is 

(a)x =cosp—c,y=sinp 

(b) x =c — cos p, y=sin p—cosp 

(c) x =c — cos p,y =— cos p 

(d) x =c — cos p, y=sin p + cos p 

The solution of the differential equation 
p = log (px — y)is 

(a) c = log (x —y) (b) y=ext+e?P 

(c) cx = log (x — y) (d) y= cx —e? 

The general solution of 
y? — 2pxy + p? (x? -1) =m’ is 

(a) (y- cx)? = =c* +m? 


b) y? = Qexy + c7(x? -1)m? = 7 
2 =? 


2m? =0 


( 
(c) (y- cx 
(d) y? — 2xy + c*m* = 


The singular solution of y = px + Fis 


(a) x2 = 4ay (b) x2 + y? =a" 
(c) y? = 4ax (d) x2 — y? = a? 
The general solution of 8p? — 27y = Ois 

(a) y? =(x + ¢) (b) y? =(x + ¢)? 
(c) y? =8(x +o) (d) y? =(x + ¢)9 


The general solution of (y — px)” + a“p = Ois 
(a) (y- x)? = a%e (b) (y - ex)? = a? 
24a’c=0 (d)(y—x)? + ae =0 


(c) (y— cx)* + a*c = 


The singular solution of p? + y? =lis 


(b) y=—1lonly 
(d)y=+1 


(a) y=1only 
(c)x =+1 


14. 


15. 


16. 


Ly, 


18. 


19. 


20. 


21. 


22; 


23. 


The differential equation of first degree always 
represents a 
(a) Unique curve (b) Unique surface 


(c) Family of curve (d) Family of surfaces 


The equation y = px + f(p) is called 
(a) Linear equation (b) Exact equation 


(c) Clairaut’s equation (d) Bernoulli’s equation 


The solution of y = Paacd +(2 ) is 
: 


dx 
(a) y=cx (b) y=cxtce 
Ca oe (d) y=ex +c? 


3 


The singular solution of a differential equation 
contains 

i) Can be obtained from general solution 

ii) Arbitrary constant 

iii)Cannot be obtained from general solution 

iv) Do not contain arbitrary constant 


a) (iii) and (iv) are true (b) (i) and (ii) are true 


( 
( 
( 
( 
( 
( 


c) (i) and (iv) are true (d) (ii) and (iii) are true 
The solution of y = 2xp + f(xp”) is 

(a) y = 4x (b) (y - c*)? = dex 

(c) (y—4ex)?=c% —— (d) (y+ 0)? = - dex 
The solution of sin px cos y = p + cos px sin yis 
(b) y— cx =sin cxcosy 


(d) y=cx + cos tc 


(a) y=cx + sinc 
(c) y=cx - sintc 
The 


y? — 2pxy + p? (x? - 1) 


singular solution of 


=m? is 
(a) y” +m? x? =m? (b) m2y? + x? =m? 


(c) y? + x? =m? 2 


(d) y? - x? =m 
The singular solution of 27y — 8p? = Ois 
(a) 27y - 8c? =0 (b) 27y — 8&3 =0 
(c)x =0 (d) y=0 

The general solution of y? + p- =1is 

(a) y? +c? =1 (b) y = cos (x + c) 
(c) y= sin (x + c) (d) None of these 
The singular solution of p- + px —-y=O0is 
(a) y? = 4x (b) x + 4y =0 


(c) x2 + y* =0 (d) y2 + 4x =0 
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24. 


25. 


26. 


oe 


28. 


29. 


30. 


31, 


32. 


33. 


34. 


35. 


The solution of y = xp + x1+ p? is 


(a) x2 + y* —xc =0 


(c) x? + y2-2cx =0 (d)x? 


(b) x? + y? -xc =0 
- y? - 2cx =0 


The solution of p2(x? - a’) — 2pxy + y? —b? =0is 


(a) (y — cx)? = b? + ac? 
b) (y+ ex)? =b* + a’c? 
) 


( 
(y- cx)” =p ac? 
d) (y+ cx)? = b? — a’c* 


The solution of y = px + ap (1 — p)is 


2 2 


(b) y-cx =a-c 
(b) y-—cx =ac(1l+c) (d)y—cx =ac(1-c) 
The singular solution of y = px + a-p” + b? is 
(a) x2 + y*=a2+b* = (b) a2x? + b*y2=1 


(c) bx? = a“b? (d) a2x? + b*y" = ab? 


(a) y— cx =ac 


+ a’y" 
The singular solution of (y — px)” + pa’ = Ois 


(a) xy=a 


_ 72 _ 
(c) xy=a (d) xy a 


The envelope of family of curves represented by the 
differential equation is called 

(a) Complete solution __(b) Particular integral 

(c) Singular solution (d) General solution 
Singular solution of ip" + y? =lis 

(b) xy=1 

(d) Not exist 


(a) x? + y? =1 
(c) y? = 4x 
The solution of the equation p? + pxy= y? log yis 
(a) logy=x?+cX — (b) logx =y? + cy 
(c) c+ cxy = y7log y (d) log y= x? + CX +C 
The singular solution of y = px is 

(a) y? = 4ax (b) x? + y* =a 
(c) y=mx+c (d) Not exist 


2 


(a) y-ax =x? (b 2 


(c) y? — 2x? + 2cx=0 (d 


=X + C= ¢ 


2 


The solution of (y — px)? =p Pies Pp 2)2 | 
)y 
)y=exte 


The solution of (y — px), (p — 1) = pis 
(a)(y-x)(c-l)=c — (b) (y+ x) (c 
(c)(y—ex)(c-I)=c  (d) (y- 


The singular solution of xp*- 
(a) y=0 
~(x - a)? =0 


-l)=c 
cx) c= 

(x — a)” = Ois 
(b) xc* - (x - a)* =0 


(c) x (d)x =0 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


Which of the following equation is Clairaut’s 
equation 


(a) y = px + f(p) (b) y=p+ flp) 
(c) y=x + f(p) (d) y = px + f(c) 
The solution of p = xy is 

(a) y = ce* ib)yestee** 

(c) y= ce*!? (d) y=ce*™ 


The order and degree of the differential equation 
p? + 3p? + p-1=0is 

(a) 3, 1 (b) 1,3 (c) 3,3 
By differentiating w.r.t. x the equation y = 2px — p’, 


(d) 1,1 


the general solution x = f(p) is 


(a) x =2p + cp” (0) x==p + ep 


(c)x =2p + cp” (d)x = =p + cp ~~ 
The solution of y? + xp? — 2xyp = Ap? is 
(a) y2 + x2c7 = 4c? ——(b) y? +. x2? - 2xy = 0 


(c) (y- ex)? = 4/ c? (d) (y — cx)? = 2/¢ 


The solution of (x — a)p2 + (x - yp —-y=O0is 
(a) (y — ex)? = 4c (b)y? + (x—y)?+x-c=0 
(c) (x - ale? + (x -y)c-y=0 


(d) (x — a)? +(x -y)c=ec 


The number of constant is a singular solution of nth 


degree equation is 
(a) 0 (b) n 
By differentiating wrt. y, the 


(c)n+1 (d)n-1 
equation 


xp = a+ bp, The general solution x = f(p) is 


iecage” (b)x= 24% 
Pp Pp 

(jx= 24% (d)x=%42 
yp p° p 


By differentiating wrt. y, the equation 


p? — 4xyp+ 8y2= Othe general solution y = f(p) is 


(a) p= cy (b) p? = cy 
(c) p? + 2p=cy (d) None of these 
Using the transformation x? = u, y? =v, the 


yp” is 
(b) y? =cx +c? 


solution of x*(y — px)= 
(a) y=cx + 2 


(c) y2=ex + (d) y? = cx? + c? 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


The singular solution of the differential equation 


y? (1+ p’) =a" is 
(a) y°(1+ x?) =a? (b) y? = ax 
(c) y=+ ax (d)y=+ta 


The singular solution of p-(1 - x?) =l1- y? is, 


(a) x = + lonly (b) y=+ lonly 


(c)x =ly=1 (d)x=+1ly=+1 
The solution of y= 2px + y°p? by substitution 
y? =vis 
3 3 
(a) y2 = cx ¢ (b) y? = cx? + & 
8 8 
(c) y2=x4+ © (d) y2 =cx + © 
= 2 ? 2 


By differentiating wrt. x, the 
y=ayj1l+ p? the general solution x = f(p) is 


(a)y=ayl+x?+p 


(b)x =alog {p + l+p*}+ce 


equation 


(c) y=alog {p+ l+p*}4+c 


(d) y=a log { 1l+p*}4ce 


The general solution of y,/1 + p? = ris 


A 7 (b) y? + (x +0)? =r? 


(d) y J1+ x? =r? 


The singular solution of y = px + aj1+ p? is 
(a) y? = 4ax (b) x? — y? =1 
(c) x? + y? =a" (d) x? = 4ay 


(a) x +y%=r 


(c) x2 4 (y+ c)? =r? 


By differentiating wert. x the equation 
y = 2px + pv, the general solution y = f(p) is 
(b) p°y=c 


(d) py=c 


(a) p’y + p+ 2=0 
(c)py+p=a 


53. 


54. 


55. 


56. 


60. 


The p-discriminant of f(x, y, p) = Ois 
(a) f(x, vp) = 0 (b) a (x, v, p) =0 


(c) (a) or (b) only (d) Both (a) and (b) 


The solution of y = 2 WY + 34! & ig 
dx 

(a) y = 2cx + 3e® (b) y = 2x + 3e* 

(c) y = 2cx + 3e* (d) y = 2x + 3e° 


One singular solution of p® — 4pxy + Sy? = Ois 


4 4 
( y= sx (b) y= x 
27 3 2_ 27 3 
c)y=—_x d =e 
(c) y ri (d) y ri 


By differentiating wert. x the equation 


y=2px + f(xp”), the general solution in the form 


x = f(p) is 
(a) px =c (b) x./p =¢ 
(c) px?!2 =C (d) pvx =c 


The singular solution of pxy + x? =ais 
(a) x2 + xy=a (b)x + y? =a 


(c) y? +x=a (d) No singular solution 


The singular solution of y = px + f(p), where p is 
linear in p is 

(a) y= cx + f(c) 
(c) x = cy + f(c) 


(b) y= cx 
(d) No singular solution 


The degree of the differential equation 
p°? + 3p + 2p+ x =Ois 

(a) 1 (b) 2 (c) 3 (d) 0 

The order of the _ differential equation 
p° - Axyp* + By? = Ois 

(a) 3 (b) 2 

(c) 1 (d) None of these 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


wom > fom: fom om > Bom o Bem: Bom: Bom: Bon Fe 
11. | (a) | 12. | (c) | 13. | (a) | 14. | (c) | 15. | (c) | 26. | (a) | 27. | (a) | a8. | (b) | 19. | (c) | 20. | (a) 
21. | (d) | 22. | (b) | 23. | (b) | 24. | (c) | 25. | (a) | 26. | (d) | 27. | (c) | 28. | (d) | 29. | () | 30. | (a) 
31. | (a) | 32. | (a) | 33. | (b) | 34. | (c) | 35. | (a) | 36. | (a) | 37. | (c) | 38. | (b) | 39. | (a) | 40. | (c) 
41. | (c) | 42. | (a) | 43. | (d) | 44. | (b) | 45. | (d) | a6. | (d) | 47. | (d) | 48. | (a) | 49. | (b) | 50. | (b) 
51. | (c) | 52. | (d) | 53. | (d) | 54. | (a) | 55. | (b) | 56. | (d) | 57. | (d) | 58. | (a) | 59. | (c) | 60. | (c) 
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HINTS AND SOLUTIONS 


p* - 5p + 6=0=3(p - 2)(p-3)=0 
ee es es | ee ee eT) 
dx 


ee ee ee Po | ee 
dx 


Thus, the solution is (y — 2x 


c)(y- 3x —c)=0 


Given equation is y = px + © Which is Clairaut’s 
Pp 


: er a 
equation so solution is y = cx + —=>cy= c’x +a 


Cc 


Given equation is (xp — vy)? = p? -1 


So, y = px + Jp” — 1s0 its solution is 


(xc— y)? =c*-1 
ice. c°(x? — 1) — 2xyc + v2 +1=0. 
The envelope of the family of above curve is the 
required singular solution. 


The c-discriminant relation is 


Ax?y2 4 (x? 


tex = ie = 1 which is singular solution. 


Given p- = ax? =>p= oy = ql? 3/2 Integrating it 
Ix 
1/2 ,.5/2 
_ 2a" x ae 
5 


Given that xp” +(y-x)p-y=0 


i.e. xp (p — 1) + y(p — 1) = Oor(p — 1) (xp + y) =0 


it" teyasee 6a) 
dx 
Ifxp+y=O0>p dy y ,W , & _9 


dx x oy x 
Integratinglog (xy) = log c>xy =c ws (2Z) 


So the solution is (y — x — c) (xy — c) =0 


Given differential equation is 
y=sinp-—pcosp sau) 
differentiating w.r.t., x, we get 
p = (cos p — cos p+ psinp) dp 
dx 
Sac OP _ 
or p =p sinp — =>sinp dp = dx 
dx 
Integratingx = c — cos p ...(2) 


10. 


(1) and (2) are the required solution. 


Given that y? — 2pxy + p?(x? -lj= m 


ie. (y — px)” =p +m? >y=pxt lp? +m? 


which is Clairaut’s form, so solution is 


2 2 2 2 2 


y=cextfe~+m* S(y—-cx)*=c* +m 


Given differential equation is y = px + = 


ie. xp” — yp + a=0 

its discriminant is y? — 4ax =0 
So singular solution is y? = 4ax 
dy _ + 2 


Given that p? + y7 =13%% l-y 
dx 


dx =+ a integrating it, 
l-y 


1 


we get,x +c=+ cos y 


18. 


21, 


= y=cos (x + c) which is general solution. 
Again p-discriminant is y? -1=05y=+ 1 which 
satisfy the given differential equation, so it is singular 


solution. 


Given that y = 2px + f(xp?) ..(1) 


Differentiating w.r.t. xp = 2p + 2x & 
Ix 
+ f’ (xp?) P" + 2xp 2 
dx 
or (p+ 2% P\n+ pf on41=0 
dx 


dp 
Pp 


=°* integrating it 


ipa oe 22 29s 
dx 


logp = Frlogx+ loge = px'/? ="¢ 


>p= ae ut it in (1) we get y = 2cVx + f(c?) 


Given sin px cosy — cos px sin y=p ice. 
sin (-y + px) =p 
=>y=px- sin”! p which is Clairaut’s equation so 
its solution is 
y=cx- sin-hc 
dy _3 1/3 


Given 27y — 8p° =0O3p= 
y-8p ar, 


> av = ys) = dx Integrating it ys =x+c 


Differential Equation of First Order but not of the First Degree (33 ] 
I r I qu I Ir rder pu I gr 


23. 


27. 


31. 


34. 


35. 


=>y* =(x + c) which is general solution. 


Differentiating it w.r.t.cx +c=0, putx=-c 
in (1) we get y = Oso p= Oi.e. singular solution 
isy=0. or 
Given that p? + px —y=0 its p-discriminant is 


x? + 4y = Owhich is singular solution. 


Given differential equation is y = px + Ja-p? + b? 


or (y- px)? = ap” +b? 
=> (x? - a’)p* — 2xyp + y? -~b*=0 
So p-discriminant is 41. 
4x?y? — A(x? — a?) (y? — b*) = 0 
=> bx? + a’y" = a°b* which is singular solution. 
Given differential equation is y? logy = pxy+ p? 
or x= ylogy _ 2 differentiating w.r.t. y 
poy 
1_logy, vy _ylogydp, p _dp_1 
2 dy y? dy y 
p Pp yp 
P 44. 
2 2 
or E 1+ Y logy = Jp 1+ ¥ logy 
y p ydy\ p 
or P ata i.e. op @ integrating it 
ye yvdx py 
logp = logy + logc or p = cy, 
put it in original equation we get required solution 
logy =cx + co 
Yy=px= maT which is Clairaut’s form so _ its 
p- 
Ba c 
solution is y = cx + —— 
c-l 45. 
. 2 2 
Given that xp* —(x —a)* = 0 
sks pe dy _ +(x1/2 — ax-V2) 
dx 
i.e. dy = +(x1/2 - ax 2) dx integrating it 


yrona{Ex%? Zax!) 


=> 9ytc)* = 4x(x - 3a)” ...(1) 
Differentiating at w.r.t.c. wegety+c=0 ws (2) 
Also p— discriminant is x(x — a)? =0 so singular 


solution is x = 0 


39. Given y = 2px — p” differentiate w.r.t. x we get 


dp dp dp dp 
= 2p + 2x 2 + 2x 2 =0 
poe dx y dx ? dx y dx 


dx _ Apa) 2% +(2)xa2 
dp p dp \p 


2 
J—dp 


its L.F.is e? 


= eZlogp _ p? so its solution is 
52 = | p?2dp + “= ope c 


i.e eee 
e 3 2 


Given (x -a)p* +(x -y)p-y= 0 
= xp?—ap?+xp—yp-y=0 


or p(-y + xp) —(y—xp) = ap” 
= (y- px)(-1-p) = ap” 
a 2 
or y=px- OP which is Clairant's form so its 
l+p 
2 
bet ac 
solution is y = cx — 
l+c 


Given p° — 4xyp + By? =0 


2 
xaP 4 2y differentiating w.r.t. y, we get 


4x p 


1. p” , 2p dp , 2 2y dp 
p Ay? 4y dy p p? dy 
or dp(p _2y\)_p*” _l_p(p_% 
2 2 3 
dy | 2y p 4y p 2y\2y p 
So; dp _p = 2dp _ dy integrating, we get 
dy 2y py 


log p? = log cy =p" =cy 


Given equation is x2(y — px) = yp? and 

x? =u, y? =v 

i.e. 2xdx = du and 2y dy = du so dy =p=~ dv 
dx y du 


put it in original equation, we get 


— [» fk ae x? (2) 
y du “ y? (du 


2 2 dv (< ) du (2 ) 
or y°-x >U—U = 
du du du du 
2 
i.e.u=u dv + (=) =v =uP + P2 when? =P 
du u du 
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This is Clairaut’s form so its solution isu =uc +c” 55. _ Given that p® — 4pxy + By? =0 wall) 
>y" =cx? + 2 Differentiate w.r.t. x 3p? -4xy=0 
48. Given y= 2px + yp? and y? =v ice. p=2 = sy 6(2) 
P d d d P 
ie. 2y oY = oY => 2py = P, where P = © orp = Eliminate p between (1) and (2) we get 27y — 4x3, 
dx dx dx 2y 
P p3 Also y = | BS sxasty the given differential equation. 
nee : _ 2 27 
put it in above equation, y = 2x é +y , 
By 57. pxyt+ x? =a is linear in p so no singular solution 
2 ps pe 
=> y =xP+ 7 or v=xP+ - which is in exist. 
O00 


Clairaut’s form so its solution is y? act ©, 


8 


CHAPTER 


5 


Unit-Il 


Orthogonal Trajectories 


DEFINITIONS 


iL 


A trajectory of a given system of curves is 
defined to be a curve which cuts all the 
members of the family according to a given 
law. If the curve cuts at constant angle , it is 
called an o-trajectory. 


If the angle is at right angle, the trajectories are 
called orthogonal trajectories. 


If the angle is other than 90° the trajectories are 
called oblique trajectories. 


In cartesian co-ordinates, the equation of the 
orthogonal trajectories can be obtained as 
follows : 


Differentiate the equation of the given family of 
curves and eliminate the arbitrary parameter. 
Thus, the differential equation of given family 
of curves is obtained. 


(iii) 


In this differential 


a by — a and we obtained the differential 
dx dy 

equation of the orthogonal trajectories is 
obtained. 


equation, replace 


Find the general solution of this differential 
equation. This is the required equation of 
orthogonal trajectories. 

In polar co-ordinates, let the equation of given 
family of curver be f (r,0,c) = 0 ...(1) 
Differentiating it w.r.t. 8 and eliminating c, the 


differential equation of the given family (1) be 


oat} 0 (2) 


The differential equation of the required 
trajectories is 


ofra.- Po) =0 


r 


Solving this we shall get the required equation 
of the orthogonal trajectories. 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1, 


The orthogonal trajectories of the family of curves 
v4 


y= ax" is 

(a) xe + y? =¢? (b) x24 3y? =¢? 

(c) x24 2y” =? (d) xn = 2y? =¢2 

The orthogonal trajectories of the family of curves 
ay” =x is 

(a) xP oy? =? (b) x? + 3y" =c" 

(c) x84 SP ae? (d) x? — 3y? =? 


The orthogonal trajectories of the family of circles 


(x - 1)? + y? + 2ax = 0, where a is parameter 


(a) x2 +y% =cyt1 (b) x7 + y2 =cy 
2 dix? wy? = ay? 


(c) x? -y? = cy 


The orthogonal trajectories of the cardioids 


r = a(1+ cos); where a is the parameter is 
(a) r = bcos® (b) r = b(1-cos@) 


(c) r= bcos20+1 (d) r = b(1+ cos@) 


The differential equation of family of orthogonal 


trajectories of the family of circles rare y? = 2ax is 


2 2 2 2 
(a) y=* (b) == 

xy 2xy 

2 2 2 2 
() == (d) =~ 


2xy xy 
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6. 


10. 


11. 


12. 


13. 


14. 


15. 


The orthogonal trajectories of the family of curves 
y= ax’ is 

(a) x24 ny? =c¢? (b) x2 4 y= =n? 

(c) nx? + y2 =c? (d) x 2y2 = nc? 

The orthogonal trajectories of the ré = a 

(a) r= ae® (b) r= ae®” 

(c) r? = ae® (d) r? = ae®™ 


The orthogonal trajectories of the family of circles 


xe + y? = a’, where a is parameter is 
(a) xy=c (b) x*y=c 
(c) x2 = cy (d) x =cy 


The differential equation of orthogonal trajectories 
of the family of curve y? = 4a(x + a) is 

(a) yy’? +2xy’= y (b) xy’?-+xy’= y 
(c) py"*+y’=x (d) yy’?+xy’= 2y 

The orthogonal trajectories of the family of 
rectangular hyperboloid xy = c? is 


(a)x+y=k (b) x --y=k 

(c) x? + y* =k (d) x? -y? =k 
The orthogonal trajectories of r = 2% is 

(a) 0+ logr =k (b) 0” + (logr)? =k 
(c) 6? + logr =k (d) 6+ (logr)? =k 


The orthogonal trajectories of r” sinn@ = a” is 
(b) r" secn@ = b” 
(d) r"tann@ = b” 


(a) r” cosec n@ = b” 
(c) r™cosn@ = b” 
The differential equation of family of curves of 
y? _x? + 4xy — 2cx = Ois 

(a) 2x(2x + y)y’= 7 

(b) (x + Qy)y’= x? + y? 

(c) x(x + y)y’= x? + y? 

(d) (2x + y)y’= x? + y? 

The orthogonal trajectories of the family of coaxial 
circles x? + y? + 2gx + c = 0,g is parameter is 

(a) x2 + y* + a? (b) x7 + y2+x+c=0 
(c) x2 + y* + 2oy+c=0(d) x7 + y2+ 2y+c=0 
The orthogonal trajectories of the family of circles 
x2 4 y? = 2ax, ais parameter is 

(b) x? + y? = bx 

(d) x? + y? = by 


16. 


17. 


18. 


19. 


20. 


21, 


22. 


23. 


The orthogonal trajectories of r" = a" cosn0,a is a 
parameter is 

(a) r" =c"cosn0 (b) r”sinn@ = c" 
(c) r"cosn@ = c" (d) r" =c"sinn0 

The differential equation of the family of circles 


xe + y? + sal 1=0, where f is parameter is 


(a) x? “s + 2xy’= 0 

(b) x? — y* — 2xyx’+1 = 0 
(c) x? —y? + yx’41=0 
(d) x? +? + yx’-1=0 


The differential equation of the orthogonal 


trajectories of the curve r = e” is 
I do r0 
fog 28 2c JO8t (bh) 
dr r0 dr logr 
I do r0 
ej OP 2 tos” (joe 
dr r0 dr logr 


The differential 
trajectories of the family of cardioids r = a(1+ cos6) 


equation of the orthogonal 


is 


aye dr _ 1+ cos0 b dr __rsin® 
dé sin® d@ 1+ cosé 

(c) dr _ dics cos6) (d) dr ___rsin@ 
do sin® do 1+ cos0 


The equation of the family of curves that is 
orthogonal to ax? + y? =1is 


(a) y = ce** (b) y2 = cex +” 


xy +y? 


(c) y? =ce (d) y2 = ce* 


The differential 


trajectories of — the 
2/34 y2/3 _ qZ/3 


equation of the orthogonal 
family of curves 
, where a is parameter is 

(b) x7/Sdx = y* dy 


(d) None of these 


(a) xdx = ydy 
(ey xl Se = yay 


The orthogonal trajectories of the curve 
x4 y? = a’, where a is the parameter is 
(a) xy=c (b)* =e 
7 
2 
(c) x2y=c (d)¥ =c 
x 


To find the orthogonal trajectories in polar curve, 
dé. 
r— is replaced by 


dr 
dr (b) ldr (2 dr (d) ldr 


(a) r 
dé r do do r do 


Orthogonal Trajectories 
eo NS ee | 


24. 


25. 


26. 


21. 


The differential 


trajectories we replace “ by 
x 


equation of the orthogonal 


Ody dy dy ‘ dy 


The differential equation of orthogonal trajectories 
of the curve xy = a’ is given by 


(a) dx = ydy (b) xdx = dy 99 
(c) ydx = xdy (d) xdx = ydy ; 
A curve which cuts every member of a given family 

of curves according to some given law is called a 

(a) Orthogonal trajectories 

(b) Trajectories 

(c) Self orthogonal families 30. 
( 


d) Orthogonal curves 


The orthogonal trajectories of a system of 


concurrent straight lines is a system of 


(b) Parabolas 
(d) Itself 


(a) Concentric circles 
(c) Ellipses 
The orthogonal trajectories of the family of 


parabolas y? = a(x +a) where a is a parameter a 


family of 
(a) Liner (b) Ellipses 
(c) Parabolas (d) Hyperbolas. 


The equation of the system of orthogonal 


trajectories of the parabolas r= , a is 
1+ cos0 
parameter is 
(a) r = 2b(1+ cos6) (b) r = 2bsin0 
(c) r = 2bcos0 (d) cai 
1-—cos0 
The orthogonal trajectories of the family of curves 
r? = a’ cos Dis 
2_ 12 2. b 
(a) r~ = b*sin20 (b) r =a 
sin” 8 
(c) r? = b? tan26 (d) r? = b? cot 20 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


il, |G 25 [er] = Ite « Ion S& Iter] G& Mey 7 IG] & WCW] ©: Ie) 20. |e) 
da) (b) |a255) (c) ets (a) (vase) (c) ise) (d) |elom| (cd) izes) (b) |RSsie| (a) (ESR) (c) e205) (b) 
215) (c) |}2229| (b) (2328) (d) |R24e8) (b) |R2Z558) (d) \e2608) (b) |e27em) (a) (e28eq)| (c) |e29eN) (d) |esor (a) 
1. Given y= ax’, differentiating _ it, x = 2ax x2 2x +14 y? + (2- 2x —2y @)x =0 
Ix 
ae a between them we get v2 wipes Dai dy ees 
229 = this is the differential equation of the dx 
ya So the differential equation of orthogonal 
given family of curves so differential equation of the Wajeciaresi 
_ 1(_dx)_2 rajectories is 
orthogonal trajectories is — = ie. dx | 
y dy x y2 = x? + 2xy— d =0 
xdx + 2ydy = 0 y 
2 d 1) dy = 0= Mdx + Nd 
integrating it, aap? y? = 12 =x? + 2y* =¢ Oe Aas Th a is 
g "2 aM _ p,, aN _ 
This is the required orthogonal trajectories. oy Ox 
3. Given curve is x 2_ 9x 414 y* + 2ax =0 (= ™) 1 (4x) 
- i= 
differentiate it 2x -2+ 2y—= lg + 2a=0 Thus, the ox dy 2xy 
dx -f2lydy __ 1 


differential equation of family of curves is 


So integrating factor is e 


2 
Thus ef ca “) =0 is exact so 10. 
v 2 
y 
integrating it we get 
x2 


pee => x?4+y*-l=cy 
y y 


Givn curve is r = a(1+ cost), & = -asin0 


eliminate a between two equation 
— (1+ cos) dr 
sind dd 


This is the differential equation of family of curves. 
So differential equation of family of orthogonal 


trajectories is 
Pm -(1+ aol 2 4) 


sin® dr 
7 (= 4) rd0 
so DS ee 
sin@ dr 
dis dr_ 1+ cos® iy _ 9 
r sin® 
2 
Integrating nied J eee dé =logb 
r 2sin0/2cos@/2 


logr — 2logsin6/2 = logb 


20 _b 


r = bsin a cos@) = c(1—cos6) 


Given y= ax", differentiate it w.r.t. x we get 
ss = a, eliminate a between them we get the 
x 


differential equation of family of curvesi.e. 
Mies =ny, so differential equation of orthogonal 
dy 
: ad dy) _ _ 
trajectories is x ae ny => -xdx + nydy = 0 
Ix 


Integrating we get x2 + ny” =¢2 


Given curve is y? = 4a(x + a) 


Differentiate it ay © = da, eliminate a between 
Ix 


them we get the differential equation of given family 
of curvesi.e. 


2_ ral y *) 
= 2y—7|x+2— 

‘ : dx 2 dx 
So the differential equation of family of orthogonal 
trajectories is 

y= _o ax (x _v | 

dy 2 dy 
2 (« y )- =2(2xy’-y) 
7 2 
2y 2y’ 
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Given curve is xy= c, differentiate it w.r.t. x, 


ady + y=0, this is the differential equation of the 


dx 
given family of curves. So differential equation of 


the orthogonal trajectories is “(-S}+ y=0 
7 


=> xdx = ydy integrating it x? = y? =C 
Given family of curve is r" sinn@ = a” 


Differentiate it w.r.t. 8 we get 


nr"cosn@+ nr”! sinn oat =0 
de 


i. en = -rcotn@ which is the differential equation 


of the given family of curves. 


So the differential equation of the orthogonal 


2d0 =-rcotn@ 
d 


r 


trajectories is —r 


i.e. Lasteanbae 
r 


Integrating it, logr = ae log(cos n8) + loge 
n 


nlogr = —logcosn8+ nlogce 
> r°=c"/cosnO@>r"cosn@=c" 


2 


Given family of curve is x“ + v" = 2ax 


differentiate it w.r.t. x, 2x + ay & = 2a 
Ix 


i.e, x+ ye a=0, eliminate a between two 


Ix 

dy 
Ix 
differential equation of family of curves. So 
differential equation of orthogonal trajectories is 


2 2 
P+ 2a =) y=05%=* Ty 
dy 


equations xe + 2xy— - y? =0 which is the 


dy 2xy 
put sie ee cel 
dy dy 
Z 
ydy v1 v=> ae dy integrating 
dy 2v l+v y 
2 
it log(1+ v2) = -logy + logb 1+ x" _b 
y y 
a y? = by 


Given family of curves is x24 y? + 2fy+1=0 


Differentiate w.r.t. x, 2x + ayy + 2p YY =0 
dx dx 


h | Trajectori (30 |] 
Orthogonal Trajectories 


18. 


20. 


i.e., x 


y-x 


ty+f=O0>f= 
ly dy 


eliminate f between two equations we get 


x2? -2y%s1=0 
dy 


Given r = e® differentiate w.r.t. 0 we get 


ee ae™ = ar 
fel’) 
Eliminate a between two equations we get 25. 
1 dr _ logr 
r do 8 


Which is the differential equation of given family of 
curves. So differential equation of orthogonal 
trajectories is 

rd0 __ logr = dé __—ilogr 

dr 0 dr rd 


29. 


Given that ax? + y? = 1, differentiate it w.r.t. x we 


get “ = a eliminate a between them we get 
xX y 


2 
dy oa ees So differential equation of orthogonal 


dx xy 
2 sae 
trajectories is ae aw! ie, xdx = l-y dy, 
dy xy v 


integrating we get 


12 l1o2i1 
x“ =lo loge 
9 gy Fad 9 g 


> x? = logy” — y* - loge 


2 = 
log(y?/c) = x? + y” or y* = ce* tY 


dx dx D9. 


Given that x? + y? = a’, differentiate it w.r.t. x we 


ay a ae, it is the differential equation of the 


get 
dx y 


given family of curves. So differential equation of 
the orthogonal trajectories is 
dx x dx dy 
= ts ~ 
dy oy x oy 


Integrating it, logx = logy+ loge > x =cy 


Given that xy = a’ 


differentiate w.r.t. x, we get 
=e + y = Oso differential equation of the family of 
x 


orthogonal trajectories is 
*( os y =0=>xdx = ydy 


Y 
r= a = differentiating w.r.t. af = _fasing 
1+ cos@ d® (1+ cos6)? 


eliminate a between two equations, we get 
dr __rsin0 


— =———_, so the differential equation of 
d@ 1+ cos0 


r2d0 _ rsin@ 
dr 1+ cos0 


orthogonal trajectories is — 


dr i+ cos® 
r sin® 


i.e. = cot 2.de 
2 


integrating we get, logr = -2logsin + loge 


1 c 2c 


‘- 
or log— = log a = 
sin?@/2 1—cosé 


c sin20/2 


O00 
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Ordinary Simultaneous Differential Equations 


INTRODUCTION 


1. 


In this chapter, we shall discuss ordinary 
differential equations containing one 
independent variable and two or more then 
two dependent variables. 
Let x and y be two dependent variables and t 
be the independent variable. Then the 
simultaneous linear differential equations are 
f,(D)x + fo(D)y = Fy(t) wal) 
and 61(D)x + b9(D)y = Folt) ...(2) 
where F(t) and Fo (t) are functions of t. 
There are two methods to solve equations (1) 
and (2) first method is method of elimination 
and second method is method of differentiation. 


Method of Elimination : Operating both 
sides of (1) by o(D) and of (2) by fg (D) and then 
subtracting, we get 
[02 (D)f, (D) — fo(D) 0 (D)] x 

= 9 (D) Fy (t) — fg (D) Fe (t) 


4. 


i.e. F (D)x = F(t) 

which is linear differential equation with 
constant coefficients in x and t. After solving it 
we find x, then put this x in (1) or (2) we get 
value of y. 

Method of Differentiation : Let the two 
given equation (1) and (2) connect four 


quantities x, y, = and dy Differentiating (1) 
dt dt 
and (2) w.rt. t we have four equations 
2 2 
containing Pee and ay. 
dt’ dt’ qt? dt? 


Eliminate yo and dy from these four 
dt dt? 

equations we get a differential equations of 

order two in x and t. Solving it we get x in terms 

of t. Then by other equations we get the 

variable y. 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1, 


In equations oe —Ov, aD. «x, the value of x is 
dt dt 

(a) e™(Acoswt + Bsinat) 

(b) Acoswt + Bsinat 

(c) e @ (Acoswt + Bsinat) 

(d) e®(Awt + B) 

Solution for x of the following equations 

(D —7)x + y = Oand —-2x +(D—5)y = Ois 

(a) et (Acost+ Bsint)  (b) et (Acost — Bsint) 


(c) e! (Acost —Bsint) (d) et (Acost + Bsint) 


1 yoeend & 2? 5 then x is 
dt dt 


5. 


(a) Acost+ Bsint+t (b) Acost — Bsint + t? +1 
(c) Acost + Bsint + (7-1 
(d) None of these 
1 ap tand =e envi 
dt dt 
(b) Ae + Be 
(d) Ae’ + Be -1 


(a) Ae’ + Bet 
(c) Ae’ + Be~#! 


If Dx = 2y, Dy = 2z, Dz = 2x then the differential 
equation for x is 
(a) (D°-8)x =0 (b) (D? - 2D)x =0 


(c) (D°-4D+2)x=0 (d)(D°+8)x =0 


If D’y =x and D*x = y then the solution for y is 


(a) Ae’ + Be! + Ccost—Dsint 
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10. 


11. 


12. 


13. 


14. 


15. 


(b) Ae’ + Be! — Ccos 2t — D sin 2t 
(c) Ae” + Be — Ccost —Dsint 
(d) Ae”! + a — Ccos 2t — Dsin 2t 


The solution of — = — = — is 


(a) Unique (b) Finite 


1% 4 ay = Oand te Othen x is 
dt dt 


(c) Infinite (d) Not exist 


(a) Asin 4t + Bcos4t (b) Asin 4t — Bcos4t 

(c) -Asin4t+ Bcos4t  (d) —Asin4t— Bcos4t 

If D@x + y=sint and D?y+ x =cost then the 
differential equation containing x is 

(a) (D4 -1)x = -sint — cost 

(b) (D* — 1)x = sint+ cost 
(c) (D* -1)x = sint — cost 
(d) (D4 -1)x =—sint + cost 


if % + 5y = Oand 2Y — 5x = Othen yis 
dt dt 


(a) Acosh5t+ Bsinh5St (b) Ae™ + Be 
(c) (A+ Bt) et (d) Acos5t + Bsin 5t 


If Dx + Dy + 2x + y = Oand Dy + 5x + 3y = Othenx 
is 

(a) Acosht + Bsinht 
(c) Acost + Bsint 


(b) Ae’ + Bet 
(d) (A+ Bee! 


If Dx = ny—maz, Dy =Iz 


nx, Dz = mx —ly then the 
differential equation for x is 

(a) (D? -1? ~m? ~n?)x =Ic 

(b) (D? +1? +m? + n?)x =Ic 
(c)(D ta n’)x =(|+ m)c 
(d) (D2 -1 2 me n?)x 


=(1+m+n)c 


If x dy +z =Oand aes + y = Othen the differential 
dx dx 


equation for y is 
(a)(D? -1)y=0 
(c) (D2 -2D+1)y=0 


(b) (D? + 1)y = 0 
(d) None of these 


Is tdx =(t— 2x) dt and tdy = 
the solution for x is 
A t A t 
a) t+ b) =+ Cc 
(air oe (4 
dy 
dt 
(b) ett 


(c) e@ (Acosat — Bsinat)(d) e 


(tx + ty+ 2x —t) then 


A 
+ (d) —+ 
t 3 
. ax ; 
In equation a = -—ay, — = wx the value of y is 


(a) Asina@t — B cost (Asinat + Bcosat) 


(Acosat + B sinat) 


16. 


17. 


19. 


20. 


21, 


22: 


23. 


If(D-3)x + 8y = Oand x +(D + 3)y = Othen x is 
(a) Ae + Be? (b) x = Ae‘ + Be 

(c) Ae’ + Be (d) Ae* + Bet 

If (D? — 3)x — 4y = Oand x + (D? + 1)y = O then the 
differential equation for y is 

(a) (D? + 1)y=0 (b) (D? +1)? y=0 

(c) (D? -1)*y =0 (d) (D? -1)y =0 


The locus of the point satisfying the equation 
Dx = -@y and Dy = +x is 


(a) Line (b) Parabola 
(c) Ellipse (d) Circle 
dx _dy_ dz 


Se a es 
x y Zz 


The solution of — 


(a) x = cy2,y = coz (b) x =cyyyv= Coz” 


(d) x = cy”, y = coz 


The solution of xdx = dy a de is 


yz x2 y? 


(ixs cy2",y = Coz 


y? =C,X 


(a) x? 


The solution of = 
x(y? -2%) 


is 

(a) x? + y?4+ 2% =c,,x+y+2=C9 

(b) x2y72? =e), x+y+2= C9 

(c) x” +y 2 4 2? = C1, xyz = Cp 

(d) x + y-z = cy, xyz = Co 

If Dx+y=sint, Dy+x=cost with x(0)=0, 


x’(0) = 1 then x is 


(a) 2et + 3e (b) se age 
(c) 2et + ze" fii eet 
The solution of dx = a = a is 


(a) f (x3 + y3,y? +2”) =0 
(b) f(x3 + y+ 23 y2 + 27)=0 
(c) f(x? + y+ 29, x74 y? +27) =0 


(d) f(x? + y2 +z? xyz) = 0 
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24. 


25. 


26. 


27. 


28. 


29. 


dx _ dy _ az; 


The solution of s 
x“ -y~-2 2xy 2x 


(a) ox? +92 +2222 )—0 


Z-X 
(of 2=2.2=2} <0 
y-Z Zz-x 
(9 oS Bxrye2)=0 
y-z 
()o==2,02]=0 
y-z 
The solution of dk Wy _ & is 
x(y-z)  ylz-x)  2(x—y) 
Ted. 1 
(a) —+ —+—=cy, xyz = Co 
x y 2 
(b) xy + yz + 2x = cy, xyz = Co 
(c) x7 4? 4.27 =e, xyz = C5 
(d) (x + y+ 2) = cy, xyz = Co 
ee ph ees 
dt dt 
(a) cyt + Co/t (b) cyt + Cot 
(c) ct? + cot (d) (cy + eot)t 
The solution of oe = WW .. @ is 
x(y-z)  y(z-x)  2(x—y) 
(a) f(x -y+z,y+z)=0 
(b) f(x + y+ z,xyz) = 0 
(c) f(x + y+ z,xy) =0 
(d) f(x? +y eet xtytz)= 0 
The solution of & _ Wy _ eG, 
y x Zz 


(a) x+y =¢)2,x7 + y? =c5 
(b) x +2 =cy,x?-y? = co 
(c) x+ y=C2,x7-y? =c5 


(d) x+ z= cyy,x? + y® = cp 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


The solution of Oa As, SP is 


mz-ny nx-Ilz ly—mx 


(a) e+ my + nz = cy, xyz = Co 
(b) kx+my+nz=cy,x+y+z2=Co 


(c) Ix +my+ nz = cy,e = coz 


(d) Ix +my+ nz = cy, x2 + y +2" =Co 

The solution of oe WW is 
2(x+y) 2(x-y) x%4y? 

(a) f(xy —27,x? + y? +27) =0 

(b) f(xy—2?,x? -y* -2”) =0 

(c) f(xyz,x? — y? -2”) = 0 

(d) flxy—2?,xyz) = 0 

The solution of ax = dy = dz is 


l+y l+x 2 
(a) j(2x-ayX*2*2)- 0 


Zz 


c) f 
Zz 
(d) f 


1 Y = 
dt 


(xy —yz,x -—y+z)=0 


dx 


x and — =y+ e”' then the value of x is 
t 


2 2t 


(a) ce! + coe! + 3° at 


(b) ce" + coe * +e 


(c) cet + coe * + 5c (d) None of these 


If & + 2x = 3yand © + 2y = 3x then x is 

(a) ce" + coe** (b) ce + ee 

(c) cjeb +c e° (d) qeb+c eo 
1 2 1 2 


pO 4 28 _ oy oy = and 
dt dt 
3h +2 

dt 


(a) ce 


+ 2x + y = Othen x is 


—6/5t —2t 


(b) cye + coe 


(c) ce + wwe (d) ceo! 


(PO eeend ep tienas 
dt dt 


(a) cy cost + cysint (b) (cy + Cot) e 


(c) ce" + coe (d) (cy + cot)e* 
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37. If a + 2x y) =0 and ay + ar +5y)=0 then 42. Elimination of y between pax + gat + 2y=0, 
dt t dt t a2 dt 
differential equation for x is 2 
(a) ae ete PEG tt Be = Oaives 
(b) (t?D? — 8D + 8)x = 0 (a) (D4 + 4)x =0 
(c) (t2D? — 41D + 12)x = 0 (b) (D* + 2D? + 3)x =0 
(d) (t?D? + 81D + 12)x =0 (c) (D9 + 4)x =0 
38. — If we choose 1, x, z or multipliers in (d) (D? +4)x=0 
zax ao BY then 43. The differential equation in x from 
—2yz-y° YtZ y-z de Say 
(a)x+y+z=c (b) x24 y24+22 =c vad 4x + 3y = Oand 
(c) xyz =c (d) None of these 4ox a 2 + Be dy= Vis 


39. If we choose x, -y,-z as multipliers in 


dx dy dz (a) oe 3)x =0 
7 = then 
z(xt+y) 2(x-y) x+y (b) (D? + 3D + 5)x =0 
(a)x?+y%4+27=c — (b)x?-y? +27 =c (c) (D2? -2D + 5)x =0 
(c)x?@+y?%-2? =c — (d)x?-y?-27 =e (d) (D2 + 2D + 5)x =0 
40. By choosing x,y,z as multipliers in 4a. “The solution of & +B Seaplane 
dx = dy = dz , we have dt 
x(y2— 2°) yl? +x?) a(x? + v4) re 
(a) xe + y? +22 =Cc (b) x2y22? = = , ; 
irese Matyeeed (a) (cy + cote (b) cy cost + cgsint 
(c) ce" + coe (d) (cy + cot) cost 
‘ 111 sic ; 
41. By choosing —=,-,— as multipliers in 
x y oz 45. The differential equation in x from 


= = we have d’x _ dy _ = 2x + 2tand + 4% = yi 
yx — 2x 2y°-x°y 92(x~ -y) dt2 dt dt 
Ce items a) (D? + D? -D + 3)x = 4-3¢ 
feisul ase idisuetl b) (D° -D? - 4D + 1)x = 4-3¢ 

( 


c) (D2 — aes 4-3t 


( 
=e ( 
( 
(d) (2D3 — D* —4D + 3)x =4-3t 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 
1. | (b) | 2. | (a) | 3. | (@) | 4 | (a 
11. | (c) | 12. | (b) | 13. | (a) | 14. | (a 
21. | (c) | 22. | (d) | 23. | (a) | 24. | (d 
31. | (b) | 32. | (a) | 33. | (a) | 34. | (d 


5. | (a) | 6 | (a) | 7 | (d) | 8. 
15. | (a) | 16. | (d) | 17. | (c) | 18. 
25. | (b) | 26. | (c) | 27. | (a) | 28. 
35. | (a) | 36. | (c) | 37. | (d) | 38. 


c) | 9. | (a) | 10. | (d) 
d) | 19. | (a) | 20. | (b) 
b) | 29. | (c) | 30. | (d) 
b) | 39. | (d) | 40. | (a) 


a1. | (d) | 42. | (a) | 43. | (ad) | 44. | (b) | 45. | (a) 
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HINTS AND SOLUTIONS 


1, 


Given & = —y, differentiate it w.r.t. t 
t 


= —W(wx) = wx 


dt? dt 
So (D? + @”)x = 0 AE. ism? + @” = 0 
or m=+@isox = Acosat + Bsinat 
dx dy _ 2-5 

dt 


Given y=tand 


Differentiate first equation w.r.t. t we get 
d?x dy —_ d?x 
dt? dt df? 

2 
ise. = = {?— 
dt 
dx ¢ 
— = — - 4t+ A again integratin 
dt 3 i ali 
ag 2 

x=—-2t°+At+B 

12 


Dx = 2y, Dy = 2z, Dz = 2x 


t24+5=1 


4 integrating it 


Differentiate first equation D?x = 2Dy = 42 
Again differentiate D°x =4Dz=8k = 
(D3 -8)x =0 

Given that D’y =x and D2x = y 

Differentiate first equation twice we get 
Dty=D’x=y = (D*-1)y=0 

> (D? + 1)(D? -1)y =0 

So AE. is (m? + 1)(m? -1)=0= m=1-1i,-i 


So y = Ae! + Be! + Ccost + Dsint 


Given that D2x + y = sint .(1) 
and x+ D’y = cost sil) 


Multiplying equation (1) by D? and then subtract 


equation (2) 
(D? —1)x =-sint-—cost 
Given that 
(D+ 2)x+(D+1)y=0 wild) 
5x +(D+ 3)y=0 ...(2) 


Multiplying (1) by (D+ 3), (2) by (D+ 1) and then 
subtracting, we get 
[(D + 2)(D + 3)-5(D + 1)]x =0 


21. 


or (D* + 1)x = 0, AE. ism? +1=0,m= ti 
So solution is x = Acost + Bsint 
dz 


ay zandx—~ =-y 
dx dx 


Given x 


Differentiate equation first we get 


d’y ,dy__ dz _y 


+x 
dx? dx dx x 
2 
ie. ee OY 5g 2G 
dx? dx 


Given tdx =(t — 2x) dt 
dx 1 2x dx 2 
= => + 
dt t dt t 


LF. al BUG 2, So solution is xt? = fe?at +A 


3 


xt2+! +A > yet? 

3 3 4 
Given (D? — 3)x —4y =0 ..(1) 
and = x +(D? + 1)y=0 ...(2) 
Multiplying (2) by (D? — 3) and then subtracting, we 
get 
or (D2 -1)?y=0 
After solving x=A_ coswt+Bsinwt and 


y = Asinat — Bcosat 
xe + y? = A’ +B? i.e.acircle 
dx _dy_ dz 


yoz/x XZ ye 


Given that 


By first and second term x?dx — y*dy =0 
=>x3 y? =¢y 
and by second and third term ydy-—zdz=0 
> y? = 22 =C9 


: dx dy dz 
ON 2g a ae ee 
x(y—2°)  y(2"—x*)  2(x"—-y") 
Consider X* YY 20% we get x” + y? +272 = Cy 
. alia Te | ry 
Choosing —,—,— as multiplier we have each 
xX UZ 
fraction 
dc, dy, de 


Integrating logxyz = logcy = xyz = Co 
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rdinary olmu Uu I I I qu I 


22. 


24. 


27. 


35. 


Given that Dx + y = sint ea(1) 
x + Dy = cost ...(2) 
Multiplying (1) by D and subtracting (2) we get 
(D2 1)x = cost—cost =0 
AE. ism? -1=0>5m=1-1 


So solution is x = cet + coe *,x’= ce" - coe 


* x(0) = 0,x’(0) = 1s0 we get O= c, + cy and 


l=c,-¢g Sc, =1,c9 1 so we get 
x=e-et 
dx _ dy _ dz 
x? Si —22 xy 2xz 
Taking last two terms we get ae 
y 2 
=> logy = logz + loge, 
a 
Zz 
consider = y a = = Fo: 
x(x*+y%+2°)  2xz 


Integrating it log(x” + y? + z’) = logz + logcy 


‘ xe ee 
i.e. —_—_—_=¢9 
zZ 


2 2 2 
So solution is i(2 a =0 


Zz Z 
dy 


O p= Oandd 
dt 


Given that t #x=0 
dt 


Differentiating first equation w.r.t. t we get 


d 
2 


put it e” we get [D(D-1)+ D-1]x =OD= 


(D2 -1)x = OAE.m*-1=0>m=1-1 
So solution x = cye” + coe? = cyt + Co/t 


Given that(D — 2)x +(2D + 2)y=0 .(1) 


and (3D + 2)x+(D+1)y=0 ai(Z) 
Multiplying (2) by 2 and subtracting from ( 


(5D + 6x =0 AE. is5m+ 6=05m=-— 


) we get 


aanr 


So solution is x = ce~©/>! 


39. 


41. 


43. 


45. 


x + 5y 
t 
Differentiating first equation w.r.t. t we get 
2 
pax, & , 2dx 2dy _ 6 
dt2 dt dt dt 
2 
d xy Sdx | 2(x + 5y) _ 


Given ri + 2x —2y = Oand ai 
dt dt 


or t 0 
dt2 ~—dt t 
2 
ss 24 pt Sy of See =o 
dt? — dt t 


After solving we get (t2D? + 81D +12)x =0 


Given ee a ee 
2(xt+y) 2(x—y) x? 


Choosing x,-— y,— z as multipliers, we get 


+y" 


xdx — ydy — zdz ie 


x72 + xyz —xyz + y°z—x?2 - yz 
xdx — ydy — zdz = 0 
2_2_s2 = ¢ 
dx dy dz 


yx 24 2y* -x3y 9z (x? - y) 


integrating x 


Given that 


Choosing ae as multipliers we get 


x y oz 
dy , dy de 
x y 3 
y= 2x? + By" — x + 3x9 — By? 
i.e. Oe OF iG integrating xyz!/3 =c 
be y 32 
Given (83D —-4)x +(2D + 3)y=0 .(1) 
and (4D+3)x+(D+4y=0 ...(2) 


Multiplying (1) by (D+ 4) and (2) by (2D + 3) and 
subtracting, we get 


[(3D — 4)(D + 4) -(4D + 3)(2D + 3)]x =0 


ie, (D? + 2D +5)y=0 
Given equations are 

(D? —2)x — Dy = 2t (1) 
and Dx +(4D -3)y =0 ...(2) 


Eliminating y from (1) and (2), we get 
[(4D — 3)(D? — 2) + D?]x =(4D — 3)2t 
ie. (2D9-D*-4D+3)x =4-3t 
9000 


CHAPTER 


/ 


Linear Equations of Second Order 


with Variable Coefficients 


LINEAR DIFFERENTIAL EQUATION OF SECOND REMOVAL OF THE FIRST DERIVATIVE 
(REDUCTION TO NORMAL FORM) 


ORDER 
2 
i, 2 sa oe + Qy =R, where P, Q and R are 
dx x 


functions of x only, is called the linear 
differential equation of second order. 


If an integral included in the complementary 
function of such an equation be known then 
the general solution can be found in terms of 
the known integral. 


Let y = x be known integral i.e. solution of 


Z 
¢ +P dy + Qy=0 
dx x 
and y = uu be the solution of 
2 
el” sG=k 
dx 
then after solving, we get 
—j Pdx 
y= cu dx + cou 


—{ Pdx 
vo fonds 


Where last term shows the ah integral. 


2y 
The solution of SS + ps Qy = 0 can be 
x? 


find by the following ae 

(i) y = e* is a part of complementary function if 
1+P+Q=0 

(ii) y= 
(iii) y = e” is part of C.F. ifm? +mP + Q=0 
(iv) y =x is a part of C.F. ifP +Qx =0 
(v) y=x ? is apart of CF. if2+ 2Px + Qx? = 
(vi) y =x" is a part of C.F. if m (m — 1) + Pmx 
+ Qx? =0 


If we are unable to obtain a part of C.F. of the 
solution of the equation 


d? ae 
7 +P . ~ + Qy=R it} 
dx 


then we change the dependent variable from y 
tov in equation (1) by putting y = uv (where u is 
a function of x) we get 


d’p 2 aude dv 
u +uj]P+— 
dx? u dx | dx 
2 
|S 4 ep souleR .i2) 
dx? dx 
To remove the first derivative term, we take 
P+ cal =0 
u dx 
1 
——f Pdx 
> u=e 2 ...(3) 


So equation (2) becomes 


2 Z dpa 
dv .{g_laP_P y= Ret 
dx? 2 dx 4 
2 
i.e oe x= (4) 
dx 
2 Jipg 
eto LF sayep ee 
2dx 4 


Equation (4) is called the normal form of 
equation (1) and can be solve easily. 


e “isa part of (C.F) if1-P+Q=0 TRANSFORMATION OF THE EQUATION BY 


CHANGING THE INDEPENDENT VARIABLE x 


1. 


Let the differential equation is 
d? Y, pd 
—+Qy=R 
ae rr : 
Then by changing the independent variable be 
changed from x to z, we get 


d’y lV 
+P) = +Qy=R 
ne 1 1 il 
oe pe 
where P; = 2 ae 1= 2 me 
Ces 
dx dx 
R 
R= 
(3) 
dx 


where P, Q; and R are functions of x. 


2 
Choose (= = Q or variable part of Q such 
x 


that it is a perfect square then “ — JQ then 
x 


calculate P;, Q; and Ry. 


If Py is zero or constant, then this method is 
applicable. 


METHOD OF VARIATION OF PARAMETERS 


Let the linear equation of second order be 


2 
GY, pW. Quer (1) 
dx? dx 


and let y = Au + Bu 
Is the complementary function of (1), where u 
and v are functions of x and A and B are 
constants. 
So (Aug + Bug) + P (Au, + Buy) 

+Q(Au+ Bu) = 0 


i.e. Ug + Pu, + Qu = 0 
and Up + Pu, + Qu =0 ...(2) 
Again lety = Au + Bu ...(3) 


is the complete primitive of (1) then A and B 
are functions of x so by (3) 


Linear Equati f Second Order with Variable Coefficient 
inear Equations of Second Order with Variable Coefficients (a7 | 


ay = A, + Bw + Au, + Bu, 


dx 
Choose Aand B such that 
Au + By = 0 ...(4) 
So by (1), (2) and (4) we get 
Ayu, + By, = R, ...(5) 
Solving (4) and (5), we get 
A=" and, 
Uv — Uv, UU — vUYy 
so A=j _vRdx + 
UuyV = uv, 
and pap kee, 
vyu = DU, 


Substitute A and B in (3) we get the complete 
primitive of (1). 


2 
Now cinder" 4h ™ ogee 2G) 
dx” dx 
Then PL. of (1) is 
aif eal ae 
W W 


= -uj— PF de + vp UF ax (2) 
uv, — vu, uv, — VU, 


Where u and v are defined by y = cyu+ cov 


and Wronskian of uandv is W = 


uy vy 


C.S.= CF. + PL. 


METHOD OF OPERATIONAL FACTORS 


Let the linear equation of second order is 


2 
EV 4p eGyse 
dx? dx 


ie f(D) y=R => f,(D)f.(D)y=R 
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EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1. 


y=e" is the part of — solution’ of 


2 

oY . ps oy=oif 

dx? dx 

(a)1-P+Q=0 (b) P+ Qx =0 

ees (d) Px+ Q=0 

ForP ¥ +94 = + Ry = XifP-Q+R=0,thena 
dx? 

part of the C.F. is : 

(a)y=e~* (b) y=e 

(c) y=x (d) y=x? 


The part of C.F. of the differential equation : 


iZ 
x FY (2% 9 Y 4 (-1) y= 0is 
dx? dx 
(a) y=e* (b) y=x 
(c) y=x? (d) y=e* 
y=x is a part of complementary function of 
2 
GY, PY 4 Qy=Rif: 
dx? dx 
(a)1+P+Q=0 (b)1-P+Q=0 
(c) Q+ Px =0 (d) P+ Qx =0 
A part of the complementary function of the differe- 
: : d’y dy = fie 
-ntial equation x (2x —1)—= + (x -l)y = Ois: 
dx dx 
(a) x (b) x? (c) ex (d) e* 


The part of C.F. of the differential equation 


2 
x y=(x-1) sie xt+lfis: 
dx 


dx 
(a) y=x? (b) y=e™ 
(c) y=e (d) y=x 


A part of the C.F. of the solution of the differential 


2 
equation d’y + (1—cotx) dy ycotx = sin? x is : 
dx? dx 
(a)y=e™* (b) y=e* 
(cly=x (d) y=x? 


A part of the C.F. of the solution of the differential 

d’y Ax+1dy,x+2 _ 
+ y 

dx? x dx x x 


; x-2 x. 
equation eis 


13. 


14. 


15. 


ajy=x ys Wy=x* @y=e* 
If y=e™~ isa part of C.F. of FY Y pWlat ya 7 
dx dx x 
then value of P is : 
(a)x-2 (b)x+2 
ig X=2 (ay* 2 
x 


If y=e* is a pat of CF. of 


2 
gee ai Us Qed then Qis : 
dx? dx 
(a) 2x-1 (b) 2x+1 
(c) +1 (d) -1 
A part of C.F. of 
2 
PY aia 4 le ee 
dx? dx 
(a) y=x (b) y=x? 
(c) y=e* (d) y=e* 
y=e -* isa partof CF. of 2 ¥ 4 PY. Qy=Rt: 
dx dx 
(a) 1-P+Q=0 (b)1+P+Q=0 
(c)P+Q=0 (d) P-Q=0 
The solution of x2 ty y oye 9y = 0, given that 
dx? dx 
y=x? is a solution is : 
Has 4 £2 Sia os gi S2 
a +4 b) y= +4 
(a) y= cx - (b) v= cx 2 


3, C2 


(c) y= cx" + = (d) None of these 
x 


2 
A part of C.F. of FY 2M wy = xis: 


dx dx 
(a) y=e* (b) y=e~* 
(c) y=x (d) y=x? 
In reducing the equation y pd P= a Quv=R in 
dx 
the normal form ua) + Xv = Y, value of Xis: 
dx 
-=| Pdx sl Pax 
(a) e (b) Re2 
ldP P 


(d) None of these 


Linear Equati f Second Order with Variable Coefficient 
inear Equations of Second Order with Variable Coefficients (4 | 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


The normal form of the differential equation 


2 
d’y Ax YY. + (4x2 3y=e" is: 
dx? dx 
(a) (D? +1)v=1 (b) (D2 + 1)v=x 
(c) (D? -l)v=e (d) (D7 +2)v=1 
To change the equation 
a Y 4 Dy OY dy + (x? +])y= x? + 3x in normal form 
dice dx 
the value of u is : 
(a)e* (b)eX = (cle 2 (dye 
In reducing the equation ay, pd Pes ag Qu=R in 
dx 
the normal form the value of u - 
5 Pax +) Pax 
(a) e (b) e re 
Rdx ——{ Qdx 
(c)e FI (d) e A 
y =e" is apart of C.F. of HY pe 2oy= Hin 
dx? dx 


(a) 2+ 2Px+Qx2=0 (b)m?+Pm+Q=0 


(c) mP + Qx =0 (d) P+mQ+m?=0 
The part of C.F. of the differential equation 
2 
(2x 1 FY 2 4 (3-24) y = 20% is 
dx? dx 
faly=x  (b)y=x? (c)y=e™* (d)y=e™ 


2 


2 
If y=cotx is a solution of sin x2 2y then 


complete solution is : 

(a) y = cy cotx + Cox cotx 

(b) y =c, cotx + (l— x cotx) co 
(c) y=c, cotx + cosinx 

(d) y = cy cotx + (1+ cotx) co 


2 
In reducing the sauanege + pay + Qv=R in 
2 dx 
dv ; 
the normal form at Xu = Y, value of Y is : 
dx 
1 i Pax -1 [Pax 
(a) Re? (b) Re 2 
1) Pax 1 pax 
(c) e2 (d)e 2 
To change the differential equation 


dy | 
dx? dx 


form the value of u is : 


(4x? ly= 3° sin2x in normal 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


2 2 


(a) e*% (b) ex (c) e* (d) e* 
In reducing the equation 
2 
dy 2 dy, 1+ 2 y= xe* 
dx? xdx x? 
. d’v . 
in normal form at Xv = Y then Xis : 
dx 
a)x = (b)1— (cJe® 
x 
In reducing the equation 
2 
paGahea ycos?x =0 in dv +Xv=y , 
dx dx dx? 
value of yis : 
(a) secx (b) 2 (c) 2x (d) 0 
2 
If the equation eer ls + sae —2y cos*x =0 
dx dx 
is changed to d’y a+ ne at Qyy = Othen P, is : 
2? 
(a) O (b) -2 (c) 2cos* x (d) x 
If the equation x—= a? vag ~4x3 y=0 is 
dx? dx 
2 
transformed into d 4 +P, ie + Qyy = Othen Q, is: 
Zz 
(a) -1 (b) 2sinz 
(c) -x (d) None of these 
2 
If the equation d'y + (tanx 1)? dy n(n—1)y 
dx? dx 
sec’ x = Ois transformed to d’y Y pw +Q,v=0 
dz? dz 
then P, is : 
(a) 1 (b) n(n—1) 
(c) —n(n-1) (d) None of these 
The transformed equation of 
2 
x® dy +3x° dy + a’y me from x to z variable is : 
dx? dx x? 
(a)(D?-a")y=0 — (b) (D? +a”) y=z 
(c)(D? +a’) y=-22 — (d) (D? -a”) y= -22 


If y = Acos2x + Bsin2x be the complete primitive 


2 
of = + 4y = 4tan 2x then Wronskian is : 
dx 


(a) 1 (b) 2 (c) 3 
2 

The Wronskian of dy - gay 

dx? dx 


(d) 4 


+y=e logx is: 


(a) eX (b) e (c) 1 (d) 0 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


d’y 


The Wronskian of —= + n°y = secnx is : 

dx? 
(a) x? (b) secnx (c) nx (d) n 
The Wronskian of the differential equation 

2 
OEY Yeats is : 
dx? dx 

2 2 1 
(a) 1 (b) -= (c) = (d) — 

x be x 
If Y =vx be the solution of 


dy | (x+2Q) y= xe* then the 

dx? dx 
transformed equation is : 
(a) (D? -1)v =e 


(c) (D?-1)v=e™* 


(b) (D? + 1) v= 
(d) (D? + 1)v=e™* 
2 
If y=vx 3 be the solution of x adv, x dy —9y=0 


dx? dx 


then transformed equation is : 


(a) (D2 + 7D) v =0 (b) (0*+ZpJo=0 


x 
(c) (D2 -7D) v=0 (d) (0?-2}v=0 
x 
If  y=ve*% be the — solution of 
2 
x d’y (2x —1)+ (x-1)=0 dy then transformed 
dx? dx 
equation is : 
(a) (xD? — D) v = 0 (b) (xD? + D) v = 0 
(c) (D? + 1)v=0 (d) (xD? -1)v =0 
If y =usecx be the solution of 
2 
am 2tanx dy + 5y =secxe* then transformed 
dx? dx 
equation is : 


(b) (D2 -6) v = e* 
(d) (D2 + 6) v = secxe* 


(a) (D2 + 6) v = e* 
(c) (D2 +5) v = xe* 


To change the equation 
2 
2 FY 962 4 19 Y 4 (24 2x+2)y=0 into 
dx? dx 
normal form, the value of u is : 
(a) x (b) e* (c)xe“ — (d) xe* 


The part of C.F. of the differential equation 


2 
(3 moe (do! 2G Sa petiss 
dx dx 
(a)y=x  (b)y=x? (c)y=e% (d) y=e* 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


2 
If the equation ay + (3sinx — eee! + 2ysin” x 
dx? dx 
2 
=e 8% sin” x be transformed into ay aes P= dy 
dz2 dz 
+Q,v = R, then R, is: 
(a) 1 (b) eo? (c) e*” (d) -1 
2 x 
If the equation —~ 2 —(1+ 4e*%) = “ #e™ = eA 
2y 
be transformed into 7 ¥ + ee as Qiy = R, then P, 
dz” 
is: 
(a) 3 (b) 4 (c) (d) e 


The differential equation [3x2D2 + (2+ 6x - 6x2)D 
—4] y = Ois equivalent to : 

(a) (3x2D + 2)(D-2) y=0 

(b) (3x2D + 2)(D+2)y=0 

(c) (D - 2) (3x2D + 2) y=0 

(d) (D + 2) (3x*D -2) y=0 

The differential equation [xD? -(x+2) D+2)y 


=x is equivalent to : 
a) (D -1) (xD 


(D 
b) (D+ 1) (xD+ 2) y= x? 
c) (xD -2(D+)y=x? 
d) (xD —- 2) (D-1) y= x3 


ee 


( 
( 
( 
( 


The differential equation xy +(x-1) =-y 
dx? dx 

=x" is equivalent to : 

(a) (xD + 1) (D-1) y=x? 

(b) (D -1) (xD -1) y=x? 

(c) (xD -1) (D+ 1) y=x? 

(d) (D +1) (xD +1) y=x? 

The differential equation [3x2D? + (2- 6x2)D — 4]y 

= Ois equivalent to : 

a) (3x*D + 2)(D+ 2) y=0 

b) (3x2D + 2) (D-2) y=0 

c) (D + 2) (3x2D + 2) y=0 

d) None of these 


The differential equation [xD? +(x-2)D-2) y=0 
is equivalent to : 


(a) (xD — 2) (D+ 1) y=0 (b) (xD + 2)(D+1) y=0 


Linear Equati f Second Order with Variable Coefficient 
inear Equations of Second Order with Variable Coefficients = 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


(c) (D+ 1) (xD-2) y=0 (d)(D—-1) (xD + 2) y=0 

If y= Acosx + Bsinx be the general solution of 
(D? +1) y=x then Ais: 
(a) xsinx —cosx +c (b) x cosx —sinx +c 


(c) xcosx + sinx+c (d) xsinx + cosx+c 
If y = Acosax + Bsinax be the general solution of 


(D? + a’) y =cosec ax then Ais : 


(aja,te (b)X+ce (c)-*4+e (d)-ax+ce 
a a 
If y=Au+Bv_ be the complete primitive of 


D*y+ PDy+ Qy= 
(a)x andy (b) x 
If y=Ax+t Bxe* be the complete primitive of 
[x2D? — 2x (1+ x) D+ 2(1+x)] y=x°® then Ais : 


(b) +e ()-F+e (d) 


The normal form of (D? +PD+Q)y=Ris: 


Rthen Aand Bare functions of : 


only (c)yonly  (d) Constant 


(a)x+c —x+c 


(a) (D+x)v=Y (b) (D2 + xD)v = 0 

(c) (D + xD)v = 0 (d) (D2 +x)v=Y 

The normal form of [p° 2D + (1 + 7 p = Ois 
x x2 

(a) (D? + 1)v=x (b) (D2 +1)v=0 

(c) (D2 -1)v =x (d) (D?-1)v =0 

The equation [x2D? +D-(1+ x’)] y=0_ is 


equivalent to : 

(a) (D -1) [x*(D+1)+ 1] y=0 
(b) [x2(D -1)-1] (D+ 1) y=0 
(c) [x2(D -1) + 1] (D+ 1) y=0 
(d) [x2(D + 1) + 1] (D-1) y=0 


If y= Acosx + Bsinx be the general solution of 
(D? +1) y=x then Bis: 


(a) xsinx + cosx+c (b) xcosx + sinx +c 


(c) xsinx —cosx+c (d) xcosx —sinx +c 


If y = Acos 2x + Bsin2x be the general solution of 
(D? + 4) y = 4tan 2x then Bis : 


(b) —tan2x +c 
(d) cos2x +c 


(a) -sin2x +c 


(c) -cos2x +c 


= 
If (vo? +2 +=D+n Z y = Ois reduced to normal form 


(D? + X)v=Y then Xis: 
(a) 0 (b) n 


57. 


58. 


59. 


60. 


61. 


62. 


2 
If gy +P ay +Qv=RF is transformed to 
dx? dx 
z a“ + Qiy = R, then P, is : 
Zz 
(a) dx? 3 (b) dx2 ae 
(=) (5) 
d dx 
#2 _pde wae? - 
3 dx? dx 2 ae 2 


(5) 


If y = eX is a part of C.F. of 


cn 


2 
¢ ; cotx “ Qy = e* sinx then Qis: 
x 
(a) 1+ cotx (b) cotx 
(c) 1—cotx (d) eX cotx 


If y = Acosax + Bsinax be the general solution of 
(D2 + a’) y = secax then Bis : 


(a) ax+c (b)x+c 
(c)* +e (d) 2 +¢ 
a x 
If y=Axt+ = be the general solution of 


(x2p2 +xD -}) y= x2e* then Ais: 


ex . 2% ex 
a b)e c)e d) — 
(a) F (b) (c) (d) 5 
If y =ve* be the solution of 
2 
x dy + (1-x) dy y=e then transformed 
dx? dx 
equation is 
2 
(a) xt ty a1 
dx? dx 
2 
(by) 24. (“)e-0 
dx? x dx 
2 
x2 eusg a1 
dx? x 
2 
(d) div (=*)2- 0 
dx? x Jdx 
2 
If d'y _2dy lens 2 p = Ois transformed into 
dx* xdx x? 


d’v : 
normal form ——+ Xv=Y then Xis: 
dx? 


(b) a (c) a? (d) 


(a) 0 2 
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63. 


64. 


65. 


66. 


67. 


ia OY 5 atanx SY dy +(1+ 2tan? x) y=secxtanx is 
aoe dx 
d’v 
transformed into normal form aet Xv = Y then y 
dx 
is : 
(a) tanx (b) sec” x 


(c) secx tanx (d) sec” x tanx 


In reducing (Dp? —2tanx + 5) y = Ointo normal form 


choosen such that : 
(a) u = tanx 
(c) u = cotx 


(b) u = secx 
(d) u = cosec x 


If the equation a a be 


transformed into vy ar A& id Qiy = Ry then P, is: 
2° 
(a) 0 (b) 2 my 4 (d) 1 
2 
If the equation a cotx a ysin” x =0 be 
dx? x 


d’y 
transformed into 


a+ pv i: + Q,y = R, then P, is: 


(a) 0 
If x2 
dx 


(b) 1 


+ 2xy aus == and y (1) = 0, then y(e) is : 
x 


68. 


69. 


70. 


71. 


1 1 
(a) 1 (b) = (c) e (d) | 
e 
The solution of x*°? dy + 2xy—x+1=0 when 
Ix 
x=l1y=O0is: 
beta t. oe ee 
Z xX 2x2 Z xX 2x2 
ee | 1 #1 
c) 1-=—+ — d) 1+ —-— 
(1-45 (1+ oy 


If complete solution of (D2 + PD + Q) y= 0is 


WX we then P and Qare: 


y=cye 
(a)P=3,Q=4 (b)P=4,Q=3 
(c)P=3,Q=3 (d)P=4Q=4 
FX 4 3% 4 26 = Sthen limx (tis: 
dt? dt 18 
5 3 1 2 
a) = b) = co) es d) = 
( Is ( S ( i ( 3 
2 
To change the equation x2 FY _ 9 
dx? dx 
2 : dv : 
+(2+ x“) y=0 into + Xv = Y, X is equal to: 
dx? 
x? 
(a) x (b) 1 (c) (d) 0 


2 


(CGN 2 Ie 2 IG & |G) S ICR) G TG 7: IG] & Ide! ©: PCy 20, ICH 
dae) (a) E258) (a) ESR) (c) aS) (c) \etSee) (c)i eRe) (a) \RaZee) (c) |RSes) (b) (LONN| (b)) (R208) (d) 
21. | (b) | 22. | (a) | 23. | (b) | 24. | (b) | 25. | (d) | 26. | (a) | 27. | (a) | 28. | (a) | 29. | (c) | 30. | (b) 
31. | (b) | 32. | (d) | 33. | (b) | 34. | (a) | 35. | (b) | 36.) (b) | 37. | (a) | 38. | (d) | 39. | (c) | 40. | (c) 
41. | (b) | 42. | (c) | 43. | (d) | 44. | (c) | 45. | (b) | 46.) (a) | 47. | (b) | 48. | (c) | 49. | (b) | 50. | (c) 
Bim) (cd) 5225) (b) RS3em) (cd) 54a) (a) |S5em) (c)! |eS6my) (c) Sven (cd) |S8ee) (c) |e59eN) (c) (GoM) (d) 
61. | (a) | 62. | (c) | 63. | (d) | 64. | (b) | 65. | (a) | 66. | (a) | 67. | (d) | 68. | (a) | 69. | (b) | 70. | (a) 
dem (b) 

HINTS AND SOLUTIONS 
3. Given ay (== )2+ (= )o-0 6. Given that d’y - a i =x-l 
dx x Jdx x dx* x-ldx x-l 
d? ve 


2 
d a+ +P s Que R we have 


Comparing —= 


1+ P+ Q=0s0 e* is a part of C.F. 


after comparing —= BY + Qu = Rwe have 


dx? PS 
P+ Qx =0,s0 y =x is the part of C.F. 


Linear Equati f Second Order with Variable Coefficient 
inear Equations of Second Order with Variable Coefficients = 


9. 


11. 


13. 


16. 


21. 


2 
v= sapatotC ro 2 Pp ae x? 
dx? dx x 
then 1-P+Q=0 
or 1-p_-2=0 
x 
=> p-1-2-*7? 
x x 
Given that x2 49 _ 2x (1+ x) M4 214 x) y=x3 
dx? dx 
2 
or 2 p(2*) 1 2(24t) y=x 
dx* x Jdx < 
Here P+ Qx = 2(*2*)+2(*)=0 soy=x 
x x 


is a part of C.F. 


2 
2d'y Vix W_oy-o 
dx dx 


Given x 
z d 
put x = e” and D = — we get 

dz 
[D(D -1)+ D-9 y=0 
(D?-9 y=0AE.ism=+3 


so solution is y = qe” + Coe eo 


or Y=C4x 


+ (4x? -3) y= 


2 
Given that d'y 4x dy 
dx? dx 
Here, P = 4x, Q= 4x" -3, R= x 


u= e'/* | Pdx 


= eV?) ax dx 


2 
td? p24, 
2dx 4 


1 Pdx 2 4) 4x dx 2 2 
and Y = Re2 =e% e2 =e* e* =1 


X=Q 


_ dv 
So, normal form is ea Xv=Y 


dx 
2, 

> cas +v=1 

dx 
Given differential equation is sin? x 2 ¥ ey = 2y and 
y=cotx is a solution so put y=vcotx 
dy _ dv 2 
— = cotx — —v cosec”x 
dx dx 


Again differentiating 


23. 


24. 


26. 


28. 


2 2 
—— cotx £¥ - 2 cosec” oe + 2cosec” x cotx.v 
Ix dx dx 
Put in given equation, we get 
dv 2 dv_g 
dx? sinxcosx dx 
Put — aD 2 = p we have — OD 2sec” x a dx 
dx p tanx 


Integrating we get p = cy tan? x 

i.e. dv = c,(sec” x - 1) 

Again integrating v = Y= c, tanx — Cyx + Co 
cotx 

or Y = Cy —Cyx cotx + Co cotx 


1 
—=|Pdx ——|{-4x dx 
u=e I =e al ae 


d’y 2 (14 2\ynxe 
xt 


dx* xdx 
2 G=i4 2 R= xe* 
x x 


Given 


Here P = 


2 
Given eee + singe 
dx? dx 


Here P = tanx, Q= 


2y cos? x = =0 


-2cos* x, R=0 


Changing the independent variable from x to z, we 
get 


d2 
. c+ no 2 + Quy = Ry 
2 
Choose Q, = a e * = Constant = -2 


dz 2 dz\° 
ie) ta) 
so @ = cosx or z = sinx 
dx 4 
dz az p paz 


so P= dx? 


2 
dy + (tanx 1)? dy 
dx? x 
Here Q=-—n (n—1)sec* x, P 


Given n(n-1) sec# xy =0 


= (tanx — 1), R=0 


To convert it into + Qiy = R, choose Q 


2y 
yy p, 2 
dz? dz 
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29. 


30. 


Q _ -n(n-1) sec*x 


a) Ge) 


= constant = —n(n-1) 


such that Q, = 


dz 2 


so =sec’x => z=tanx 
dx 
dz, pde 
So P= dx? dx 


_ 2tanx sec? x + (tanx — 1)? sec’ x 
sect x 
2tanx + 1+ tan?x — 2tanx 
or P= : = 1 
sec” x 
2 2 
Cunt tse 2 y= 1 
dx? xdx x®" x8 
2 
Heep s",g="_F=— 
x x? x® 
To change the variable from x to z, we choose 
az 
V6 
Q Q x constant = a” 
2 2 
eae 
dx dx 
so Oe ie.z= : 
dx x3 2x3 
Now transformed hat is 
d 
c+ ne 2+ Quy = Ry 
dz 
2 
d*z +P dz -3 x ro ape 


2 
where P,; = dx dx _ x XX =0 


(3) 


(=) 


2 
so, we get = + a’y = -2z 
dz 
= (D? + a’) y =-2z 


Since y=Acos2x+Bsin2x be the complete 
primitive of (D? +4 y = 4tan2x 
Hereu = cos 2x, v = sin2x so Wronskian Wis 


cos 2x sin2x | _ 
-2sin2x 2cos2x| 


wel” Uv 


Uy vy 


31. 


33. 


35. 


37. 


Given differential equation is 
d’y _2dy 


AE. ism? —2m+1=03m=11 
So. CF. is y = cye* + coxe* 


Here, u = eX, v = xe* so Wronskian W is 


uv ex xe* 
W= “lox 
Uy Uy e e>+xe 
=e (14+ x—x)=e* 
. 2d’y dy 20x 
Given x“ —=+x—-y=x“e 
dx? dx 


put x = e” and D = i we have 
dz 


[D(D -1)+ D-1] y=e” 
= (D*-1)y=e".e% 
AE. ism? -1=0,m=1,-1 


So CF. is y = cye” + cpe? = yx + 4 ae 
x 
So,u=x,v= Es and Wronskian W is 
x 
P 1 
wel“ "j=; x fo-2-1.2 
Uy Uy] 1 mt x x Xx 
x? 
Given y= vx? be the solution is 
2 
oe x dy Sy = 0. Differentiating y = ux” we 
dx? dx 
get 
a 2 x? 2 + 3x7y 
dx Ix 
2 2 
Again differentiating : ; =x? a + 6x? ao + 6xv 
dx dx dx 


put these values in given equations we have 


2 
5 FY 4 64 63,4 4 WM 13,8, 948) 9 


dx dx dx 
2 2 
oe xo FY 17,4 dv _ 9 dv , 7 du _g 
dx? dx dx? x dx 


es (0*+ 7p) 29 
x: 


Given y =usecx 


so dy = secx — dy 


dx dx 


+ secx tan xv 


Linear Equati f Second Order with Variable Coefficient 
inear Equations of Second Order with Variable Coefficients = 


40. 


42. 


44. 


47. 


2 2 
; v v 
again ee = secx Y + 2secx fanoe 
dx dx dx 
+(sec? x + secx tan” x)v 


put these values in 


2 
d'y 2tanx dy + 5y = e* secx 
dx? dx 
we have (D? + 6) v = e* 
d’y 


Given + (3sinx — ei + 2sin? xy 
dx dx 


e7 8% sin? x 


Here, P = 3sinx — cotx, Q = 2sin* x, 


R=e © gin? x 

Choose Q, such that 
Q 2sin” x 
dz\ (2 : 

(a) (a) 


dz 
x 


Constant = 2 


=sinx 


LG: Z = —COSX 
R en OOSX Z 
So, Ri = = 


( dz ) sin? x 
dx 


= @. So8* = e” 


Given that [3x2D? + (2+ 6x — 6x”) D- 4] y =0 
or [(3x2D? + 6xD + 2D) -(6x2D + 4)] y=0 
or [D (3x2D + 2)-2(3x*D + 2] y=0 


or (D -2) (3x2D + 2) y=0 
Given that [xD? + (x -1) D-lJ y=x? 
or [xD(D + 1)-(D +1)] y=x? 
or (xD -1) (D+1) y=x? 
Differentiate y = Acosx + Bsinx &a(1) 
dy = —Asinx + Bcosx + eis sae 
dx dx dx 
Choose Aand B such that 
eee dine Oo el) 
dx dx 
Then dy = —Asinx + Bcosx 
dx 
2 
so, av Acosx — Bsinx — sinx — + cosx dB 
dx? dx dx 


Put these value is given differential equation 


(D? + 1) y=x we have 


50. 


52. 


: : dB 
Acosx — Bsinx — sinx — + cosx 
dx dx 
+Acosx + Bsinx =x 
: . dB 
i.e. sin x — + cosx =X wd) 
x dx 


Multiplying (2) by cosx and (3) by sinx and 
Subtracting we get 


—=-xsinx 


dx 
Integrating A= x cosx —sinx +c 


The complete primitive is y = Ax + Bxe** 
Differentiate w.r.t.x, 


DY =~ A+ B(e® + 2x0) + x 284 xe% 
dx dx 


Choose Aand B such that 


TA 4 xe% 9B Lg (1) 
dx dx 


Then &Y = A+B (14 2x) 6 
dx 


dx? dx dx 
+2Be** + 2B (1+ 2x) e 


Put these values in given equation 
d’y _2(1+x) dy , 2(x+1) 


=xX 
dx? x dx x? . 
Weget, “4 + c(14 2x) 9B = x (2) 
dx dx 
Solving (1) and (2), we get 24 =! 
dx 2 
> A= ade +c 
2 


2 
Given equation is d'y _2dy + (1+ 2 ) y=0 
dx? xdx 2 


x 
Here P= 2 GSie 2 R=0 
x x 
«frie. fs Bae 
Chooseu=e 2 =e 2 x =x 


Puty = uu ingiven equation it reduces to normal for 


2 
fY. Xv=¥ 
dx 
2 
wie xt=Q) 2 Paty 2 
2 dx 4 x2 
otf 2) 4 4 
2x?) 4 x? 
1 | Pax 
and R=Re2 = 0, so we get 
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54. 


56. 


58. 


60. 


Given y = Acosx+Bsinx be the solution of 


2 
= +y=x, then 
dx 
dy = —Asinx + Bcosx + fae + eine 
dx dx dx 
Choose Aand B such that 
geese se ae ed) 
dx dx 
dy = —Asinx + Bcosx 
dx 
2 
= Cvs Acosx — Bsinx sinx + dB cos x 
dx dx dx 
Put these values in given differential equation, we get 
sinx iippeee =x ...(2) 
dx 


Solving (1) and (2) we have & =X COS X 
ix 


So, B=xsinx + cosx+c 
2 

d“y nq 2 dy 

dx x dx 


Given 


+ n’y =) 
Here, 


—l pax 
Chooseu=e 2 


Put y = uv in given equation, it reduces to its normal 
form 


2 
Ys Xy=¥ 
dx 
2 
Where X = Q i ee 
2dx 4 
i 1) 14_ 2 
2\ 2) 492 


If y=e* is a part of CF. of 


(D? — cotxD — Q) y = e* sinx then1+P+Q=0 


=>1-cotx-Q=0 => Q=1-cotx 


Given y = Ax + S be the general solution of 
x 


(x?D? + xD -1) y=x7e* ell) 


Differentiating we get 


dy _ A ’ page 


dx x2 ~~ dx 


63. 


65. 


66. 


Choose Aand B such that 
ig 18 20 (2) 
dx xdx 
then a =A- ea 
dx x2 
2 
nal d“y dA 1dB_ 2 B 
dx* dx x%dx_ x3 
Putting these values in equation (1) we get 
dA 1 dB _ x as 
dx 2 dx 
Solving (2) and (3) we have We 1x 
dx 2 


Integrating A = se +C 


2 
Given ay. Stn + (1+ 2tan? x) y 
dx? dx 


= secx tanx 


Here, P = 2tanx, Q=1+ 2tan? x, R = secx tanx 


1 


a Pdx —{2tan xdx 
Y = Re2 = secx tan xe2 
Y = secx tanx,eSS°* = sec” x tanx 


Given (0? pd a? \y wig 
x 


Here, P= a Q= Ax? R= x4 
x 
2 
Choose Q, Q P ax constant = 1 
(e) (3) 
dx dx 
a. =2x = z2=x? 
dx 
Put z = x2, now equation is 
d? d 
to + Quy =Ry 
Z 
2 
d ope 2+( = 2x 
Where P= dx = 5 =0 
= a 
dx 
d’y dy 2 
Given cot x ysin*x =0 
dx? dx 
+2 
Choose Q, Q 7sin’ X ~ constant = —1 


ewe) 


Linear Equati f d Order with Variable Coefficient (37 | 
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-1 
So, a = sinx,z = —cosx given equation reduces to PL 1 — 1 [ 3D ‘ p2 ] re 5 
2 
av +P, “ + Qyy = R, where 
Z 


a -. Solution is x = cet + eye 43 
2 
ae cosx — cotx.sinx SO, lim x =) 
Pi = ak 7) “2 2 : =0 too 
dz sin“ x 5 
(S) 71. Given equation is d'y _2dy + (1+ = p= 0 
dx* xdx x2 
70. (D?+3D+2)x=5 ; ; 
2 Here, P =-“,Q=1+—, 
A.E. ism* + 3m+2=0 : e 
= ee ee ee S a ctee 
- z 2dx 4 
= eee =i. (4 ae 
7 , x2 2x?) 4x? 


O00 


CHAPTER 


6 


Partial Differential Equations of the First Order 


PARTIAL DIFFERENTIAL EQUATIONS 


1. 


Equations which contains one or more partial 
derivatives are called partial differential 
equations. Thus the partial differential equation 
contains at least two independent variables. 


2 
We shall denote a D, oe q, os 
ox oy ax? 
2 Zz 
Oe sand ee t 
dxody ay” 


The order of a partial differential equation is the 
order of the highest order derivative occurs in 
the differential equation. 


The degree of a partial differential equation is 
the degree of the highest order derivative which 
occur in it after the differential equation has 
been rationalised i.e. made free form redicals 
and fractions so far as derivatives are 
concerned. 


DERIVATION OF A PARTIAL DIFFERENTIAL 
EQUATION 

The partial differential equation can be formed by two 
methods 


1. 


Elimination of arbitrary constants 
Consider the equation 

f(x, v, z, a, b)=0 sell) 
Where a, b are arbitrary constants and let z be 
the function of x and y 


Differentiating equation (1) partially w.r.t. x 
and y respectively we get 


if 
— —-=(Q sale 
ae ee (2) 
of __ of 
d ae —=0 wild 
an ay 13g (3) 


Eliminating two constants a and b from 
equations, (1), (2) and (3) we obtained 


f(x, y, 2, p,q) =0 
which is the required partial differential 
equations of first order. 
Elimination of Arbitrary Functions 
Consider f (u, v) = 0 ..(1) 
where u and v are functions of x, y and z. 
Differentiating (1) partially w.r.t. independent 
variables x and y regarding z as dependent 
variable, we get 


of (du du of ( dv dv 
=0 ..(2 
(St pt) FS pe) Dae) 


of (du _ du) of (= = 
=0 ..(3 
F (rae). 7 oy (3) 


Eliminating z and a between(2) and (3) we get 
u v 


& du. du au (= du du #) 
oy dz ay Oz ox 0Z OX OZ 
_ du du du du 
dx dy dy ax 
i.e. Po+Qq=R (4) 
where, pe 
oy oz oy dz 
_ av du _ du dv 
ox OZ Ox dz 
du dv. du du 
and = 
ox dy dy ox 


Equation (4) is the required partial differential 
equation. 


CLASSIFICATION OF PARTIAL DIFFERENTIAL 
EQUATIONS OF FIRST ORDER 


1. 


A first order partial differential equation 

f(x, y, 2, p, q) = Oin which dependent variable 
is z which is a function of two independent 
variables x and y, is called a linear if the 
dependent variable z and its partial differential 


coefficients 2 and ae all occur in first degree. 
ox ov 


Partial Differential Equations of the First Order 


2. 


A first order partial differential equation in 3. 


which dependent variable is z which is a 
function of two independent variables x and y, 
is called a non-linear equation if pand q do not 
occur in it first degree. 


A first order partial differential equation in 
which dependent variable is z which is a 
function of two independent variables x and y, 
is called a quasi-linear equation if f is a linear 
expression in p and q but not necessarily linear 
in z. 


A first order partial differential equation in 
which dependent variable is z which is a 
function of two independent variables x and y 
is called a semi-linear equation if two 
coefficient of p and q are function of x and y 
only and they do not depend on z. The terms 
that do not involve p and q contains the terms 
that are not of first degree in z. 


LAGRANGE’S LINEAR PARTIAL DIFFERENTIAL 
EQUATION 


1. 


The partial differential equation Pp + Qq = R, 
where P, Qand R are functions of x, y and z is 
called Lagrange’s linear partial differential 
equation of first order. 


Consider Lagrange’s partial differential 


equation 
Pp+Qq=R ...(1) 
Let u = abe an integral of (1) 


Differentiating partially it w.r.t. x and y we get 


du ou du ou 
= Oand =0 
re aay a 
du ou 
__ ox ,__ 
i.e. p Bu q Qu 
Oz Oz 
Put these values in (1) we get 
du du ou 
P R—=0 (2 
a ae 2) 


Thus if u = a satisfies (1) it also satisfies (2). 
Conversely if u = a is in integral of (2) then it is 
also an integral of (1). Hence (1) and (2) are 
equivalent. 


The general solution of the linear partial 
differential equation 

Pp+Qq=R ..(1) 
If f(u,v)=0 where f is an arbitrary function 
and u(x, y,z)=c, and v(x,y,z)=ce form a 
solution of the equations 


If the linear equation with n independent 
variables x1, X9,...,X,, be 

Pip, + Popot ....P,Py =R ve(1) 
Where P}, Po,....,P,, and R are functions of 
X4, X9,....,X, and z. Then the general solution 
of (1) is given by f(uy, Ug,...,u,)= 0 
Where u;(x 4, X9,..-;Xp, 2)=G,i=1, 2,...,nare 
any independent integrals of the auxiliary 
dx, dxg | dxq _ dz 
Py Py ~ P, R 


equations 


The general solution of Po+ Qq=R is the 
family of surfaces such that the normal to a 
surface at any point must be perpendicular to 


the tangent to a curve of the family of the 
: dx dy dz 
equations — = — = — 
P Q R 
The equation Pp + Qq=R represents a family 
of surfaces orthogonal to the family of surfaces 
represented by Pdx + Qdy + Rdz = 0. 


For the solution of Lagrange’s equation 


Pp + Qq=R form the auxiliary equations 

dx dy dz 
PO 
Find two independent integrals say u = a and 
v = b then the general solution of the partial 
differential equation Pp + Qq=R is given by 
f(u, v) =0, when f is an arbitrary function. 


THE INTEGRALS OF THE NON-LINEAR 
EQUATIONS 


Any relation which contains as many arbitrary 
constants as there are independent variables 
and is a solution of a partial differential 
equation of the first order is called a complete 
solution or a complete integral of that equation. 
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If f(x, y,z, a, b)=0 ..(1) 
be thesolution of f (x, y, z, p, q) = 0 esl) 
Then (1) is complete solution of complete 
integral of (2). 
A particular integral of (2) can be obtained by 
given particular values to a and b in (1). 
The equation of the envelope of the surfaces 
represented by (1) can be obtained by 
eliminating a and b between 

f =0, of eGand of =0 

da db 

This equation of the envelope is called the 
singular integral. 


CHARPIT’S METHOD 


1. 


Charpit’s method is the general method for 
solving partial differential equations of order 
one but of any degree. 


Consider the differential equation 
f(x, y, 2, p,q) =0 etl) 
with dz = pdx + qdy ...(2) 
The Charpit’s auxiliary equations are 
dp _ dq _ dz 
of, of of , of of of 
+ 
ie ae Op oe ap og 
dx dy of 
= - = (3 
a a 
dp aq 


Any two of equation (3) give a relation of pand 
q which is solved for p, q with equation (1). 
Substitute these values in equation (2) and then 
integrating it, we get the complete solution of 
the given partial differential equation. 


SPECIAL METHODS OF SOLUTION APPLICABLE 
TO CERTAIN STANDARD FORMS 


1. 


Equations involving only pand qand not x, y, z. 
Letthe equationis f(p, q) =0 ..(1) 
The complete integralisz =ax + by+c_...(2) 
Where a and b are connected by 


f(a, b)=0 (3) 
By (2), 
Oz Oz 
oF end ge Sb 
p x aand q ay 


Put p= a and q= bin (3), we get equation (1) 
By equation (3), let b = (a) 
So complete integral of (1) is 
z=ax + d(a).y+c ...(4) 
General Integral : 
Put c= w (a) in (4) we get 


z=ax + o(a)y + w (a) ...(5) 
Differentiating it partially w.r.t. a we get 
O=x+0’(a)y + w’ (a) ...(6) 


The general integral is obtained by eliminating 
a between (5) and (6). 
Singular Integral : The singular solution (integral) is 
obtained by eliminating a and c between the complete 
integral (4) and the equations formed by differentiating 
(4) partially w.r.t. a and ci.e. 
z=ax+0(a)yt+c 


O=x + o'(a)y 
O=1 
which is not exist so there is no singular solution. 
2; Equation involving only p, q and zi.e. 
f(p,q,2)=0 ...(1) 
Assume that z = f(x + ay) be the trial solution 
of (1) then 
z = f(X) where X =x + ay 
dz dzoX dz ox 
Pp = =. = “ = 1 


ox dX dx dX ox 
_ dz dz OX _ . dz 
ay dX ay dx 


So, equation (1) reduces to f (. a a 4 =0 
dx dx 


Which is an ordinary differerntial equation of 
order one. Integrating it we get the complete 
integral. 


and q 


3. Equation of the form f(x, p) = 0 (y, q). 
Consider f(x, p) = 0(y, q)=a ...(1) 
Then we get p = fy(x, a), q = faly, a) 
We know dz = pdx + qdy 
SO, dz = f(x, a) dx + fol(y, a) dy 
Integrating we get 
z= fylc, a) dx + | foly, a) dy +b 


Which is the complete integral. There is no any 
singular integral. 


Partial Differential Equations of the First Orde (a | 
I I r I quatl Ir r 


4. 


Equation of the form 
z= px +qy+ f (p,q) aot) 
The complete integral of Clairaut’s equation (1) 
is 
z =ax + by + f(a, b) 


oF =0 > x+ yf =0 (2) 
da 

and La > ees ...(3) 
ob db 


Singular integral is obtained by eliminating a 
and b from (1), (2) and (3). 


COMPATIBLE SYSTEMS OF FIRST ORDER 
PARTIAL DIFFERENTIAL EQUATIONS 


1. 


If every solution of the first order partial 
differential equation 


f(x,y, 2, p,q) =0 «a(1) 
is also a solution of the first order partial 
differential equation 

6 (x, y, 2, p,q) =0 ...(2) 
Then the differential equations (1) and (2) are 
said to be compatible. 


The condition that the equation (1) and (2) are 
compatible is 


Af.a) , Alfa) , alfa) 


+qo'3) 0 
a(x, p) a(z,p) aly, q) 


0 (z, ) 


The first order partial differential equations 


p = P(x, y), q= Q(x, y) are compatible if and 
oP _ 0Q 


only if — = 


oy ox 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1. 


The partial differential equation of z = (x + a) (y+ b) 
is: 
(a)z=p+q 
(c) 2 = xyp 


(b) z= px+qy 

(d) z = pq 

The partial differential equation of z=a(x+y)+b 
is : 


(a) pq=0 (b) p=q 
(c)p+q=0 (d) p—q=0 
The order of r — 2s + p° =O is: 

(a) 1 (b) 2 (c) 3 (d) 0 
The degree of r+ 25+ t? =0 is: 

(a) 1 (b) 2 

(c)3 (d) None of these 


The differential equation zyp — xyq = x (z — 2y) is : 
(a) Linear (b) Quasi-linear 


(c) Semi-linear (d) Non-linear 


The differential equation pq = z is : 
(a) Linear (b) Non-linear 


(c) Semi-linear (d) Quasi linear 


The differential equation x“p + (y? + x3) q= x? 
+ y? +27 is: 
(a) Linear (b) Semi-linear 


(c) Non-linear (d) Quasi-linear 


10. 


11, 


12. 


13. 


The differerntial equation of z = f (2) is : 


x 
(a) px + qu = 0 (b) pq+ xy = 0 
(c) py+ qx =0 (d) pq=x+y 
The differential equation of z = (x? +a) (v2 + b)is: 
(a) pq = xyz (b) q=px+y 
(c)p=qytz (d) pq = 4xyz 
The differential equation of z = f(x? + y’) is : 
(a) xp = yq (b) xp? = yq? 
(c) yp? = xq” (d) yp = xq 


The auxiliary equation of Pp + Qq= Ris: 
(a) Pdx + Qdy + Rdz = 0 
(b) Pdp + Qdq+ Rdz = 0 


The order of the differerntial equation 
2 2 

a= igo ; = f(x, y)is: 
x oy 


a 2 
(a) 1 
(c) 3 
The solution of z(xp — yq) = y? —Xx 


() f(E.x?+y%+2?)=0 
y 


(b) 2 
(d) None of these 


Zig: 


(b) f (xyz, x2 + y* + 2”) 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


4 2x 


The solution of 22) p+ (2) q= =H is: 


(a) f (x + y+ z, xyz) =0 

(b) f (x -y—z, xy) =0 

(c) f 142+, 92}=0 
x Yy 2 


The solution of p+ q= 7 is: 

¢ ° y 
(a) z =e" f(x + y) 
(c)z =e "f(x -y) 


The solution of ptanx + qtany = tanz is: 


sin sinx sin sinx 
(a) SaY = 5 (5) (b) — 2 =5(=] 
sinz sinz sinx siny 
sin sinx sin sin 
(9 SR = (2%) (a) 2 = 5 (2) 
siny siny siny siny 


The solution zy"p - zx°q = x’y is : 

(a) f (x+y? y? +27) =0 

(b) f (x? + y? 4 23, xyz) =0 

(c) f (x2 + y? + 22, xyz) =0 

(d) f (x + y+ z, xyz) =0 

The complete integral of 3p? =qis: 

(b) z= ax + 3a2y + b 


(a) z=ax+ay+b 


(c)z=ax+—2+b (d)z=ax+a-y+b 


Vv 


The complete integral of xp + yq= zis: 


(a) f(xy, yz) = 0 (b) f (x,y) =0 

(c) f (xy, 2) = 0 as(#.2}=0 
UZ 

The singular integral of p? + a =lis: 

(a)z=0 (b) x =0 

(c)y=0 (d) Not exist 

The solution of p” =aqis: 

(a) z = be* +9 (b) z = be™ +x" 

(c) z= be™*2Y (d) z = be™t? 


The complete integral of z = px + qy+ p? + qe is : 


(a) z = ax + by+ a? + b* (b) z= px + qyt at b* 


(c) z= ax + by+ab (d) z=ax+ by+a+b 


23. 


24. 


25. 


26. 


Zt: 


28. 


29. 


30. 


The solution of px? + qu’ =z" is: 


)2-2-4(2-4) (b) yz =f (ey) 

yz x oy 

@i+2=2+4] (d) y+z=f(xty) 
yz \x y 

The solution of z(px + qu) = y* -x? is : 


(a) f(xyz, x? + y? + 2) =0 
(b) f (xyz,x + y+z)=0 
(c) f (xy,x+y+z)=0 


-x?—y?+2?}=0 


The solution of —p; + po + p3 =1is: 
(a) f (xy + X9, xy + X3, Xz + y) =0 
(b) f (xy + X9,x1 + X3,xX, +2) =0 
(c) f (xy + xg, xy + x3, x1 + x) =0 
(d) f (xy + x9, x9 4+X3,x34+ x1) =0 


The family of surfaces orthogonal to the family of 


surfaces of (y+ z) p+ (z+x)q=x+yis: 
(a) xyz+c=0 (b) xy+ yz+ 2x =Cc 


(c)x + yt+z=0 (d) x? + y7 +27 =0 


The partial differential equation from z = (a+ x 


P p 
a)Z=—+ b) z= 4+ 
(a) z 9 v (b) ri y 
2 
q q 
c)z=+-+ d)z==+ 
(c) z i v (d) z 7 v 


The complete integral of q =e ais: 
b b 


(a)z=ye @+¢ (b) z= bx + yett+c 
b 


b 


-= ——x 
(c)z=bx+ye 2+¢ (d)z=ye % +c 


The complete integral of ./p + Jq = lis: 
(a) z= ax +(1-Va)*y+ b 

(b) z =ax+VJay+ b 

(c) 2 = ax + (1+ Va)?y 

(d) z=ax+(1-Va) y+b 

The complete integral of p (1+ q) = qzis: 
(a) az =1+ be*™tY (b) az = be™*Y 
(c) az =1+ bex*¥ (d) az = bext 


2 


ty 


The differential equations p=4x+3y+1 and 


= 3x+ 2y+lare: 
(a) Exact 
(c) Not compatible 


(b) Compatible 
(d) Non-linear 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


The equations f(x,y,p,q) = Oand g(x,y,p,q) = Oare 
compatible if : 


(a) of of (b) of 4 29 _ af , ag 
ox oy ox ox ody ody 

A (f,g) , (fg) _ 9 (gy 9LF, 9) _ Alf. g) 
d(x,p) Ay, q) d(x,p) aly, q) 


The differential equations p=7x+8y-1 and 
q= 3x + Sy-6are: 
(a) Exact (b) Compatible 


(c) Non-linear (d) Not compatible 


The equation Pp = Qq = Ris called : 
(a) Charpit’s equation (b) Bernoulli’s equation 
(c) Lagrange’s equation (d) Monge’s equation 


The differential equations p = 2x —y,q=5-x-2y 


are : 
(a) Compatible (b) Non-compatible 
(c) Exact (d) Non-linear 


The singular integral of z = px + qy+ logpqis : 
(a) z = 2+ logxy (b) z= qx + logy 
(c) z = qy+ logx (d) z = -2-logxy 

The singular integral of z = px + qu+ p? + ge is : 


(a) x? + y? (b) (x? + y?) 


(x24y? (x24y? 
| ; ] a Fi 


The singular integral of z = px + qu- p°q is : 


xy 


(a) z ; (b) z=x.Jy 
(2-0 (a) 2 = Jo 
The differential equation of z = ax + a’y* + bis: 
(a) q= 2yp* (b) p = 2xq" 
(c) q= 2xyp (d) p = 2xvq 
The differential equation of z = Ae” sin px is : 
2 2 2 2 
aj oe _ (bo) 2% 7% 9 
oy~ at ox“ at 
2 2 
(c) = as -0 (d) oz = = 
ox“ dy ox dy 


The differential equation (x + 2y) p+ xp—pq=x+y 
is : 
(a) Linear (b) Semi-linear 


(c) Quasi-linear (d) Non-linear 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


The differential equations p = P(x, y) and q = Q(x, y) 
are compatible iff : 


fa) P= 20 b) 2 _ 20 
ox oy oy ax 
2 2 2 2 

P P P P 

(c) as = as (d) = ae 
ox oy oy ox 


The partial differential equation of 
z = f(x + ay) +(x —ay) is: 


re 0°z ae az a°z . az 2 
a 20° 2 a2 42 
ox oy ox oy 
ae Wee (gy grids ie 
ax? ay? ax? ay” 


The Charpit’s auxiliaries equations of 


p+ q’)=q(z-Dis: 


(a) 2 = 24 peas 

pq q p 

(c) oP. = 94 (a) oP = 94 

zp bz Z pq 
The Charpit’s auxiliary equation of px + qy = pqis: 
(a) 2 = (by) % = 
x+p ytq X-p y-q 
i (ay = 

qtx pty q-X p-y 


The Charpit’s auxiliary equation of —px? + 22x 


—2qxy +pq = Ois : 

(a dp _ as (b) 44 = = 
0 x“=—q 0 x“-q 

() = (a) = & 
0) x“-q 0) x 


The Charpit’s auxiliary equation of p” + ge — 2px 
—2qv+1=Ois: 


(a) 2? = 44 (b) oP = 99 
x oy p 4 
d 
(c) oP = 99 (a) oP = 99 
q Pp 7 x 
The Charpit’s auxiliary equation of p = (qy+ z)" is: 
(a) 22 = 49 (b) 2 = & 
Pp q Pp x 
(c) 2 = (ay oP = 
psy p -y 


The complete integral of p° - 3q° = 5is: 


(a) z = V¥5—3a" x+ayt+b 
(b)z=V5x+ayt+b 
(c) z=V3a2 xtay+b 


(d) z=V5+ 3a" x+ay+b 
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50. The complete integral of p?q?(px +qy—z)=2is: 57. The Charpit’s auxiliary equations of p° + g — 2px 


(a) z = ax + y—2a“b* (b) z =ax + by- ae cay See Date 5 
a“b (a) dp _ dq _ dx 
()z=ax+by+2ab  (d)z=x+y-—, te ae See 
a“b (b) dp _ dq _ dx 
51. The Charpit’s equation of (p? + q’) x =pzis: SP VSG Dee 
dp _ dq dp _ dq 
ial (b) = + +x +x 
-q pq p pq Yrp q Pp 
(c) dP = 94 (a) oP = 44 (a) @P_-_4a __& 
Pp @ @ pe x+p ytq p-x 
52. The Charpit’s equation of px + qy+ z - xq’ =Ois: 58. The complete integral of pe” = ge" is : 
(a) & = 49 (b) & = =49 (a) z = ae* + be! 
oS 4 (b) az = e* + be? 
() & = 94 (a) & 44 
- 2 7 2q (c) bz = aeX + e¥ 
53. The Charpit’s auxiliary equation of p°x + ay = a 
is: 59. Lagrange’s auxiliary equations of z (xp —yq) 
ey dp _ dq _ dx = -x* are 
p’-p q-q ~2px (a) = 
x py yeox? 
dp _ dq _ dx 
Vlg hoe aie (j=! 
- Pp - q ‘ x y yz ie 
(c) se =~ st = x ij a A dz 
p’-p @g+q —2px xz yz ye_2 
pap -g@=q 2px yt yr =x 
54. The complete integral of py = 2xy + logqis : 60. Lagrange’s auxiliary equations of Pp + Qq = Rare 
(a) z=x?+ax+logy+b ia) @ Vag o) Xvi % 
(b) z = 2xy+ logb YQ oF B 
. ow (c) dx _dy_ dz (d) dx _dy_ dz 
(c)z=x"+ax+——+b P oO Pf R O P 
4 P Q R R Q P 
(d)z=x?+x+e%+b 61. The degree of the equation p* + q*x° + 2° = Ois: 
55. The complete integral of z = px + qu+ 4 —pis: (a) 6 (b) 4 
p (c) 2 (d) 1 
(a) z=ax+by+a-—b 
(b) az = a (ax + by) + b- az 62. The order of the equation r? 25+ t? =Ois: 
b2 — a2 (a) 3 (b) 2 
(c) z= ax + by+ - (c) 1 (d) None of these 
(d)z=ax+ by+a+b 63. If in the Lagrange’s auxiliary equations of 


56. The complete integral of pq = xvis: (x + 2z) p+ (4zx-y) q= Wx? 4 y, 
(a) az = xe + y? + 2ab 
b) 

) 


c) 2az = a*x? +y" + 2ab 


whose y, x, — 2z as multipliers then : 


2az = ax” as 


(a)x?-y-z=c (b) x*-yz=c 


(c) xz-y* =c (d) xy-z7 =c 


( 
( 
( 


d) az = ax? + by” + ab 
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64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


If in the Lagrange’s auxiliary equations of 


x (y2 +2) p—y (x? + 2) q=z (x? —y?), 


choose d - as multiplier then : 


x Uz 
(a)x+y+zZ=C (b) xyz =c 
ij Se (d)Z=c 

z y 


If in the Lagrange’s auxiliary equations of 2y(z — 3) p 


+(2x —z) q=y(2x-3), choose —,y,-1 as 
Zz 

multipliers then : 

(b) y2+x-2Qz=c 


(d) y+ 22-2x =c 


(a)x+y?%-22=c 
(c)z+x*-2Qy=c 
The Charpit’s auxiliary equations of px+qy 
=z(1+ pq/2 are: 


(a) P= 94 (b) 2-49 
P-qQ pt+q Pp q 
dp_d d d 
j=, (d) ae oe 
P q Pp -q p +q 


The Charpit’s auxiliary equations of z? = paxvare : 


Qe2s2 (jae! 
q Pp px qv 

d 

ip hav (a) 
x oy p 4 


The Charpit’s auxiliary equations of p? + a — 2px 
—2qy + 2xy = Oare: 


(a) = oy (by &% = 
x+q ytq xX-q y-q 
d 
() & = (a) * = 
x y q Pp 


In a linear partial differential equation all the partial 
derivatives occuring in it are of degree : 

(a) 1 (b) 2 

(c) 3 (d) Any finite value 

The order of the partial differential equation of 
z=0(x+iy)+ w(x —iy)is: 


(a) 1 (b) 2 
(c) 3 (d) 4 
The degree of the partial differential equation of 


z=axt+a’y’ + bis: 


+2, 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


(a) 4 
(c) 2 


(b) 3 
(d) 1 
The solution of zp + x = Ois: 
(a) x? + y* = fle) 


The Charpit’s auxiliary equation of 


z= px+qu+p- + q- is : 


(a) P= yy 
p’t+p a+q pq 
dp _ dq 
c) pdp = qd (aa 
(c) pdp = qdq su 
The singular integral of p+ q=1 is: 
(a)x =0 (b) y=0 
(c)x+y=0 (d) Not exist 


The partial differential equation of az = xyis : 


(a) px =z (b) qx =z 

(c) py=z (d) px = qy 

The differential equation of z = f(xy) is : 
(a) p=q (b)p+q=x+y 
(c) py = qx (d) px = qy 


The differential equation of z = f(x —y)is: 


(b) p=q 
(d)q=y 


The differential equation of z = y? + 2f ( + logy 
x 


(a)p+q=0 
(c)p=x 


is : 

(a) px + qy = 2y" (b) px — qy = 2y? 
(c) p°x + qu=y? (d) px? + qy = 2y* 
The differential equation 

(x? — y2) p + (y? - 2x) q= 2? -xyis: 


(a) Quasi-linear (b) Non-linear 


(c) Semi-linear (d) Linear 

The differential equation z = axe? + sae + bis: 
(a) px = 2? (b) q= px + pq 

(c) q=pxt p” (d) p=2xk+¢° 
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MULTIPLE CHOICE QUESTIONS 


iy CC) 22 Tt 3 WP 2. RI) S: Wy CG: CSI] 7 |S & Wee ©: TGS! 20: Piel 
11. | (d) | 12. | (b) | 13. | (d) | 14. | (a) | 15. | (b) | 16. | (c) | 17. | (a) | 18. | (b) | 19. | (d) | 20. | (d) 
21. | (c) | 22. | (a) | 23. | (a) | 24. | (d) | 25. | (b) | 26.) (b) | 27. | (b) | 28. | (c) | 29. | (a) | 30. | (c) 
31. | (b) | 32. | (c) | 33. | (d) | 34. | (c) | 35. | (a) | 36. | (d) | 37. | (d) | 38.) (b) | 39. | (a) | 40. | (b) 
41. | (d) | 42. | (b) | 43. | (d) | 44. | (b) | 45. | (d) | 46. | (b) | 47. | (b) | 48. | (d) | 49. | (d) | 50. | (b) 
51. | (a) | 52. | (d) | 53. | (a) | 54. | (c) | 55. | (b) | 56. | (c) | 57. | (a) | 58. | (d) | 59. | (c) | 60. | (c) 
61. | (b) | 62. | (b) | 63. | (d) | 64. | (b) | 65. | (a) | 66. | (c) | 67. | (a) | 68. | (b) | 69. | (a) | 70. | (b) 
71, | (c) | 725 | (d) \7355) (d) |74ey| (dc) |e7555) (a) |7Gs)) (d) ze) (a) 785) (d) 79s) (a) |F80%)| (c) 
1. Given that z = (x + a) (y+ b) dx _dy __ dz 
: . , oz zx ay ye x? 
Differentiate partially w.r.t. x, p =—~ =y+p ge 8 
ax Taking first two we get — + V0 
x oy 
again differentiate partially w.r.t. y, q= of xta . 
dv Integrating logx + logy = loge, 
ae : > xy = Cy 
Eliminate a and b from the above equations we get 
Chosing x,y,z as multipliers we get 
z= pq 
ee MAURIE ae + ydy+ zdz =0 
3. The partial differential equation is 0 
2 2 3 Integrating we get 
ee 22= (=) = 0 so its order is 2. a ey ae 
ax? axdy ax xX" + y+ 2" =Co 
So solution is f(x: xe + 2427) =0 
8. Given that z = (2) Hoy une 
- 15. Givenp+q= é 
p-Z=s(2)( + a 
ox x x2 Lagranges auxiliary equations are 
a _ (2)! dx _ dy _ de 
and =“af[ 7 |a 
2 oy f (: x 1 1 is 
a 
Dividing = bi : By first and second dx = dy>x-y=cy 
a = a px+qy=0 By second and third ijt ai gloaseind Co 
Zz 
: Z 2 y 
10. Given that z = : +y°) logcy = y—alogz = loge” — logz® = log < 
a Zz = 2 2 Zz 
a ce A + y*) = z= cze¥/4 
and q= = = Quf’(x? fe y’) So solution is z = e”/ “f(x — y) 
17. Given zy"p - zx°q = x’y 
Dividing we get yp = xq ; a: eee 
So Lagrange’s auxiliary equation is 
13. Given differential equation is zxp — zyq = y2 -x? dx dy _ dz 
ye py kv en 
So, Lagrange’s auxiliary equation is zy 2X xy 
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19. 


20. 


21. 


25. 


26. 


By first and second x?dx + y“dy =0 


Integrating we get a y? =Ccj 


Lagrange’s auxiliary equation is — = —= = — 


By first and second logx = logy + loge, 


x 
> —=Cy 


and by second and third logy = logz + logcy 


en 
> == C9 
Zz 


So solution is f & 2) =0 
yz 


Given p? + ge =1 
i.e. f (p,q) =0 


So its solution is z = ax + by+c 


so a*+b*=1 


i.e. zZ=ax+ l-a’y+c 
differentiate w.r.t. aand c we get 


0 =x and 0= 1 which is not possible so no singular 
solution exist. 


: dz dz 
Given p” =z , put p = — and q= a— 
Pp q, put p ax q ax 
where X =x + ay 
f dz ) dz 
wa = az— 
dx dx 
> dz az => de ax 
dx Zz 


Integrating logz = aX + logborz = be™ 
i.e, z= bel*tay) — bexta’y 

Given —p, + po + p3=1 

Lagrange auxiliary equations are 


dx; _dxg _dx3_ dz 
-1 1 1 Zz 


By (i) and (ii) xy + x9 = cy 
By (i) and (iii) x, + x3 = co 


By (i) and(iv) xj +z =c3 


So solution is f(x, + X9, Xj + X3, xy +z) =0 
The family of surfaces orthogonal to the family of 
surface Pp + Qq = R is Pdx = Qdy + Rdz =0 


so we have (y+ z) dx + (z+ x) dy+ (x + y) dz =0 


Integrating we get 
XY+ YZ+2x=C 


28. 


30. 


36. 


38. 


40. 


43. 


oP 
Given q=e “% so solution is z = ax + by+c 
6 
where d=e 4 
b 


So solution is z = ax + ye 7+¢c 


Given p(1+ q) = qz 


put _ dz gas 
dx’” dX 
where X=x+ay 
<( +] (=) 
a =a Zz 
dx dx dx 
=> teetca 
dx 
CGE 2350s gallon <1) Xe logh 
az—1 


=> az-l=be*=> az=1+be*t¥ 


Given equation is z = px + qy+ log pq 


This is Clairant’s equation so its solution is 
z= ax + by+ logab ...(1) 


Differentiating w.r.t. aand b respectively we get 


Gage a g2= side 
ab x y 
put in (1) we get singular solution is 
z=-1-1+ log Es 2—logxy 
xy 
Given that z = px + qy- p°q 
Itssolution is z = ax + by—a"b sal) 


Diff. partially w.r.t. aand b respectively we get 
0=x-2aband 0= y-a" 


x 
; a=./y and b= —~_ 

2/y 
put these values in equation (1) we get the singular 


solution is 
1 
2=xqyttxly-y*_=xJy 
2 2/y 


Given that z = Ae?" sin px 


i.e. 


then oP Ape”! cos px and = Ape” sin px 
ox ot 


2 2 
= = —Ap“e" sin px and a = Ape" sin px 
ox ot 
d°z az 
so, —grag 0 
ox ot 


Given z = f(x + ay) + 0 (x — ay) 


iheg = f(x + ay) + ’(x — ay) 
ox 
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45. 


47. 


50. 


52. 


54. 


2 
= = f’(x + ay) + 6” (x — ay) 
ox 
: oz , , 
Again —=af’(x + ay)—ad’(x — ay) 
dy 
2 
ce = a’ f(x + ay) + a“o"(x — ay) 
oy 
2 2 
So we get a? 2% 47% 9 
ox oy 
Given that f = px + qy-— pqso Charpit’s equations 
dx _ dy 
fof 
op oq 
- dx — dy _ 
-x-q) -(y-p) 
a dx _ dy 
q-xX Pp-Y 


Let f =p?+q" 2px —2qy-1=0 


Charpit’s auxiliary equations are 
dp dq 


Yr ren a nits 
-2p+p.0 -2q+q0 

dp _ dq 

Pp q 


re) 


or 


Given that p°q° (px +qu-z)=2 


orz =px+qy- == which is a Clairauts equation 
pq 


so its solution is 


Z=ax+ bye 
a“b” 


Given that f = px + qu+z- xq? 


Charpit’s auxiliary equation is 


dp 7 dq _ dx _ dy _ 

of i of ri of of 
ox 0 oy 0z dp oq 
: dq__ ak 

qtql -x 
- dq_ dx , dx dq 

2q x x 2q 
Given that yp = 2xy + logq 
or ptm begun 
vy 

> p =2x+aandq=e™” 


so put these value in dz = pdx + qdy 


56. 


58. 


63. 


65. 


67. 


ie. dz =(2x + a) dx + e“dy 


Integrating we get 
ay 
z=x-+ax+—2 +b 


so p =axandq= 


put in dz = pdx + qdy = axdx + Ydy 
a 


Integrating we get 2az = a’x? + ye + 2ab 
Given pe’ = qeX =pe*~ =qe¥ =a 
so p = ae* and q= ae?’ 


put these values in dz = pdx + qdy= ae* dx +ae’dy 
Integrating we get z = ae“ + ae’ + b 
Given that (x + 2z) p + (42x —y) q= 2x? + y 
If we choose y,x, — 2z as multipliers then we get 
ydx + xdy — 2zdz 
0 


Since Lagrange’s auxiliary equations 
dx — dy _ dz 
x + 2z 2x + y 
i.e. xdy + ydx — 2zdz = 0 


xy-z7=c 


42x -y 


Integrating 


The Lagrange’s auxiliary equations are 
dx _ dy _ az 
2y(z-3) 2x-2 = y(2x-3) 


If we choose 5 y, — lare multipliers we get 


aot ydy — dz 


yz — 3y + 2xy— yz — 2xy+ 3y 
So we get 5 ax + ydy-—dz =0 
Integrating we get x + ve —2z=c 


Given that f = Zz — pqxy 


Charpit’s auxiliary equation are 


ox _ oy _ 
_of _ of 
ap aq 
so we get ox = ay = 
qxy = Pxy 
dx _ dy 


or 
q p 
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71. 


72. 


Given differential equation is z = ax + a’y* +b 74. 


oz 
Ox 


Eliminate a between p = aand q= 2a7y we get 


guavas ea ya 
oy 


q= 2p7y so its degree is 2. 


Given zp + x = Oits Lagrange’s equation is 


dx _ dy _ de 
Zz QO -x 
By second term dy = OSy=c, Th. 


and by first and third term xdx + zdz = 0 


Integrating x7 427 = Co 


so solution is x” + z2 = f(y) 


Given p+q=1 

so its solution is z = ax + by+c 

where a+ b=1 

i.e.b=1l-a 

So required solution is z = ax + (l-a) y+c 
Integrating w.r.t. c we have 0=1 

so not S.S. exist. 

z= f(x-y) 

Differentiating w.r.t. x and y respectively 


f'(x—y) 


p=f'(x-y)and q= 
so, p+q=0 
000 
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Linear Partial Differential Equation of Second 
and Higher Order with Constant Coefficients 


LINEAR PARTIAL DIFFERENTIAL EQUATION 


1. 


A partial differential equation in which the 
dependent variable and its derivatives appear 
only in the first degree and are not multiplied 
together, their coefficients all being constants or 
functions of x and y is called linear partial 
differential equation. 

For example, 


a"z e a"z x a"z n 
ax” : ax” ay Taye 
MZ NZ 4 Te flx,y) (1) 
x 


Where the coefficients Ay, Ag,..., A,, M, N, T 
are constants or functions of x and y. 


If the coefficients of various terms in equation 
(1) are constants then it is called a linear partial 
differential equation with constant coefficients. 


A linear differential (partial) equation of order n 
with constant coefficients is 
n n, n 
U2 A, be inane 
ax” ax" “dy ay” 


where Aj, Ag .... A, are all constants. 
or (D" + A,D™ 1D’ +....+ A,D’)z = f(x, y) 
or f(D, D’)z = f(x, y) 


Here f(D, D’) is a homogeneous function in 
D, D’ of degree n. 


If u is the complementary function and uv a 
particular integral of a linear partial differential 
equation f(D, D’)z = f(x,y) then u+v is a 
general solution of the equation. 


DETERMINATION OF THE COMPLEMENTARY 
FUNCTION (C.F.) 


1. 


The general solution of f(D, D’)z =0 which 
contains the correct number of arbitrary 


2. 


functions is called the complementary function 
of the partial differential equation. 


consider f(D, D’)z =0 
he, (D" 4 ADD +AsD-D* 
+...4A,D’)z =0 ...(1) 
Then auxiliary equation (A.E.) is 
m" + Am™14...4 A, = 0 (2) 


It contains n roots say my, M9,...My, 


Case I : If all roots are distinct then general solution 


of (1) is 
Z = b4(y + M4x) + daly + Mpx) 
+...+ On(y +m,x) 


where 04, 9,..., 0, are arbitrary functions. 


Case II : If a root m repeated r times then CLF. is 


oy(y + mx) + x bo(y +mx) +...+ x oy +mx) 


DETERMINATION OF PARTICULAR INTEGRAL 


(P.1.) 
i 


Consider f(D, D’) z = f(x, y) so its P.I. is 
f(x,y) 


f(D, D’) 


ay is defined as the function which 
f(D, D’) 

given V when it is operated upon by f(D, D’). 
The shortcut method for PI. of 
f(D, D’ )z = (ax + by) is given by 

Case I : When f(a, b)#0 and f(D, D’) isa 


homogeneous function of degree n,then 


Where u=ax+by and R.H.S. contains a 


multiple integral of n" order. 
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Case II : When f(a, b) = Owe have Casel: : . ertby — : e%*by it f(a, b) #0 
x” FDR") f(a, b) 
—_—_—_—— o(ax + by) = —— o(ax + by) 1 : 
—onysyn pn Case II: sin(ax + by), we put 


3. The general method of finding the P.I. of 


D® =~a?, DD’ = -ab, D’? = —b? 
(D —mD’) z = (x, y) 


provided eliminator is not zero. Similarly for 


or p—mq= olx, y) cos (ax + by) 
Lagrange’s auxiliary equations are Case Ill : 1 =[f(D, D’) pl myn 
dx dy de f(D, D’)* 
1 -m (x, y) Which can be evaluated after expanding 
By first two we get y + mx = a (constant) [f(D, D’)|"* in ascending power of D or D’. 
and by first and last term we get Case IV: 1 (gaxtby, Vv) 
f(D, D’) 
dz = (x, y) dx = (x, a— mx) dx sty 1 3 
=e 
Zz = | ox, a—mx)dx f(D + a, D’+b) 
il Case V : If f(a, b) = Othen 
Thus z = ~ O(x, y) = i o(x, a — mx) dx 1 . 
(D-—mD’) P.]. —— f(ax + by) = — flax + by) 
f(D, D’) (f’ Na by 
NON-HOMOGENEOUS LINEAR EQUATION WITH Wh ,_ of 
CONSTANT COEFFICIENT e SS, 
1. A linear differential equation which is not If (f’ ia b) = O then 
homogeneous is called a non-homogeneous xf 
linear equation. PI. is han f(ax + by) and so on. 
Consider f(D, D’ )z = f(x, y) (1) ie 
Where f(D, D’) is non-homogeneous. EQUATIONS REDUCIBLE TO LINEAR FORM 
Let WITH CONSTANT COEFFICIENTS 
7\_ , , n. Nn, 
[iD Da sim, Dik) rag Kai 1. Consider Ax 2 + Ax? ly nie 
..(D —m,D’ —k,) Ox ax" “dy 
Th F. of tion (1) i a” 
en yg equation ( boa SA ae y) 
Zz =e Orly + mx) + C°?*do(y + Mx) Wn 
+ ..+ eh (y+m,x) Put x = e" and y =e” 
i.e. u=logx andu = logy we get 
2: If (D — mD’-k) occurs r times in f(D, D’) then P| 9 
the C.F. corresponding to this factor is ss ae = Bi = 
kx 
e“[o (vy + mx) + xdo(y + mx) 2 
vs ve = x? 2 = pip -1) 
+..+x° “O,(y + mx)] ax? 
If f(D, D’) is irreducible then a trial method is Pe a =D(D-1)(D-2) 
used to find solutions. ax? 
3. To find the particular integral P.I. Similarly y = OL =D’z,D’= d 
so f(D, D’)z = f(x, y) we have oy av 
Pie! sea) yp ep 0-0, 92, =D) 0-2 
f(D, DY” ay” ay? 
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a? , then D2z = Ah2e!™*"¥ and D’z =kAe™**v 
xy —— =DD 
oxdy put these values in (1) we get 
Substituting in given equation it reduces to (h2 ~k) Aextkv = 9 
Which is an equation having constant So, CF. of (1) is 
coefficients. a= Ae™ wey 
C.F. OF NON-HOMOGENEOUS LINEAR PDE Since all values of k satisfy equation (1) so 
1. Consider (D? — D’)z = 0 ay z= YAebxthy 
Letits trial solutionisz = Ae!™+kY ...(2) 
MULTIPLE CHOICE QUESTIONS 7. The Pl. of (D2—DD’-6D) z = xyis: 
1. The general solution of the differential equation xy x? x2y+x? 
3 2 2 : (a) = + — (byes 
(D° —4D*D’ + 3DD”*) z = Ois: 2 4 6 
(a) c, + ce + ce c) 294 (a) 294 x 
nae 6 2 6 12 
(b) Oy(y) + ba(y + x) + o3(y + 3x) 1 P 
8. x” is equal to : 
(c) 04(x) + bo(y + x) + O3(y + 3x) De + De + D3 — 3D,D.D3 
(d) (cy + cgx) e* + cge* fa) 4° xo xo xo 
a) — —— EC): — aaa 
2. The complementary function of log s = x is : 12 120 60 80 
(a) o,(v) + voo(y) (b) (x) + x9(x) 9. The solution of (D? — 4DD’+4D’) z=Ois: 
(c) (x) + daly) (d) O(x) + yoa(x) (a) (cy + ¢px) e* (b) cye* + cye™ 
3. The auxiliary equation of 2r+ 5s + 2t = Ois : (c) (y+ 2x) + do(y + x) 
( 


d) 6,(y + 2x) + xdo(y + 2x) 
10. The solution of (D° — 3D2D’+2DD”) z = Ois: 


(a)2m2+5m+2=0 (b)2m2+5m-2=0 
(c)2m2-5m4+2=0 (d)2m2-5m-2=0 
1(Y) + 9(x) + O3(y + x) 


(a) 
4 4 = s 
4. The roots of A.E. of (D* —D’") z = Oare: (b) dy(v) + do(y + x) + o3(y + 2x) 
( 
(d) 4 ( 


(a) 1,1,1+i,1-i (b) 1,-1,1+i,1-i c) 6, (v) + b9(x) + O5(y + 2x) 
(c)1,1,+i (d)1,-1+i d) o4(x) + do(y + x) + 3(y + 2x) 
D: The solution of the differential equation r2-s*=0 11. The roots of ALE. of 
es (D* - 2D°p’+2DD* -D*) z = Oare : 
(a) 0)(y + ix) + b9(y—ix) (b) cye* + coe * (a).11,-1 (b)1,1,2-1 
(c) (cy + Cox) e* (d) (y+ x) + d9(y— x) (c)1,2,-1,-2 (d) 1,1,1,1 
6. The particular integral of (D2 _ a2D’*) z=x~is: 12. The PI. of the differential equation r-t=x-vyis: 
( x (o) = 1% = p=! 
12 6 : : : 
as (a) = (c) > Oar 
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13. 


14. 


1S. 


16. 


alive 


18. 


19. 


20. 


21. 


22. 


23. 


The PI. of 4r — 4s + t = 16log (x + 2y) is 
(b) 2x log (x + 2y) 


(d) 2x? log (x + 2y) 


(a) x? log (x + 2y) 
(c) x log (x + 2y) 
1 


The value of —_-__~_ e*" is: 
2p? = pp=3p" 
x-y x-y 20x-y y-x 
ts) e (b) xe A x“e (d xe 
5 5 5 5 

The particular integral of r — 2as + a’t = =f (y+ ax)is 
(a) fly + ax) (o) Sees 
ie xf(y + ax) (d) x2f(y+ ax) 

2 2 
The Pl. of r+ s—2t =(2x+ y)!/7 is 
(a) (2x + y/2 (b) (2x + y)/? 

15 15 

5/2 7/2 
2 

(c) (2x + y) (a) | x + y) 

15 15 
The roots of A.E. of (D? -7DD’*-6D’”?) z = Oare : 
(a) 1, 2,3 (b) -1,-2,-3 
(c) -1,2,-3 (d) -1,-2,3 
P.l. of r+ s—6t = ycosx is: 


(a) cosy—xsiny (b) cosy+ ysinx 


(c) sinx — ycosx (d) sinx + x cosx 


——— e* is equal to: 
D* —DD’-2D’ 

(a) e* (b) xe* 

(c) ye* (d) (x + y) e* 


The solution of p + q= sinx is: 
(a) 6 (y—x)—cosx 


(c) 6(y—x) + cosx (d eae ace 
The solution of (D —mD’-k) z = Ois : 
(a) eo (y+ mx) (b) eo (y—mx) 
(c) eo (y—mx) (d) eo (y+ mx) 
The solution of (D ap) z=Ois: 
(a) (y+ x)+ ba(x) —(b) BAe x+y 
(c) Oy + x) + oa(y) (d) ZAe™*hY 
The value of 1 x is 
(D — D’—1) (D — D’—2) 

x+3 2x+3 
(a) 5 (b) 

2x -3 x-3 
(c) a (d) ae 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


The solution of s+ p—q=Ois: 
(a) e* oy (y) + e% a(x) (b) eX y (x) + ealy) 
(c) eX dy (y) +e Pba(x) — (d) e* (x) +e a(y) 


The P.I. of (D* —D’) z = 2y-x" is: 


(a) xy (b) xy (ce) xy (d) x+y 
to 
sin x is equal to : 
D+D’ 
(a) -sinx (b) cosx 
(c) —cosx (d) sinx 


The P.I. of (D2? + D3 + D3-3D,D,D5) z = -3xyz 


is : 


2 2 2.2.2 
xXUZz xyz x“yz x*y°z 
a b c) (d) 
(a) : (b) - ( : 3 
The value of 4+ __x + y)is 
D* + 3DD’+2D’ 
(a) +9)? (o) Xt 9 
18 36 
2 
(c) (x+y) (d) None of these 
36 
The value of ar 12xy is : 
D* — 2DD’-15D’ 
(a) xt 4 2x%y (b) x34 2x4y 
(c) xt + 2xy? (d) None of these 
The value of —-__ e* +9 provided f(a, b) # Ois: 
(D, D’) 
1 eaxtby b 1 eatb 
f(—a, — b) f(a,b) 
(c) 1 et +b" (d) 1 extby 
f(a, b) f(a, b) 
The P.I. of (D? — D’*-3D + 3D’) z = e***9 is : 
(a) extey (b) xex t2y 
(c) —xe*t2¥ (d) None of these 


The auxiliary equation of xert 2xys + yt = Ois: 


(a) (D—D’) (D-D’-1)z=0 
(b) (D—D’) (D—D’+1) z=0 
(c) (D+ D’) (D—D’+1)z=0 
(d) (D+ D’) (D+ D’-1)z=0 
The PI. of x 2r— yt =xvis: 
(a) xy (b) Xlogx 
y 
(c) xye* (d) xylogx 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


The P11. of x?r—y"t+ px — qy = logx is: 


3x 3 

(a) (p) Coast 
(logx)* 4 e& 
(o) ar (a) — 


The solution of x?r— yt = Ois: 


(a) d6ev) + xtoby) ——-(b) ey) + 0,2) 


(c) (xy) + xo( 2) (d) 6; (xy) + v0o( 2) 


If z = DAe™*Y be the solution of (D?—D’)z =0 


then : 
(a) h? =k (b) h=k? 
(hh sk (d) h=k 
2 2 2 
The equation x? 2 ; + i 5 + y? : 5 =0 can 
ox oy oy 


be reduced into linear equation with constant 
coefficients if we substitute : 
(a)x=X+hy=Y+k (b)x=e%,y=e" 

(c)x =logX,y=logY (d)x= eX y= ez 

The solution of r— at = Ois : 

(a) cye™ + coe ™ 

(b) )(y + ax) + xdo(y + ax) 

(c) Oy(y + ax) + oly — ax) 

(d) (cy + cox) eo ™ 


The roots aA.E. of r+ (a+ b) s+ abt = xyis: 


(a) a, b (b) a,—b 
(c) -a, b (d) -a, —b 
The value of {-4n (x? { y’)} is: 
Dep" 

(a) -2x?y? (b) -2n?x?y? 
(c) -2nx*y" (d) -21xy 
wou (ax + by) is equal to : 

r r+1 
(a) ~— ¢lax + by) (b) ~— o(ax + by) 

r+1 r+1 
r+1 
b a b 

car aaa Vy) idan 1) 


The solution of r+ t = Ois: 
(a) (y+ ix) + bo(y —ix) 

(b) o)(y + x) + O9(y —x) 

(c) o(y—x) + b9(y - x) 

(d) o,(y + ix) + xb9(y —ix) 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


1 


The value of ———______ 
(D2 — 5DD’+4D’”7) 


sin (4x + y) is : 
(a) cos (4x + y) (b) —F cos(4 +5) 
(c) ~ 3008 (4x + y) (d) ~ 00s (4x + y) 


(x,y) is equal to : 


D-mD’ 


(a) Jol, a—mx) dx (b) Jolx, a+mx) dx 
(c) Jolx, a—my) dx (d) Jo (x, a+ my) dx 
The solution of (4D? + 12DD’+9D””) z = Ois : 


(a) 0(2y + 3x) + $9(2y — 3x) 

(b) 0,(2y — 3x) + xd9(2y — 3x) 

(c) e** )(2y) + e* 9 (2y) 

(d) [;(2y) + x5(2y)] e** 

The P.I. of r+ 3s+ 2t = 6(x + yjis: 


(a) 3xy — 2x2 (b) xy — 3x? 

3 
() oP (d) 3x2y- 2x3 
The value of o(ax + by) is : 


(bD — aD’)? 


2 
(a) ~So(ax+ by) (b) 6 (ax + by) 
2!b b 


x? x? 
(c) *o'ax+ by) (d) ~, 0"(ax + by) 
2! b 2! b 


o (x + y) is equal to : 


(D-D’? 

(a) ~o(x+ y) (0) g(x-+y) 
2 2 
x3 x 

(c) “Fo 9) (d) 50+ 9) 


The P.I. of r— 2s + t = sin (2x + 3y) is: 


(a) 2sin (2x + 3y) (b) i (2x + 3y) 


(c) zn (2x + 3y) (d) —sin (2x + 3y) 


The P.I. of r+ s— 6t = ysinx is : 
(a) -ysinx + cosx (b) —x siny—cosy 


(c) -ysinx —cosx (d) —xsiny + cosy 
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51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


j 7 D) (e%*¥ V) is equal to : 
(a) extby 1 oy (b) extby 1 oy 
f(D, D) f (a,b) 
(c) Vert by 1 
f (D,D’) 
(djemtoy 
f(D + a,D’+ b) 


Ifz = Ae®+t'¥ be the solution of 


(2D* — 3D2D’ +D”“) z = Othen: 


(a) h=k? (b) k = h? 
(c)h=-k (d) h=k 
1 


—_________cos (x + 2y) is equal to : 
2 
(D* —DD’+D’-1) 


(a) 5c (oc + 2y) (b) ~3sin (x + 2y) 


(c) 7 (x + 2y) (d) 5.08 (x + 2y) 


The complementry function of 

(D? — DD’-2D” +2D + 2D’) z = xyis: 

(a) (y+ x) + e* oly + 2x) 

(b) o)(y—x) + e* daly + 2x) 

(c) &(y—x) +e o(y + 2x) 

(d) 0,(y + x) + &* daly + 2x) 
1 


The value of eX is: 
D* =D" 40482 
1 ox-y 1 x-y 

a) —e b) -=e 
(a) Fi (b) A 

1 x-y 1 ox-y 
c) -~e d) =e 
(c) G (d) G 
If x Ae!™+*Y be the solution of (D? — DD’-2D) z = 0, 
thenk: 
(a) h (b) h-1 (c) h-2 (d) h-3 
The roots of A.E. of r+ s—6t=0 are: 
(a) -2,-3  (b) 2,3 (c) -2,3 (d) 2,-3 


The solution of r-s+ q-—z=0 is: 

(a) d,(y) + Ee“ doly + x) (b) eX Gy (x) + E* baly — x) 
(c) e* dy(y) + e* do(y + x) (d) eX Oy(y) + e* aly + x) 
The P.I. of (DD’+aD + bD’+ab)z = e”™*" is : 


( ) emxtny emtny 
a ae 
mn+ ab (m+ n)(a+ b) 
mx+ny mx +ny 
(c) = ___ (a) © 


(n+ a) (m+ b) (m—n) (a— b) 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


If ZAe*+Y be the solution of (D?—D’-1)z =0 


then : 
(a)k =h+1 (b)k =h?-1 
(c)k =h-1 (d)k =h? +1 
eee eee is equal to : 
(D? — DD’+D’-1) 
(a) —xeY (b) xe¥ 
(c) —ye* (d) None of these 
= bt is equal to : 
(D2 — DD’+D’-1) 
ev x -yexY 
a b 
(a) - (b) 5 
(c) ax? aux (d) Yo o-x+y 
2 2 


e** +3 is equal to : 
(D? + DD’-2D”"+2D + 2D’) 


(a) 2x +39 (b) _1 g2x+3y 
8 6 
(c) 1 o2x+3y (d) _ 1 y2x+3y 
10 10 


The PI. of r-s+ q-—z =sin (x + 2y) is: 


(a) 308 (x + 2y) (b) ~3sin (x + 2y) 


(c) 58 (x + 2y) (d) None of these 


—,—_x*y is equal to : 
(D* — D’-1) 


(a) x2 —y*-2y+4 
2 


(b) x2 + y*-2x + y+4 


(c)x +x?yt 2y+4 (d) x*-x?y—2y+4 


If Ae!™**Y be the solution of r—s+ 2q—z then: 


2 
jen" Gee 
2-h 2-h 

2 

jgge ten gee" 
2-h 2-h 


The general solution of (D — ap = 1)z=0is: 
(a) 5 AelZkth) xtky (b) x Ael2k” -1) x+ky 


(c) ¥ Ael2k-1) xtky (d) y Adel 2k +1) xtky 


_ og, — x) is equal to : 

(D? -D’) 

(a) xy-y (b) xy? —y 
2 

(c) yx —y? (d)¥ -x 
x 
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69. If ZAe™tkY be the solution of (D*—4DD’ (c) 2 + y32 (d) -y2(x + y)3/2 
+D-1)z=0, thenk =: 
he 4 2h-1 pane 76. The PI. of (D? + D”) z = 30(2x + y)is: 
(a) ————_ (b) (2x + yj? 
ss (a) (2x + y)° (a 
(c) he -4h+1 (d) None of these 3 . 
2h (c) oe (d) None of these 
70. The P.l. of x*r- yt + px -qy= (logx)? is : 
3 Th, cosmx sin y is : 
(a) logx (b) (logx) p? + pb” 
6 6 cm cos (mx + ny) + cos (mx — ny) 
(c) Hoax)" (a) “oax)* (m+n) 
6 12 (b) £08 (mx + ny) + cos (mx — ny) 
71. 1 fx, y= (m2 + r2) 
(D—mD’) i cos (mx + ny) + cos (mx — ny) 
(a) [ f(x, e—mx) (b) f fle, e—mx) 2 (m2 +n?) 
(c) J fl, c+mx) (d) J fl, mx) (d) None of these 
2 , 72 —_ 3 4 ‘* 
7. ThePishiees nai: 78. The = of (D a +D’*) - x° is: . 
(a) log (x + y) (b) eX *¥ : (a) (b) (c) (d) 
10 20 5 15 
(c)x+y qe ; 
1 ae 79, 7 —______(x+ 3y)"/? is: 
73. saa is equal to : (D* — 4DD’+3D"*) 
D°—D’ 
. 8 63.6 (a) + 3yl? (b) + 3)? 
y : icons Le or : TET - ras 
Set ee (c) G+ 39"? (a) & +31? 
XV Xx d) xy 4 x 60 120 
10080 120 10080 T 
80;  —__ ne igi 
74. The PL. of (xD? - 2D”) z = x2yis: (D? + 6DD’+D”) 
er 2 2 ae x 
(a) ae (b) xy (c) yx (d) ar? Bie (b) “¢ 
al 1/2. . 
78. D? _ A4D2D’+5DD’2-2D’”3 (x ." y) "= equal a (c) (x + y) e* (d) ye 
2 
(a) jeer we? (b) ere? 


MULTIPLE CHOICE QUESTIONS 
1. | (b) | 2 | (c) | 3. | (a) | @ | @) | 5. | @) | & | (a) | 7. | (| 8. | (b) | 9. | (dd) | 10. | (b) 
11. | (a) | 12. | (a) | 13. | (a) | 14. | (b) | 15. | (a) | 26. | (c) | a7. | (a) | a8. | (c) | 19. | (c) | 20. | (a) 
21. | (d) | 22. | (b) | 23. | (b) | 24. | (c) | 25. | (b) | 26. | (c) | 27. | (d) | 28. | (b) | 29. | (a) | 30. | (a) 
31. | (c) | 32. | (a) | 33. | (a) | 34. | (b) | 35. | (c) | 36. | (a) | 37. | (b) | 38. | (c) | 39. | (a) | 40. | (c) 
a1. | (c) | 42. | (a) | 43. | (c) | 44. | (a) | 45. | (b) | 46. | (a) | 47. | (a) | 48. | (b) | 49. | (d) | 50. | (c) 
51. | (d) | 52. | (b) | 53. | (c) | 54. | (c) | 55. | (b) | 56. | (c) | 57. | (b) | 58. | (a) | 59. | (c) | 60. | (b) 
61. | (a) | 62. | (a) | 63. | (a) | 64. | (c) | 65. | (d) | 66. | (a) | 67. | (d) | 68. | (c) | 69. | (b) | 70. | (a) 
71. | (a) | 72. | (b) | 73. | (a) | 74. | (a) | 75. | (b) | 76. | (a) | 77. | (c) | 78 | (b) | 79. | (c) | 80. | (a) 
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HINTS AND SOLUTIONS 


10. 


12. 


Given differential equation is 

(D3 — 4D?D’ + 3DD’) 
or (D?-3D*D’ — DD’ + 3DD”) 
or [D*(D-—3D’)-DD’(D-3D’)]z =0 
or D(D-D’)(D-3D’)z=0 
so its solution is 6)(y) + do(y + x) + 03(y + 3x) 


z=0 
z=0 


Given logs = x > Ss 
dxdy 


i.e. DD’= x 
So CLF. is (x) + 9(y) 


Given (D* —D’*) z=0 
AE. ism* -1=0 
=> (m?+1)(m2-1)=0 


i.em=1,-1,i,-i 


PI. is 


3 3 
— 14 P2423 5 
Dp Dp Di 


Given differential equation is 
(D° - 3D2D’+2DD”")z = 0 
D (D* —3DD’+2D”")z = 0 
or D (D—D’) (D— 2D’) z=0 
so its solution is 

2 = (Y) + bo(y + x) + b3(y + 2x) 
a°2 0°z _ 
ax? ay” 


(x — y) 


Given that r—t = 


x-y 


so its PI. is pepe 


022 14. 
x 


16. 


x 
De 4D? + De -—8D,DD. 18. 


20. 


D2 
1 e x?y 
oe 
De! y) 3 
1 a 
2D? — DD’-3D” 
=e ? Al 
2(D+1)* -(D + 1) (D’-1) —3(D’-1)” 
_ ey 1 


d 
2D? — 3D’”2-DD’+5D + 5D’ 
pp’ 2p p’)- 
3 + + ail 


=e 1 
5D 5D 5 5 D 


1 
D? + DD’-2D” 
1 
442-2 
_ 15/222 _ uP? _ (2x4)? 
4 35 15 15 
a 
D* + DD’-6D” 
1 
= ycosx 
(D —DD’) (D + 3D’) 
1 
D—2D’ 


(2x + yl2 


fju?au du where u = 2x + y 


PI. is ycosx 


flat 3x) cosxdx where, y- 3x =a 


x? [asinx + 3x sinx + 3cosx] 
D-2D’ 


— 
2p" 


7 flle- 2x) sin x + 3cosx] dx where, y+ 2x = b 


[(y— 3x) sinx + 3x sinx + 3cosx] 


= —bcosx — 2 (—x cosx + sinx) + 3sinx 
=-ycosx + sinx 
(D+ D’)z = sinx 


CLF. is 6 (y—x) and PI. 1 sinx = —cosx 
D+ 


, 


So solution is z = @(y—x)-—cosx 
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22. 


23. 


25. 


21s 


Differential equation is(D -~D’) z=0 i:.(1) 
It has no factor so solution is z = = Ae™*' 

put in (1) we get (h— Ak”) ZAe™ tv = 0 

ie. h=k? 

So required solution is 2 Ae 


x 
(D — D’-1) (D — D’-2) 


kextky 


Tulion-\e -(x+3)= 
2 2 2 2 4 


(-3xyz) 


Dy + D3 + D2 =30;D,Ds 


3D,D.D3 


1 t De ps bs 


-1 
] (—3xyz) 
3D,D5..3D\Ds  3DiDp 


7 D,D2Dz3 


29. 


31. 


2 2 2 
[. Pig 2g 25 
8D.D,, 30,D. 8D,D, 
2.22 
= (xyz) =~ 4? 
DOD, 8 
a 
D? —2DD’-15D”” 


-1 
, 72 
7 at 2D’ 15D ] Lexy 


+ -| (xyz) 


_ 12x3y A 24x*4 
46 


1 ex ty 
D?—D’*-3D + 3D’ 
1 x+2y 
3(D—D’) 


~(D+D*)(D_D) 


34. 


36. 


38. 


39. 


1 ext2y 
(D + D’—3) (D- D’) 
1 extey = 
(D + D’-3) 


ext l Jl 
D+1+D’+2-3 
r\-1 
ay — — dee 21 >) 1 
+ , 
x+2y 14 = 


x+2y 


=e —xe 


,y=e and 


we get [D(D -1)-D’(D’-1)] z = e**Y 
(D—D’) (D+ D’-1)z =e**Y 
Pl. is 1 erXt¥ 1 e 
(D —D’) (D + D’-1) D-D’ 
_ ,X+Y 1 _ x+y 1, 
D+D’ 


X+Y 


D+1+D/’-1 


ei 
er t (1+ Z } 1= Xe**” = xylogx 
D D 


2 2 
20°2 grote gt wo 
ax? dy” ax dy 


Given x = logx 


x ¥ , 
putx=e*,y=e',D ayte ay 
we get [D(D -1)— D’(D’ DP -— 
(0° =-D-D“4D4D=D\z 
or (D—D’)(D+D’)z= 


i —— a, " 


(D2 —D’) D 


-1 
72 
D ] ¥ 
D2 

_ (logx)? 
D2 6 6 


If z = DAe™*"¥ be the solution of (D* — D’) z = 0 


then it satisfies so 


Aezehx thy — rkAel thy -0 
ie. h? =k 
v4 2 
Given = - eo = 
ox oy 
ie. D? -a’D’”*=0 


i.e. (D+ aD’)(D-abD’)=0 

So. C.F. is 0)(y + ax) + $9(y— ax) 
Given r+ (a+ b) s+ abt = 

AE. ism? + (a+b) m+ ab=0 


i.e. (m+ a) (m+ b) = Oorm =-a,—b 
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inear Partial Differential Equation of Second and Higher Order with Constant Coefficients 


40. 


43. 


46. 


49. 


53. 


55. 


58. 


61. 


By 2,2 
pepe (x* + y*)] 
1 
_ An 1 D? 2 2 
a: tog ey) 
4 p* 
--45/ = 2 + Jets 
4n( 92 2 2 _ 4n, 2 2 2 
iG +y 71] 3 (x + y~ —x*) 
ae ee 22 
ay T 21x “y 
1 . 
D?—5DD'¥4D” ae 
: sin (4x + y) 
(D-—4D’)(D-D 
-1 
= ————_cos (4x + 
3(D-y en TY) 
=~ 7008 (ax + y) 
1 6 (x+y) 
6(x+ y= 
D? + 3DD’+2D” (+349 3 
_ (xt ys 
3 
1 . 
np) - en) sin (2x + 3y) 
=—1__ sin (2x + 3y) 
(D-D’) 
= —4__[-sin (2x + 3y)] = -sin (2« + 3y) 
(2-3) 


1 


> cs (x + 2y) = 2 00s (x + 2y) 
(D* — DD’+D’-1) D 


, 


= p cos (x + 2y) = == Dies (x + 2y) 
D2 4 


al 2 
=+<sin (x +2 
( V) 
1 dt icy 
x-yY 
Depp espe 4 
Given (D? — DD’+D’-1) z = 0 
or (D —1) (D-—D’+1) z=0 
So its solution is z = e*,(y) + e “daly + x) 

1 ve 1 r 
D*-—DD’+D’-1 (D + 1) (D-1) -D’(D-1) 
= 1 v= -1 ev 

(D — D’+1) (D -1) D-D’+1 
1 1 


eY 1=-e’ i 
D—-(D’+1)4+1 D-D’ 


_ elt Zee 
D D 


64. 


66. 


68. 


70. 


U2: 


73. 


| 
D?—DD’+D’-1 


, 


=- ne sin (x + 2y) 


sin (x + 2y) = sin (x + 2y) 


De: 1 
= ——sin (x + 2y) = =cos (x +2 
i ( Vv) 5 ( y) 


If ZAe*+Y be the solution of (D2 — DD’+2D’—1) 


z = Othen it satisfied i.e. 
(h? — hx + 2k —1) DAe®tY = 


so h? — hx + 2k-1=0 
k (2—h) =1-h? 
2 
or keith 
2-h 
1 p? 
2y-x)= 2y-x 
oe Re ) i ar | ) 
2 
-- BeBe er-=-Ly— 
Dy? 
=~ (y? —xy) =xy-y? 
Given x?r? — y? + px — qy = (logx)” 
xX Y 0 nv O 
uiiExX =e"; e',D ,D we get 
p y 7 ges 


[D(D -1)-D’(D’-1)+ D-D’]z = X? 
or (D—D’)(D+D’)z = X” 


1 ne 
(D“ —D”) 
2 
1 1 D x2 1 x2 
D2 p2) D2 
_ X* _ (logx)* 
12 12 
Given s = e**¥ 
= 22 _ox+y 
oxdy 
ie. DD’= e**¥ 
So, PL. is gy =e*t¥ 
DD’ 
1 33. 1 Dp? 3.3 
D3_p? (1 > | ied 


= + 6x 
120 p§ 120 10080 
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7. 3 2 : Dona 
(D° —4D2D’+5DD’2-2p8) 
_ 1 
(D —D’)*(D — 2D’) 


ee x2 


(y+ x)? 


77. ap fosmx sinny 
D* + D" 


= rer al (mx + ny) 
+ 
1 
2(D2 + D”) 


cos (mx + ny) 


+ 


cos (mx — ny) 


2 (m2 + n?) 


cos (mx — ny) 
2 (m? + n?) 


—————_[cos (mx + ny) + cos (mx — ny)] 

2 (m? + n?) 

78. , : . xe = 1 5X 
(D* —2DD’+D’*) (D —D’) 


, -2 ts 
a= e >) xe = 1 (+3 Pale 
D2 D D 


3 


D2 
2 ise 
D2 20 
(8 =o) = aes 
(D? — 4DD’+3D’") 
— 1 _ ic 4. 35/222 
1-413+39 35 
5/2 
oe ie 3y)9!2 = (x + 3y) 
16x15 60 
80. 1 e= 1 ere 
D? + 6DD’+D” D* + 6DD’+D” 
1 


x x 


=—___e" =e 
1+0+0 


O00 
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Partial Differential Equations of Second Order 
with Variable Coefficients : Monge’s Method 


PARTIAL DIFFERENTIAL EQUATION OF SECOND 
ORDER 


1. 


If a partial differential equation contains at least 
one of the second order partial differential 
coefficients r,s, t but not of higher order is 
called second order PDE. Its general form is 


f(x,v,2,p,4,7,8,)=0 
After finding the general solution by usual 


method, the given geometrical conditions may 
be used to find arbitrary functions. 


CLASSIFICATIONS OF SECOND ORDER PDE 


1; 


Consider a linear PDE of second order in n- 
independent variables 
non 2 n 
= oe z i cna (1) 
i=1 j=1 OX;0X j i=1 Ox; 
Where aij, bj,c are constants or function of 
X14, XD,-0-5Xy 


p) a” 

Let 6&=-—— and 8$,-—~— 

‘ OX; - od OX;0X j 
non 

Consider, = X X aj 5,8; wnl2Z) 
i=1j=1 


Then partial differential equation (1) is 


Elliptic if is positive for all real values of 6; and 
it reduced to zero only when all 6; are zero. 


Hyperbolic if 6 can be both positive or negative. 


Parabolic if the determinant 


a4, Ayo .... Aty 
a a a 

Ae 21 22 2n =0 
Ant An2 Onn 


Consider a PDE of second order in two 
independent variables 


axdy ay” 


—, —|=0 (1 
ox oy (2) 


Where A is positive. 

Here o = AS? + BS,Sy + CS3 
So the equation (1) is 

(i) Elliptic if B? - 4AC < 0 

(ii) Hyperbolic if B? - 4AC > 0 
(iii) Parabolic if B? - 4AC = 0 


MONGE’S METHOD 


1. 


Consider Rr + Ss + Tt= V ..(1) 


Wherer, s, thave usual meaning and R, S, T, V 
are functions of x, y, z, pand q 


Then we have dp = P dx 4+ ep dy =rdx + sdy 
ox ov 


and dq= oq dx + ag dy = sdx + tdy 
ox oy 


as dp — sdy 
ds 


and t= 


ce Das put these 
dy 
values in equation (1) we get 
(Rdpdy + Tdqdx — Vdxdy) 
—S (Rdy* — Sdxdy + Tdx”) = 0 
So the Monge’s subsidiary equations are 
Rdy* — Sdxdy + Tdx” = 0 
Rdpdy + Tdqdx — Vdxdy = 0 ...(2) 
and dz = pdx + qdy 
It may be possible to obtain either one or two 
relations between x, y, Z, p, qcalled intermediate 
integrals. 
So we get general solution of (1). 


Consider Rr + Ss + Tt +U (t- s”)=V 
where, R, S,T,U, V are functions of x, y, z pandq 


Then A-quadratic equation is 
a2(UV + RT)+ ASU +U? =0 
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MULTIPLE CHOICE QUESTIONS 


1, 


The solution of S = Ois: 


(a) xf(x) + oly) (b) f(x) + yo (y) 

(c) xf(x) + yo (y) (d) f(x) + o(y) 

z = logx logy + f(x)+ 6(y) be the solution of : 
(a) xyt =1 (b) xyr =1 

(c) xys=1 (d) xyps = 1 


The solution of t = sinxy is : 
(a) z= 4 F(x) + oly) 


(b) z = BOY 4 )+ 0 (x) 
x2 


sinxy 


(c)z=- + f(x) + O(x) 


(d) z=- 4 uflx) + (x) 


The equation of surface satisfying t= 6x3y 
containing the two lines y=z =0,y=z=lis: 


(a) x°y° 
(c) xy+1- x3 


(b) xy + y (1-x°) 
(d) x8y3 + y (1-x°) 


The solution of xr = pis: 


(a) f(y) + o(y) (b ) fly) + o(y) 
(c) xf (y) + o(y) @ Ss u+ ou) 
The equation os oe a a Ois : 

ox ay” oz 
(a) Parabolic (b) Hyperobolic 
(c) Elliptic (d) Circular 

2 2 
The per ae =C ou is : 

at? ax? 
(a) Elliptic (b) Hyperbolic 
(c) Parabolic (d) None of these 


If z = (y+ x) + xbo(y + x) be the general solution 
of r+t-—2s=0 with bz= y? when x =0, then 


(x + y) is : 

(a) (x + y) (b) b(x + y)? 
2 

(c) 3 +y) (d) ane 


The solution of xr + Zp = Ois : 


(a) —xf(y) + 0 (y) (b) - 
(c) z =—fly)+ 6 (y) 


10. 


11; 


12. 


13. 


14. 


15. 


16. 


17, 


18. 


19. 


2 2 2 
The equation " ae, au ioe _ ae is 
at2 axdt = xs Ox 


hyperbolic if : 

(a)tx=1 (b)tx=0 (c)tk>1 = (d)tx<1 

The equation eo du au + u is parabolic if : 
ax? 

(a) x >0 (b) x <0 

(c)x =0 (d) For any value of x 


The solution of xr = (n—1) pis: 

(a) f(y) + x" (y) (b) x" + f(y) + o(y) 
(c) x"f(y) + o(y) (d) x"f(x) + o(y) 
The Lagrange’s equation for t+ s+ q=Ois: 
dx _dy_ dz b) & 2 WL dz 


1 -1= f(x)+z 1 1 f(x)-z 
(c) dx _dy_ dz (d) dx _dy_ dz 
1 1 f(x)+2 1 1 z-fi(x) 


The solution of r = 2y* is : 

(ajigax* i + xf(y) + Oy) 

(b) z= x7y* + fly) + yoly) 

(c) 2 = xy? + fly) + OW) 

(d) x7y* + xf (y) + voly) 

The solution of t+ s+ q=Ois: 

(a) e* = f(x) + yo(y) — (b) ze* = f(x) + yoy) 

(c) ze* = xf(x)+ yoly) (d) ze* = f (x) + o(x-y) 

vd 2 2 

The equation S + = + ~ 2 5p 
(b) Hyperbolic 
(d) Elliptic 


(a) Circular 
(c) Parabolic 


The solution of r = 6x is : 
(a) x? + xf (y) + O(y) 
(c) x? + xf (y) + o(y) 


The equation r = qis : 


(b) x3 + f(y) + yo (y) 
(d) z =x? + xf (y) + yo (v) 


(a) Circular (b) Elliptic 
(c) Parabolic (d) Hyperbolic 
2 2 
The equation t ou 2 Sand oa + ce is parabolic 
a Seat ax2 ax 
if : 
(a)tx>1 (b)tx<1 (c)tk=0 (d)tx=1 


P 


21. 


22. 


23. 


24. 


25. 


26. 


If z= )(2x + y)+ xb (2x+y) be the general 
solution of r—4s+4t=0 with z=x=0O and 
z-1l=x-—y=Othen o9(y + 2x) is equal to : 


(a) 2x+y (b) 3 (2x + y) 
(c) -3 (2x + y) z 
2x+y 


The Lagrange’s auxiliary equation for p+r+s=1 
is : 


is) dx dy _ dz 

x  y x-z+t fly) 
(b) dx _ dy | dz 

1 1 x+y+ f(z) 
(c) dx _ dy _ dz 

x yo x+y fz) 
(d) dx _ dy _ dz 

1 1 x-z+ f(y) 


The Lagrange’s auxiliary equation for s —t = 5 is: 
y 


i) dx _dy_ az (b) dx _dy_ dz 
1 -1 fl -* -1 1 x 
y y 
(c) dx _dy_ dz (d) dx _dy_ dz 
1 -l zt f(x) -1 1 x — f(z) 
y 


2 2 2 
The equation . + : : : . : ce 
ax* dy~ dz* c* ot 

(b) Parabolic 

(d) None of these 


2 2 
The equation x? ae 


Ois : 


(a) Elliptic 
(c) Hyperbolic 


——+uis hyperbolic if : 
at? ax? 
(a)x>0 (b)x <0 
(c)x =0 (d) For all value of x 


The solution of ar — xy = Ois : 


2 

(a) az = as + fly) + voly) 
3 

(b) az = + xf(y) + o(y) 


(c) az = xy + xf(y) + o(y) 
xy 
(d) az = ce + f(y) + o(y) 


2 
The differential © equation qr nyo 
ox 


2 2 
+2 pay = a y? a 0 in the second 
axdy ay" 


quadrant is : 


21. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 
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20. 


(b) Parabolic 
(d) Elliptic 


(a) Circular 
(c) Hyperbolic 


The differential equation xuy+ tu,,+uy =0 is 


hyperbolic if : 
(a) t2 > 4x (b) t? < 4x 
(c) t? = 4x (d) None of thse 


The solution of 2qy+ yt -1=O0is: 
(a) yz = xe* — f(x) + yd (x) 

(b) yz = e* — f(x) + O(x) 

(c) z = ylogy— f(x) + oy) 

(d) yz = ylogy — f(x) + yo(x) 

The solution of q+ xs — 4x — 2y = 2is: 
(a) 2x7y + xy” + 2xy 

(b) 2x7 + xy” + Qxy + f(x) + O(y) 

(c) 2x?y-+ 2xy + flx) + yoy) 

(d) 2x?y+ xy” + f(x) + oly) 

In reducing the equation r = xt to canonical form 
choose u and v such that : 


(a)u=y+x,v=y-x (b)u= +x us = 
y y y 9 y 9 
2 2 
(c)u=~ +y,v= is 
2 " 2 
2 2 
(d)u=x+2,v=x S 


In reducing the equation r+ 2s + t = Oto canonical 
form choose u and v such that : 


(aju=x-yv=x+t (b)u=x—-Yvaxt 

y y 9 9 

x x x-y x+y 
c)u=—-yv=—+ dju= ,v= 

(c) 5 a (d) 5 7 


The equation x uy + 3uyy + nu,, +17u,—100u = 0 


in third quadrant is : 


(a) Parabolic (b) Elliptic 


(c) Circular (d) Hyperbolic 
Z iz 2 
Thecausione ” ee bey ie : 

at? dxdt at? 


=Ois parabolic 
if: 

(a) t2> 4x (b) t?< 4x (c) t? > 2x 
The solution of S = e** is : 

(a) eX*¥ + f(y)+ O(x) — (b) eX TY + xf (y) + (x) 


(c) eX*¥ + fly) + x(x) (d) eX TY + xf(y) + yo (x) 


(d) t? = 4x 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


In reducing the equation r+ xt = 0 to canonical 


form choose : 
2 2 


(a)u=yt+~,v=y 
2 2 


(b) u=yt+ixv=y-ix 
(c)u=y+tix?,v = y-ix? 


i222 ue 
Areagu © ix 
(d)u=y - 


In reducing the equation x?r— 2xys + yt —xp 


Byq— = 0 to canonical form choose u and v 
x 


such that : 


(a)uU=xy,v=x-y 
(c)lu=x+y,v=x-y (d)u=x+t+iy,v=x-—iy 


To find Monge’s subsidiary equation, ris equal to : 


(a) dq-sdx (b) dp — sdy 
dy dx 

(c) dp + sdy (d) dq+ sdx 
dx dy 


One of the Mong’s subsidiary equation of r = a’tis : 
(a) dpdy + a’dqdx =0 (b) dy? + a*dx = 0 

(c) dy? - a’dx = 0 (d) dpdy+ a*dq=0 

In reducing the equation (y—-1)r -(y? -lI)s 
t+y(y-l t+p-q= 2ye** (1 y)? to canonical form 


choose u and v such that : 
(a)u=x+y,v = ye (b)u=x+yv=x-y 


(c) u = xe’,v = ye* (d) u = xe*, v = ye? 


One of the Monge’s subsidiary equation of 
t—rsec# y = 2qtanyis: 

(b) dx — dysec?y =0 

(d) dx + dycosy = 0 


(a) dx — dytany = 0 
(c) dx + dy tany = 0 
The Monge’s subsidiary equation of pt — qs = q is: 
(b) dy+ pdx =0 

(d) pdx — qdy = 0 


Monge’s subsidiary equation of (r—s) y+(s—t) x 


(a) dx + pqdy = 0 
(c) pdx + qdy = 0 


+q-p=Ois: 
(a) xdy — ydx = 0 (b) xdx + ydy = 0 
(c) dx + dy=0 (d) None of these 


The Monge’s subsidiary equation of a“t(rt - s”) =0 
is: 

(a) dq+ adx = 0 
(c) dp —ady = 0 


(b) dp + ady =0 
(d) None of these 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


ol, 


52. 


53. 


54. 


The equation r+ t = Ois: 


(a) Parabolic (b) Hyperbolic 
(c) Circular (d) Elliptic 

3 3 
az =~ V4 = + xf(y) + o(y) be the solution of : 
(a) r = 2axy (b) ar = xy+ 2x 
(c)ar=xyt+y (d) ar =2x+y 


The solution of sy + p = cos (x + y)— ysin (x + y)is: 
(a) yz = ysin (x + y) + f(x) + g (y) 

(b) yz = sin (x + y) + f(x) + g (y) 

(c) yz = cos (x + y) + f(x) + gly) 

(d) None of these 


To find Monge’s subsidiary equation is equal to : 


(ay dq-sdx (b) dq+ sdy 
dy dx 

ie) dq-sdy (d) dq+ sdx 
dx dy 


One of the Monge’s subsidiary equation of 
2 


r—tcos“x + ptanx = Ois: 
(b) dy—cosxdx = 0 


(d) dx + cosxdy = 0 


(a) dx — cosxdy = 0 
(c) dy+ cosxdx = 0 


Monge’s subsidiary equation of pt — qs — q° = Ois: 
(a) pdq—q°dy=0 ——(b) pdq—q°dy = 0 


(c) pdq— qdy = 0 (d) pdx — qdy = 0 
Monge’s subsidiary equation of (r—s) y+(s—t) x 
+q-p=Ois: 

(a) dy-—dx =0 (b) xdy + ydx = 0 

(c) ydy —xdx = 0 (d) xdx + ydy = 0 


Monge’s subsidiary equation of (q+ l)s—(p +1) t=0 
is: 


(a) pdq=0 (b) (p-1) dq=0 
(c) (q—1) dy+ (p—1) dx =0 
(d) (p+ 1) dq=0 


The A” quadratic equaton of rt — S?+1=0is: 


(a) 47+1=0 (b) 27 -1=0 

(c) 7+2=0 (d) 2-2=0 

The A quadratic equation for 2st (rt — s*) =lis: 
(a) 4? -204+1=0 (b) 7 -1=0 

(c) 2+ 24+1=0 (d) a2 -21-1=0 


The A quadratic equation for 5r+ 6s+ 3t 
+2 (rts?) +3 = Ois: 
(a) 40? + 44+1=0 

(c) 992-1244 4=0 


(b) 422 4. +1=0 
(d) 942 +1244 4=0 
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55. The Monge’s subsidiary equation of (x+ y)(r—t) 60. TheLagrange’s auxiliary equations for r+ s = lis: 


+4p =O is: ikede—@ = Okage. 
(a) dy-dx =0 (b) dy—xdy =0 x + f(y) f(y) 
(c) ydy-dx = 0 (d) ydy - xdx = 0 Pott. Giada 2 

x — f(y) x —(y) 


56. The Monge’s subsidiary equation of ar — 2pqs 
61. The as of r= sinxvis: 


+p*t = Ois: 
(a) —cos*? % + yfly) + (x) 
o 


(a) ydx —xdy = 0 (b) qdpdx + pdqdy = 0 


dx — pydy = 0 : 7dqdx = 
(c) xqdx — pydy (d) q°dpdy + p“dqdx = 0 (b) — SY + afly ) + o (vy) 
yv 


57. |The Monge’s subsidiary equation of 2s + (rt — s’) =1 
(ic sin ee 


is: + uf (y) + O(x) 
(a) dy+ dp =0 (b) dx -dq=0 


xy 
(c) xdx —dq = 0 (d) dx — qdq= 0 (d) ea + xf(y) + 0 (y) 
58. The Monge’s subsidiary equation of r—2s+t 


2 gintaes avis 62. The solution of t = xyis : 


3: 3 
(a) dy+dx =0 (b) dy + xdx = 0 (a) ~2-+ f(x)+ oly) (b) 2+ xf(x) + oly) 
id-detody=0 (aienecnde=0 - = 
59. The A quadratic equation of r— xt = Ois : (c) = + xf(x) + o(x) — (d) + yf(x) + o(x) 
(a) 27 +x? =0 (b) A2-x? =0 
(c) 42 4+.x74+2=0 (d) None of these 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1. | (d) | 2 | () | 3 | (b) | 4 | a) | 5. | (a) | & | (| 7 | (b) | & | id) | 9 | (b) | 10. | (a) 


11. | (c) | 12. | (c) | 13. | (b) | 14. | (a) | 15.) (d) | 16. | (b) | 17. | (a) | 18.) (c) | 19. | (d) | 20. | (a) 


21. | (d) | 22. | (a) | 23. | (b) | 24. | (a) | 25. | (b) | 26.) (c) | 27. | (a) | 28. | (d) | 29. | (b) | 30. | (c) 


( 
( 
(b) 
31. | (a) | 32. | (d) | 33. | (d) | 34. | (a) | 35. | (d) | 36. | (b) | 37. | (b) | 38. | (c) | 39. | (a) | 40. | b) 


41. | (c) | 42. | (c) | 43. | (b) | 44. | (d) | 45. | (b) | 46. | (a) | 47. | (a) | 48. | (b) | 49. | (a) | 50. | (c) 


51ey|| (cd) (5225) (b) \RSSam) (c) R54) (dc) S58) (a) S6sq (cd) R5zem) (b) RS8em)| (a) |S9om| (b) GO) (a) 


61. | (b) | 62. | (d) 


2 2 
ji eg ee Ler 
axdy ay? 
Integrating w.r.t. y we get a = f(x) Integrating w.r.t.y, taking x as constant 
x 


dz -cosxy 
Again integrating w.r.t. x we get oy =-—— +f lx) 


Z= J flxddx + (y) 
or z = f(x) + o(y) Z= a , tuf(x) + y (x) 
x? 


x 


Again integrating w.r.t. y we get 
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4. 


10. 


Given that t = 6x°y with y=z=0, y=z=1 


i.e. 2 = 6x°y, integrating w.r.t. y we get 
Y 


q= % = 3x3? + fly 
oy 
Again integrating w.r.t. y, 
2 =x9y9 + yflx) + o(x) zal) 
Putting y = 0, z = 0, in (1) we get o (x) =0 
and putting y = z = Lin (1) we get 
1#x3+ f(x) + olx) 
= flx) =1-x 
so by (1) we get the required surface i.e., 
Zz = x3y3 4 y (1-x?) 
2 2 2, 
Given 74 + 0 
ox oy” az 
So o= Ss + ss + S Here is +ve for all real 


values of S,, So, S3 and it reduces to zero only when 
S, = Sp = 83 = 0. Hence it is elliptic. 
Given equation is u =? ou 
at? ax” 

Here, A=C,B=0,C=-1 
So, B?-4AC= 04 4C? = 4C’> 0 soitis hyperbolic. 
Given r—2s+t=0 
= (D*-2DD’+D)z=0 

(D-D?z =0 
So its solution is 


Z = o,(Y+ x) + xbo(y + x) 


2 
Putting x = 0,z =r oWe get 
vga 
E b 


02u ou au du 
t—_ + +x + 

at? axdt = x2 Ox 
Here, A=t, B=2,C=x 
So B? - 4AC = 4- 4tx 


It is hyperbolic if B? — 4AC> 0 
= 4-4tx>1 


i.e. tx<1 


12, 


13. 


15. 


16. 


es 
ax? _n-1 
(02 x 
Ox 


Integrating we get log =(n—-1) logx + logf(y) 
x 


Given differential equation is 


or 92 _ xmlyly) 
ox 
Again integrating w.r.t. x we get 
n 


a “Fv + yy) = x"o(y) + wly) 


i.e. “= 
ax? dxdy ay 
: ag, ab , a 
oy dy oy 
Integrating w.r.t. y we get 
q+ p+z= f(x) 


ie, p+qz=f(x)-z 
so Lagrange’s equations are 
dx _dy_ az 


Given thatt+s+q=0 

oq + op + oz =-0 

oy oy ay 

Integrating w.r.t. y q+ p+ z = f(x) 


or 


or = p+ q= f(x) -2 
So Lagrange's equations are 
dx _ dy __ de 
1 1 f x) 72 


By first and second member we get x -y = 9 
By first and last members we get 


—-+2=f 


dx I 


So its IF. is ee 
Solution is ze* = fev stx) dx + b= (x)+b 


=e 


ie,  ze~ =o(x)+w(x—y) 


2 2 2 2 
Given tha? 4 24 Oe ee 
ax? dy az*_C” at? 
oe eB. 62. Te 9 
So o=S SSS“ ge 


So may be both positive or negative. Hence the 


equation is hyperbolic. 


artial Differential Equations of Second Order with Variable Coefficients : Monge’s Method 


18. 


20. 


22. 


23. 


26. 


Given r = q 

2 oe | 
ax? oy 
Here, A=1,B=0,C=0 
So B?-4AC = 0-0=0 


i.e., 


so equation is parabolic. 


Since z = 6)(y + 2x) + x d9(y + 2x) be the solution of 
given differerntial equation 


put z =x =0 we get (y+ 2x) =0 
and putz-l=x-y=0 
we get (y+ 2x) + xo(y + 2x) =1 


: 1_ 3 3 
Solving these o.(y+ 2x) =— =— = 
: ad x 3x 2xt+y 
Given s—t 5 > Ce 5 
y oy oy y 


Integrating w.r.t. y we get p—q=—~ + f(x) 
y 


So its Lagrange’s equation is 


dx _ dy _ dz 
Pot * + fox) 
y 
Z 2 2 
Given that 244 94 au Leg 
ax? dy” dz? cc? at 
2 
Comparing Lay ou + Xb; du +cu=0 
OX jOX j Ox; 


we get a4 a99 a33 1, agg 0 


and all aq5 = OVi #j 


4, 42 3 q| |1 0 0 0 
Go| G2 S22 3 94 |_)9 1 9 0)_, 
931 439 433 434] |0 0 1 0 
ag, ago a43 agg 00 0 0 

Hence equation is parabolic. 
2 2 
Given x? +? 24 4 2(x-y) ay 
ax axdy 
2 
+x? +P £4 = 0 
oy 


Here A= x? + y*, B=Ax-y), C= x? + y? 

So, B? - 4AC = (4x? + 4y? — 8xy) - (4x? + 4y?) 
= -8xy 

In second quadrant x is -ve & y is +ve 


So B?—4AC>0 
i.e. hyperbolic. 


28. 


30. 


32. 


34. 


35. 


Given differential equation is 2yq+ yt =1 


2 
i.e. 2y— + y*°—— = 


Integrating w.r.t. y we get y? = y+ f(x) 
Y 


dz _1, flx) 


yoy yy 
Again integrating w.r.t. y, z = logy— 1 x) + (x) 
y 


or yz = ylogy — f(x) + yd(x) 

The given equation is r -x*t=0 

Comparing it with Rr + Ss+ Tt+ f(x,y,z,p,q) = 0 

We have R = 1, S= 0, T =-x? 

So quadratic equation R22 + SA+ T = Obecomes 
07 -x? =0 

= N=x,-x 


So we get Y +2, =0 and ce ee 
dx dx 


dy +x =Oand dy 
dx dx 


i.e. x=0 


x? x 
Integrating y + oi =constant and y — 7 =constant 
2 2 

So, x = +~ andu= = 

2 , 2 
Given that x?uy + 3u,t + x4,, + 17ut-100u = 0 
Here, A=x2,B =3 C=x 
So, B? - 4AC = 9- 4x3 
In the third quadrant x is —ve so B?-4AC>0 
i.e. it is hyperbolic. 


S= a2 =exty 
oxdy 


Integrating w.r.t. y we get ba =eXT¥ 4+ f(y) 
x 
Again integrating w.r.t x we get 
z=e*"¥ + xf(x) + fly) 


or z=eX*¥ + o(x)+ fly) 


Given that r + x*t = 0 
Comparing with Rr + Ss + Tt + f(x,y,z,p,q) =0 
and Letting Ri? + Si+ T =Owe get 
24x? =0 
> N=t ix 
dy dy 


so—*+ix =O and 
dx 


-ix =0 


& 
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38. 


40. 


42. 


45. 


2 


or yt a = constant 
ix? 
and y- oe = constant 
2 2 
So, u=y+ ,v=y = 


2 


Given that r = a“t 


We know dp = 2 tye + ® ay = rdx + sdy 
ox oy 


dq= me eee OO aij = sdx + tdy 
ox oy 


_ dp-sdy andes dq -— sdx 


So, r 
dx dy 


Put these values in given equation we get 
dp-sdy _ ( dq-sdx ae 
dx dy 


or (dpdy — a@dqdx) — s (dy” — adx) = 0 


So Monge’s subsidiary equation is 


dy” — a’dx? = 0 
and dpdy - a°dqdx = 0 
Put r= SPS and = 44-88 in given equation 
dx dy 


t—rsec* y = 2qtany we have 
[dqdx — dpdy sec* y— 2qtan ydxdy] 
=¢{dx* = dy” sec# yl 


So Monge’s subsidiary equation is dx — dy sec” y=0 


Papa PY hae I given equation 
dx dy 
(r—s) y+ (s—t)x+q-p=0 


(Pies) +s St + g o<0 
dx dy 


or {ydpdy — xdxdq + (q-— p) dxdy} —s {ydy” 
(x — y) dxdy — xdx?} = 0 
So Monge’s subsidiary equation is dx + dy = 0 


Consider ar = xy+ x 
2 
=> r= 2 = xyt 2x 
ox 


Integrating w.r.t. x we get 


Again integrating we get 


3 3 
az =~ + + xfly) + oly) 


49. 


52. 


54. 


57. 


59. 


62. 


Given equation is pt — qs = a 
put go gp get 
dy 


(pdq— qPdy) —s (pdx + qdy) = 0 

So Monge’s subsidiary equation are pdx + qdy = 0 

and pdq- q°dy =0 

Given equation is rt — s°+1=0 

Comparing Rr+ Ss+ Tt+U (rt- s’) = Vwe have 
R=0=S=T,U=1,V=-1 


So 2 quadratic equation is 
a2(UV + RT) + ASU +U? =0 
or a2(-1) +4 (0)+1=0 
or W=1 => A=1-1 
Given 5r + 6s + 3t+ 2(rt—s*)+3=0 
Comparing Rr + Ss+ Tt+U (rt- s”) =V 
R=5,8=6T=3U=2.V=-3 
So quadratic equation is 
2(UV + RT) + ASU + U? =0 
or an? +12A+u=0 


Given equation is 2s + (rt — s”) =i 
Comparing with Rr+ Ss+ Tt+U (rt- s”) =V 
R=0,8=2,T=0,U =1,Ve=1 


The A quadratic equation is 
a2(UV + RT) + ASU +U? =0 

or 474+2A+1=0 = A=-1-1 
So intermediate integral is 

AoRdy + Udx + X.Vdq= 0 
i.e. dx —dq=0 
Given r—x*t =0 
Comparing Rr+Ss+ Tt+ f =0, 

R=1,S8=0,T=-x? 

So, A-quadratic equation is 
R74+S5.+T=0 = 22-x?=0 


2 
Given t = = = xy 
ay 
. Oz xy? 
Integrating w.r.t. y, — = = + f(x) 
oy 2 


Again integrating w.r.t. y we get 


3 
2 = XE + vflx) + 06x 


O00 
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Legendre’s Functions 


LEGENDRE’S EQUATION 
Li The differential equation of the form 
2 
(1x2) FY _ 96 Y nn 41) y = is called 
dx? dx 


Lagendre’s differential equation. 


It can be writted 


where n is constant. 


2. For solving 
2 

(1 x ; 2x Henn +dy=0 Att) 
x 


We assume that y = 2 a,x*", ag #0 
T= 


Differentiate it ave x a,(k —r)x ial 
dx r=0 


and —2=% ak=Ak-r-1x*" 
r=0 
Put these values in equation (1) we get 
following cases : 
Case I : Whenk =n we have 
4  n(n-1) : 
2 (2n — 1) 
ae Stes Bie 8) ee +....] ...(2) 
2.4 (2n — 1) (2n — 3) 
which is the first solution of Legendre’s 
equation (1). 
Case II : Whenk = —(n + 1) we have 
(n + 1) (n + 2) 
2 (2n + 3) 


ae (n+ 1) (n+2)(n+3)(n+ ae 
2.4 (2n + 3)(2n +5) 


n-2 


y= ae 


—n-1 


y=a9 E + mia 


which is the second solution of Legendre’s 
equation (1). 


3. | TheLegendre’s function of first kind is defined as 
_13.5...(2n - 1) n(n-1) 


n-2 


Pri) n! 2 (2n — 1) 


x 


It is also called Legendre’s polynomial and may 
be denoted by 


n/2 - | 
Pi(x)= B (-1y 2n-2r! 
2%!n-2rin—-r! 


[n ifn is even 
n 2 
where (5 = ef 
~ os if n is odd 


4. The Legendre’s function of second kind i.e. 


,a(n-In-2)(n—3) 
24. (2n — 1) (2n — 3) 


n-2r 


Legendre’s polynomial is 


7 n! el (n +1) (n + 2) 

~ 135....(2n +1) 2(2n +3) 

x3 4 (nt+1)(n+2)(n+3)(n+ 4) .-n-5 
2.4. (2n + 3) (2n + 5) 


Q,,(x) 


5. The most general solution of the Legendre’s 
equation is y = AP,(x) + BQ,(x). 

6. It may be shown that P,,(x) is the coefficient of 
h” in the expansion of (1 - 2xh +h?)-Y? in 


ascending powers of hi.e. 


E h”Pale) =(1—2xh +h2)-¥2 
n= 


where Po(x) =1 
(1-2xh+h?)-¥? is 


the 


the 
Legendre 


Here, called 


generating function § of 


polynomials. 


he The Laplace first integral for 
P(x) = 7 [iG # Vix? -1) cos o}"do 


where n is a positive integer. 


P(x) is 
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8. 


The Laplace second integral for P,,(x) is 
lon do 


n\X) = 
™ Jo Ix + (x? - 1) cos o]"*+ 


where n is a positive integer. 


The orthogonal properties of Legendre’s 
polynomials are 


(i) [7 PaboP,c) de=Uitiea 
_ 2 
~ In+1 


(i) [Pj b0) Px 


RECURRENCE FORMULAE 


1. 


The Recurrence formulae are 
(i) (2n+1) xP, =(n+1) P,, + nP,4 
or nP,, = (2n—1) xP,_, —(n-1) P,_»9 


(ii) nP,=xP,-P’%_, where dashes _ denote 
differentiation w.r.t.x. 


(iii) (2n + 1) P, =P/4,-Pr4 
(iv) (n+ 1) P, = Py, — xP’ 

(v) (1—x?)P’ =n (P,_ 1 - xP,) 

(vi) (1 - x?) Py =(n +1) (xP, — P41) 
Beltrami's result is 

(2n +1) (x? - 1)P’ =n (n+ 1) (Puy — Py_1) 


The Christoffel’s Expension is 
P= (2n - 1) P,4+(2n-5)P,-3 
+(2n — 9) P, 5 +... 


the last term being 3P, or Po according as n is 
even or odd. 


The Christoffel’s symmation formula is 
n 
X (2 +1) PrboP,(y) =(n +1) 
r= 
Pr4iX)Pp(¥) — Presly) Pal) 


(x - y) 
The Rodrigue’s formula is 
dn 2 n 
P(x) = -1 
ah det 


The Murphy’s formula is 
P{x)=1 n(n rO(i*) 


11 2 
n(n—1)(n+2)in+1)(1-x? 
1212 2 


LEGENDRE’S POLYNOMIALS 


Put n= 0, 1, 2, 3, 4,... respectively Rodrigue’s 
formula 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1; 


1/2; 


In the expansion of (1— 2xh+ h’) in ascending 


power of h, P,,(x) is the coefficient of : 
(a) x” (b) x” (c) h" (d) hh” 


The value of P,,(1) is : 


(a) -1 (b) 1 (c) (-1)" (d) (-1)" 
If nis odd then P,,(0) is equal to : 
(a) 0 (b) (-1)" 
n/2 
(c) (yn (d) None of these 


ou 


= =)" t 
f 2"! dx” ae 
ld=92 
Po(x) =1, P(x) = = (x? - 1)=x, 
0 (x) 4(x) 9 dx | J=x 
3x2 1 
Po(x) = F 
5x? —3 
P(x) = = 5 ~ Py (x) 
35x4 — 30x? +3 
8 
Po(x) is equal to : 
(a) 1 (b) -1 (c) x (d) -x 


The Legendre’s differential equation is : 
(a) (1+ x”) D? + 2xD + n] y=0 


(b) [(1- x?) D? -2xD + n] y=0 


(c) [(1-x?)D? + 2xD + n(n+ ))] y=0 
(d) [(1- x?) D? -2xD + n(n+1)] y=0 
Ifm # nthen [Pin Pal) dx is equal to : 


a 
2n+1 


Legendre’s Functi (a1 | 
egendre s Functions 


ve 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


1 

J Pibo?dx is equal to : 
aes 
(a) ; 5 : 
The generating function of 
polynomial is : 

(a) (1—2xh+ h?)1/2 
(c) (1+ 2xh+ h?)!/? 


The value of P,(—1) is : 


the Legendre's 


(b) (1+ 2xh+ h2)71/2 
(d) (1—2xh+ h2)-¥/2 


(a) 1 (b) -1 (c) (-1)" (d) (-1)2" 
The value os P,(x) is : 
2x -1 ae 1 
1 b) -1 
(a) (b) (c) a (d) : 


The polynomial x+3 in terms of Legendre’s 
polynomial is : 

(a) Po(x) + 3P,(x) 
(c) 2P5(x) — 2P,(x) 


1 dx 
P(x) = 
n(x} 2"! dx” 


(a) Recursion formula 


(b) 3P\(x) +2 
(d) P,(x) + 3P (x) 


(x2 —1)" is called : 


(b) Christophell’s formula 


(c) Legendre’s formula (d) Rodrigue’s formula 


The value of (n+ 1) P,,, + nP,_, is: 

(a) (n—1) xP, (b) (2n—1) xP, 

(c) (2n+ 1) xP, (d) None of these 
The value of xP, —P/_1 is: 

(a) xP, (b) nP,, (c) xP44 (d) nP.44 
[Poberdx is equal to : 

(a) 1 (b) 0 (c) 2 (d) -2 


If a be the root of Legendre’s polynomial P,,(x) of 
degree nthen P,,,,(a) and P,,_;(a) are of : 


(a) Same signs 
(c) Both zero 
The value of P;(1) is : 


(b) Opposite signs 
(d) None of these 


n(n+ 1) 
(a) n (b) 5 
(c)” a : (d) n2-1 
If nis even then P,,(0) is equal to : 
(a) (-1)" (b) ("2 - ul 
ic) (-1)"/2n! (d) (-1)"n! 
2"(n/ 21)" (2? 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Ifm = nthen [Pabo? dx is equal to : 
1 1 
a b 
(a) 2n+1 () 2n-1 
2 2 
Cc d 
(c) 2n+1 id) 2n-1 
The value of (n+ 1) (nxP,, — P,,,1) is: 
(a) (1+ x*)P, (b) (L—x) P, 
(c) (1+ x) P, (d) (1— x?) Pe 


1 
f Pals) dx, where n # Ois equal to : 


(a) 0 (b) 1 (c) 2 (d) : 

Ifm<nthen [ixPate) dx is equal to : 

(a) x (b) x?-1  (c) (d) 0 
m+n 

All the roots of P,,(x) = Oare : 

(a) Same (b) Distinct 


(c) Two roots are same (d) Zero 


[Palo Py_a(x) de is equal to : 


2 2 
(a) (b) —— 
rrr 4n? +1 
a q) 2 
4n? —1 Qn? —1 
The value of = a" [(x? —1)"] is equal to : 
2° n! dx” 
(a) P(x) — (b) P,(-x)  (c) P_p(x) — (d) 0 
The value of P/(—1) is : 
(a) (-1)" (b) a _ 
() (-1)"tn (n+ 1) iq) D"aln+) 
2 2 
The value of P’,, — P7_, is: 
(a) nP,, (b) (2n-1) P, 
(c) (2n=1) P,4 (d) (2n+ 1) P, 
All the roots of P,,(x) = Oare : 
(a) Real only 


(b) Complex only 

(c) Real and complex both 

(d) None of these 

The polynomial x? +x+41 in terms of Legendre's 


polynomial : 


(a) Pp(x) + =P, + sPots 


(b) Po(x) + sPots 
2 4 
(c) ge + P,(x) + gio) 


2 1 
d) =P5x + —P,(x 
ite 3h 0) 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


1 
The value of J xPibdPolx) dx is: 


(a) 0 (b) = (c) = 


1 
3 2 ie 


1 
| (1—x?) P,,P.dx, where m,n are distinct the 
-1 


integers is equal to : 


(a) 0 (b) Z=" (c)m@ +n (dp 
an mene 
The value of [i Pale) dx is equal to : 
1 1 
1 b) = oe d 
(a) ( 5 (c) 3 (d) 0 
The value of [L,lPovo?? dx is equal to : 
1 3 
0 b) = 2 d)2 
(a) ( 3 (c) ( VS 


1 
The value of JP) P»(x) dx is equal to : 


3 2 
(a) a (b) 0 (c) 2 (d) . 
The value of P(x) is : 
(a) _ : (b) 2x -1 
(c) x (d) 1 
The value of P’,, — xP, is : 
(a) nP,, (b) (n+ 1) P, 
(c) (n-1) P, (d) nP,_4 
The roots of P,,(x) = 0 lies between : 
(a) Oto 1 (b) -1to +1 
(c) —2° to +e0 (d) All zeros 


The polynomial x*+1 in terms of Legendre 


polynomial is : 


2 


(a) = Po.) + Po(x) (b) grate) + 3P(x) 


1 
The value of i P,(x)Po(x) is : 


3 4 4 
0 b) — Ries oe 
(a) ( M0 (c) is (d) is 
The value of {0 —x?)PIPS dx is : 
2 3 
b) 1 zi d)2 
(a) 0 (b) (c) E ( Ne 
The value of P3(1) is equal to : 
(a) 1 (b) -1 (c) 5 (d) 3 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


ol; 


52. 


53. 


54. 


The value of n(P,,_ 1 — xP,,) is : 


(a) (1—x?) Py (b) (1+ x”)P, 
(c) (1-x”) P, (d) None of these 
The polynomial x? in terms of Legendre 
polynomial is : 
(a) 2 Paix) + 3P,(x) 
5 5 
1 2 
(b) =P3(x) + =Po(x) + P(x) 
5 5 
(c) 1 x(x) + P(x) (d) 2 Paix) + =Po(x) 


1 
The value of fx 7Pale) dx is equal to : 


(a) 1 (b) = (c) = 


2 3 a 


1 
The value of ie P,(x)P3(x) dx is equal to : 


5 2 3 

a) = bb): = c) = d) 0 
(a) - (b) : (c) 7 (d) 
2P, + Po is equal to : 

(a) xP, (b) 3xP, (c) 3P, (d) 3x 
The value of xP/— P@ is : 

(a) Po (b) Py (c) Po (d) xP, 
The value of P3 — xP; is 

(a) P, (b) Pp (c) 2P, (d) 2P, 
The value of { "(PO dx is : 

(a) 0 (b) 1 (c) 2 (d) 3 
The expansion of P,,(x) in powers of —— * is called: 
(a) Legendre formula 

(b) Murphy’s formula 

(c) Recurrence formula 

(d) Christoffel’s summication formula 
P§ + 9Po is equal to : 

(a) xPg (b) (x + 1) Po 

(c) Pg -x (d) Pg +x 

The value of f. (1-2) (Pi)? de is 

(a) 0 (b) 1 (c) 2 (d) 3 
[i x?Poladdx is equal to : 

4 4 4 4 

a) — b) = (o) ae d) — 
(a) E (b) - (c) ic (d) = 
P3(1) is equal to : 

(a) O (b) 1 (c) 2 (d) 3 


Legendre’s Functi = 
egendre’s Functions 


55. If-l<x<1then: 59. Ps — xP5 is equal to : 
(a) O< P,(x)<1 (b) —ce < P(x) < (a) 2P3 + Po (b) 3P5 
(c) |P,(x) |S 1 (d) 1< |P,(x)| (c) 3P, (d) 3P9 
56. If P,(x) and Q,(x) are Legendre’s function of first 60. P3-—P/ is equal to: 
and kind the general solution of Legendre’s (a) 5P5 (b) 3P, 
equation is : 
(a) AP, (0) (b) BQ, (0) sank ee 
(c) AP,(x) + BQ,(x) (d) AP,(x)Q,,(x) 61. The value of P,(0) is 
57. P(x) = Ea [x + V(x? -1)cosd]"do, where n is tal nF AD) (b) nP,,_1(0) 
m0 (c) (n+ 1) P,,(O) (d) None of these 
positive integer is called : 62. The value of P’(0)is : 
(a) Recurrence formula (b) Laplace first integral (a) nP.,,1 (b) (n+ 1) P,.4(0) 
(c) Beltrami’s result (c) -(n+ 1) P.,4 (d) nP,(0) 
(d) mare second 7 . 
63. — Ps5(0) is equal to : 
58. , where n is 2 5 1 
st bx t V(x? z cos @]"*! on oe mG Oo 
positive integer is called : 64. — P4(0) is equal to : 
(a) Laplace first integral (b) Legendre first integral (a) 0 (b) 2 (c) 5 (d) 3 
(c) Laplace second integral 3 8 8 
(d) Christoffel’s formula 
MULTIPLE CHOICE QUESTIONS 
i, Cy] 2 Wt 3: WEN 2. IE) & CHE] ©: Wee] 7 GN) & IG] ©: Tey! 20. IG 
11. | (d) | 12. | (d) | 13. | (c) | 14. | (b) | 15. | (c) | 16. | (b) | 17. | (b) | 18. | (c) | 19. | (c) | 20. | (d) 
24") (a) |/22) | (d) |235%) (ib) \24ey) (c) |e2555) (a) P26) (c) 275) (d) (28s) (a) 29%) (c) |e30%)) (b) 
31. | (a) | 32. | (d) | 33. | (c) | 34. | (b) | 35.) (c) | 36.) (b) | 37. | (b) | 38. | (d) | 39. | (d) | 40. | (a) 
41. | (a) | 42. | (a) | 43. | (a) | 44. | (d) | 45. | (d) | 46. | (b) | 47. | (b) | 48. | (c) | 49. | (c) | 50. | (b) 
51. | (a) | 52. | (a) | 53. | (c) | 54. | (d) | 55. | (c) | 56. | (c) | 57. | (b) | 58. | (c) | 59. | (b) | 60. | (a) 
61. | (b) | 62. | (c) | 63. | (a) | 64. | (d) 


HINTS AND SOLUTIONS 


2. Since E APP p(x) = (1-2xh+ h2)-¥? 3. Since APP a(x) = (1-2xh+ h2yH/2 
n= n= 


Put x = OXA"P, (0) = (1+ 2)? 


(1-2h+ h?)-¥2 =(1- py} 
=(1-(-hy 7? 


Putx =1, © AMP,(1) = 
n=0 


=1l+h+h?+..4¢= 58" = 142 En) 4 13-12 
n=0 2 2.x 
Equating the coefficient of h” on both sides we get Peis Se eae ner ates 
4...2r 
ee Equating the coefficient of h’ onboth sides we have 
P,(0) = Oif nis odd. 
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ds 


10. 


11. 


1S. 


16. 


18. 


es = 
; JP x)P,,(x) dx = ae 
when m = n, os 


2 2 
So P,(x)]*dx =——_ == 
ie Pyco? 41 3 


-DA"P, (x) = (1—2xh+ h?)-!/?, put h> —h 
X(-1)"h"P, (x) = (1+ 2xh+ h?)-1/2 ...(1) 


Again put x > —x in first equation 
1 
Lh"P, (-x) = (1+ 2xh+ h?) 2 wl2) 
But equation (1) and (2) 
LAP, (=x) = X(-1)"h"P,, (x) 
Equating coefficient of h" on both sides 
P,,(—x) = (-1)"P,,(x) 


=> — P,{-1)=(-1)" 


Rodrigue’s formula is 


Se Po(x) 
So, f(x) 


=1, P(x)=x 
=x+3= P(x) + 3P9(x) 


By recurrance formula | 

(2x + 1) xP,(x) = (n+ 1) Pi44(x) + nP_1(x) 
Given ais root of P,,(x) so P,,(a) = 0. 

Put in first equation (x = a) 

(2n+ 1) a.0 =(n+ 1) P,,4(a) + nP,_;(a) 

- Prsa(@) =n 


P_y(a) n+1 


Since nis +ve integer so R.H.S. is negative i.e., 
P..,(a@) and P,_; 


A (a) must be of opposite signs. 


i 


Since 5 h"P, (x )=(1- 2xh+ Wr)? 2 
zt tl 
Put x = 0,2h"P,(0) = (1+ h?) 2 =(1-(-h?)] 2 
14 (ch? 13) p22, 135. cai 
a BA 24. 2r 


Equating the coefficient of h2"" on both sides we get 


20. 


21. 


24. 


26. 


29. 


13,5.... (2m —1) (-1)” m 2m! 
P5, (0) = 1 
2m(0) 246.....2m 22m n1)2 
Put n = 2m we get 
a n/2 | 
P,,( ) = ( = 
(0) 
2 
This is a recurrence formula. 
n 
By Rodrigue's formula P,,(x) = id (x? —1)" 
2° n! dx” 
Integrating from —1 to +1 
n 
(x2 —1)"dx 


[Patel = ae 


e! } 
=) 4 2-1") =0 
2™n!| dx” 4 


From Recurrence formula | 
(n+ 1) P,,4(x) + nP,_4(x) 
2n+1 
1 
2n+1 


fu [(n+ 1) P. g(x) + nP,_4(x)IP,_4(x) dx 


xP,,(x) = 


cP xPy(x)Py glo) de = 


1 


a) (nsf P.,00P,,_4(x) dx 
1 
+nf IP 

2 72 1 2n 

2n+1| 2(n-1)+1| An? -1 


Since P,,(x) is the solution of Legendre’s differential 
equation 


so, (1 -x)P"x) — 2xP,(x) + n(n+ 1) P,(x) = 0 


Put x = —1 we get, 
2P,(-1) + n(n+ 1) P,(-1) =0 


P¥(-1) ~5rkn+ 1) P,(-1) = ~5n (n+ 1)(-1)" 
=(-)"1 2 in+1 
(-1) 3 ) 
Given polynomial f(x) = x7+x41 
and we know that Po(x)=1, P(x)=x, 
3x? -1 
P,(x) = 
72(x) 3 
So, x2 =2 Px) +1 
3 
2 2 


1 
ving (Xe) Se $e DLS oe raat 


Legendre’s Functi = 
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31. 


33. 
36. 
38. 


39. 


41. 


43. 


or flx) = 2 Pox) + Pile) + Pole) 
3 3 
[iy 2? Pa Pidx = 1x7 iPeP AI, 
. [Page dx 
=-[', [p 4 <(a- x2)pr | All 
By Legendre’s 


é {(1 x?)P”} =-m(m+1)P,, so by equ. (1) 
Ix 


[0-2 Pi, 


equation 


Pre = —f' [-Pymln + 1) Pryldx 


1 
=m(m+1) J PnPmax =0 (m #n) 


Put Po(x) = 1 we get required result. 


By Recurrence formula P;,, — xP, =(n+ 1)P, 


Given polynomial is f(x) = x7 +1 


Po(x) = 1, Po(x) = — (3x? -1) 


1 
2 


So put n= 2 we get 


[PPb)s = 


3 
iets by Rodrigue’s formula 


5-3 


So, P3(1) = —— = 1 
3(1) 5 


44. 


48. 


51. 


54. 


59. 


60. 


61. 


62. 


63. 


64. 


5x? — 3x 


Put P3(x) = and then integrating 


we get the required result. 

By orthogonal property 

ie P,,( 

Put m = 2, n= 3we get 
1 

J Palx) Palx)dx = 0 


x)dx =Oifm#n 


By Recurrence formula P”,, — xP, = 


Put n= 1 we get Pj — xP/ = 2P, 


(n+ 1) P, 
By recurrence formula nP,, = xP, — P/_, 
Put n= 9, 9P9 = xP5 — Pg 
i.e. Pg +9Py =xPg 
3x? -1 
2 


“: Po(x) = 


> P5(x) = 3x 


P3(1) =3 
By Recurrence formula 
Po 44 —xPy =(n+ 1) P,, 
Put n= 2we get 


P3 —xP5 = 3P5 
By Recurrence formula P’,, — P7_ 


” = (2n+1)P, 
— Py = 5P, 


Put n= 2we get P3 
By Recurrence formula (1—x?)P2(x) 
—xP,,(x)] 

Put x = Owe get P,(0) = nP,,_;(0) 


= n[P,_4(x) 


By Recurrence formula 
(l-x 2\p’ = (n+ 1) (xP, —P,44) 


Put x = Owe get P,(0) = -(n+ 1) P,,,4(0) 


Since P,,(0) = 0 for all odd value of nso P;(0) = 0 
n/2 
Since P,,(0) = pa for nis even. 
a() 
2 
! 43.2 3 
So Py(G=— = = 
1622 16x48 


O00 
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Bessel’s Functions 


BESSEL’S EQUATION y = Ad_,(x) + BJ,(x) 
1. The differential equation of the form where A and B are arbitrary constants. 

d’y 1 dy n? 

Ke + 7d +} 1 a 0 RECURRENCE FORMULAE OF J, (x) 

x dx 
7 i‘. 1 The recurrence formulae of J,,(x) are 
is called Bessel’s differential equation. ae 
(i) xJ F(x) = nd p(x) — xd 1 (x) 

2. Consider the Bessel’s differential equation . 

de tod a2 (ii) xJ p(x) = —nd p(x) + XJ p_1(x) 

Lae enna | y=0 (1) ae 
dx? x dx x2 or a 5 a ee 
Ix 


Assume that its series solution is y = = ax 
r= 


then ay ~ a,(k + r) x Ker-d 
dx 


(iii) 2I p(x) = Jp_1(x) — Inirlx) 
(iv) 2nd (x) = x [Jy_q(x) + Jy (x)] 


Cie = 
r=0 (v) —— [xe "I plx)] = —x "Tag 0) 
d2 dx 
and <* = ¥a,(k +r) (k +r —1xk*? 
dx GENERATING FUNCTION FOR J, (x) 
Putting these values in equation (1) we get : spec . 
Sa dee | ee 1. | When n is a positive integer, J,(x) is the 
La, l{(k +r)* —n“} x +x""]=0 ; 1] 
e)z-— 
eavede : Panwa oe 2 coefficient of Z" in the expansion of 2] 
x x 
aro CEST i + (-1) 2 1ln +1) in ascending and descending powers of z. 
gi |] 2. ~ d)(x)is the coefficient of 2 multiplied by (-1)" 
+(-1) 


242! (n +1)(n + 2) =) 


This is known as Bessel’s function of the first 
kind of order n. 


1] 
aha 
in the expansion ofe | 71 . 


= n+2r = n 
So, Iplx)= E ( (5) : thie = ea) 
r=0 2 r!+(n+r+1) 
Case II : If k = —n we get ORTHOGONAL PROPERTIES 
—n+2r 
=s r{ X 1 1 0 af 
Jf) Ere 1) (5] r!+(—n+r+1) J,>Jnlox) J(Bx) dx = 1? a =f 
2 


The solution of Bessel’s equation are called 
Bessel’s functions. 

3. When n is not an integer the most general 
solution of Bessel’s equation is 


where o, 8 are the roots of J,,(x) = 0. 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 
tl. The Bessel’s equation is : 

d’y xdy 

(a) dee +f “aie. 


2 2 
Deter aac "|9=0 


+x7y=0 


dx? x dx x 


2 2 
(yee cae ay = 0 (d) None of these 
dx“ dx x 


2 If nis a positive integer then J,,(x) is equal to : 

(a) J_p(x) (b) Jn(-x) 

(c) (-1)"Jd p(x) (d) None of these 
3. If nis even then J,,(x) is : 

(a) Odd (b) Even 

(c) May be odd or even (d) None of these 
4. J ,(—x) is equal to : 

(a) J_p(x) (b) -J p(x) 

(c) ("J nl) (a) (-"2F (x) 
oy nJ (x) — XJ 441(x) is equal to: 

(a) Jn(x) (b) —xel p(x) 

(c) -Jp(x) (d) xdn(x) 

n-1 ~J n41 iS equal to : 


1 
a) Jy, (b) 20, (c) 2d ny, (d) Jy 


(x) is equal to : 


8. —nJ py, + xJ,_1 is equal to : 
(a) xJ,(x) (b) —xd p(x) 
(c) xd 7,(x) (d) —xd p(x) 
9. The value of [y/9(x)1? + J_y/9(x)]? is : 
(a) 0 (b) 1 
(c) 2 (ay 
TX 2 


10. J_,(-x) is equal to : 
(a) J,(-x) (b) -J p(x) 
(c) (-1)"J _(x) (d) (-)""1d,,(x) 


11, 


12, 


13. 


14. 


15. 


16. 


17, 


18. 


19. 


20. 


The coefficient of z” in the expansion of e 2 is: 
(a) Pa(x) — (b) Pax) (ce) d(x) (d) J, (x) 

If o,B are the roots of J,(x)=0 and a #8 then 
[pS lox Bx) iiss 

(a) 0 (b) 1 

(c) [J p41) 1? (d) Jn() + Jn(B) 


The value of Jord n(0x) dx where a is roots of 


Jq(x) = 0: 
2 

(a) 0 (b) SJ melact) 
2 

(c) aJ.,,3(a0) (4) Jneilao) 


The most general solution of Bessel’s equation is : 
(a) Ad ,(x) (b) Ad_ p(x) 
(c) Ad ,(x) + BJ_,(x) (d) Ad ,,(—x) + BJ ,(x) 


The solution of the differential equation 


d’y ldy, a... 

ae + ak +y=Ois: 

(a)Jy(x) — (b) Jy(x) — (c)dg(x) (dd) d(x) 
co (-1)" x2" 
D> 

r=0 (2" rl)? 
(a)Jolx) = (b) Jy(x) (ec) p(x) (d) J, (x) 
If nis odd then J,,(x) is: 


is equal to : 


(a) Even (b) Odd 

(c) May be even or odd (d) 0 
Fry) is equal to : 

(a) -x "Sgt (b) x-"S nyd 
(c) -x"J, (d) x "J, 


The value of J_1/9(x) is : 


(a) (F Jeosx (b) (=) cos x 
\\ 1x 
(c) [2 sinx (d) T™ sinx 
1X 2 


The coefficient of z-" multiplied by (—1)" in the 


-) 


expansionofe 2 is: 
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(a) P,,(x) (b) J,,(x) 32. dg-—dg is equal to: 

(c) (-1)"J (x) (d) (-1)"P,,(x) (a) Jo (b) 236 (c) 2Jg (d) -2J9 
21. If oB are the roots of J,(x)=0 and «=B8 then 33. Foralln21: j 

[Jalon TalBx) dx is : (a) [Jp(x) [<1 (b) [Unlx) |< = 

(a) 0 (b) 1, (@)l2 (c) O<d,(x)<1 (d) J,(x) =0 

' (0) 34. — Jo(x) —d9(x) is equal to : 
(c) Jn(O)d p(B) (d) 7. @ (a) 2d (x) (b) Jf (x) 
‘ (c) 237 (x) (d) -Jq(x) 

22. Jo is equal to: d . 

(a) J; (b) -J; (c)Jo-dy (d)dgt 2, 35. ao is equal to : 
23. x [Jp_1 + Jay] is equal to : (a) xJ Q(x) (b) Jy(x) 

(a) nJ, (b) —nJ, — (c) 2nd, (d) -2nJ,, (c) xJ4(x) (d) None of these 
a gf Jo is equal to : 36. —d,,(x) is Bessel’s polynomial then : 

x (a) Jy(x) =(-1)"d_p(x) (bb) J q(x) = (-1)"d p(x) 

ledg = Wp Meld adda (c) Jp(x) =—J_n(x) _(d) None of these 
aoe. Taine Tae seetlsies 37. The value of J9(—x) is equal to : 

a) |Jo(x) |< 1 (b) O<do(x) <1 (a) Jo(x) (b) -do(x) 

c) |J(o(x) |S 2 (d) Jo(x) = 0 (c) J_p(x) (d) None of these 
26. A ing) is equal to : 38. d_g{x) is equal to : 

dx (a) J(-x) (b) -J9(x) 

(a) x"Jy (b) x"Jniy (€)-x"Jy, (d) x", 4 (c) Jo(x) (d) None of these 
27. [5 x7Fn-als) dx is equal to : 39, tim 21) ig equal to : 

0 x-0 x 

fa) abe) Dyed) (aj1 —(b)2— (8 (d) 0 

(c) x pug) (d) xe ye) e 


J 2x d : 
: 40. ae J Ito: 
ae: i. xd) 9( )dx is: [xJ(x)] is equal to 


1 (a) Jo(x) — (b) Jy(x) (ec) -Jo(x) — (d) xd g(x) 


2 
(a) 0 (b) — (c) — (d) 1 
vr vn 41. — x[J, + dg] is equal to : 
29. All the roots of J,,(x) = Oare : 
(a) Same (a) Jo (b) 2J5 (c) 35 (d) 4J 5 
(b) Distinct If aand bare root of J,(x) = 0 then 
(c) More than one are repeated 1 - : ; 
id Repeated only ala 42. Jala ) Jo(b*) dx is equal to : 
30. The value of J,,(x) — xJ'9(x) is : (a) 0 (b) a” (c) b? (d) a’ +b” 
(a) xJ4(x) (b) F(x) 43. IJ p4q(x) = 2d q(x) —Jo(x) then nis : 
x 
(c) xd q(x) (d) —xJq(x) (a) 0 (b) 1 
31. lim,_,o eas! for n> —1is equal to : (c) 2 (d) None of these 
‘< 44. [7400 dx is equal to : 
2° 1 x 
(a) —~_ Ol Jy (x) Jx(x) 
t(n+ 1) 2"t(n+ 1) (a) AM 4c (b) I +6 
t (n+ 1) A x x 
ee d) 2°t(n+1 
on nes (c) 2A") 5 ¢ (d) Jo(x) 
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45. 


The value of Jx7dyx) dx is: 


(a) x2J,(x) + ¢ 


(c) x2J_s(x)+¢ 


(b) x7Jo(x)+ ¢ 
(d) None of these 


46. 


<(olx) is equal to : 
(a) Jo(x) (b) Jz(x) 
(c) -Jy(x) (d) -J g(x) 


MULTIPLE CHOICE QUESTIONS 


a, || 2 Ie) 3: (OW 2 (GR) & WCHel G: WO 7. IGN) & Wer] ©. Pele! 20. Te) 
11. | (c) | 12. | (a) | 13. | (b) | 14. | (c) | 15. | (d) | 16. | (a) | 17. | (b) | 18. | (a) | 19. | (b) | 20. | (b) 
21, | (b) | 22. | (b) | 2359) (c) |)245)) (b) |-255)) (a) | 265) (d) 275) (b) 285) (d) 295) (d) | 305) (c) 
31. | (b) | 32. | (c) | 33. | (b) | 34. | (c) | 35. | (a) | 36.) (a) | 37. | (a) | 38. | (c) | 39. | (c) | 40. | (d) 
41. | (d) | 42. | (a) | 43. | (d) | 44. |) (a) | 45. | (b) | 46. | (c) 
= n+2r 4 
2. -rd_ylx)= X( w(5) 1 eo 
r=0 2 r!t (-n+ r+1) 2.4(2n+ 2) (2n+ 4) 
If p is integer then t(—p) is ce for p = 0 so terms inJ_, Putting n= _l we get 
equal to zero till -n+ r+1<1i.e,r<n Hence 2 
‘oo _4yr —n+2r x x2 x 
ees ( } J-ayale) 1 f 2” 2413" | 
ronrlt(—n+ r+ 1)\2 2+(5) 4, 
co (-1)"*s n+2s 
S25 utr=n+s 2 4 
s=0 week aerala) . J_y2(x) =,| cl fre See cosx 
TX 2! 4! TX 
(-1)s x n+2s 
= (-1)" ( } = (-1)"J p(x) [2 
t(n+st+1)s!(2 Similarly Jy) 9(x) = ,/— sinx 
TIX 
n Z 
2 
Zz i _t* So Je a(x) +J2/9(x) = — 
nl Fina rT ont D 1/2 1/2 = 
x4 | 11. — Since by generating function J,,(x) is the coefficient 
+ —__________ x(z—1/z) 
2n(2n+ 2) (2n+ 4) of z” in the expension of in ascending or 
‘ 1 
Putting n= 2 we get descending power of z for all positive integer n. 
1/2 x2 x4 13. By orthogonal property of Bessel’s functions 
Jy) 9(x) = 1 + 
2?4( =) 23 2435 Sere ee 7 a#B 
JoetolordtnB) de =) Tis loll, = 8 
me x x3 x° =e sinx 
mx 3.0¢«S m1 where a, B are the roots of J,,(x) = 0. 
18. By Recurrence formula 
8. By Recurrence formula —nd ,,(x) + xJ,_4(x) = xd p(x) A = - 
f(x "I (x) } = —x "Sng (x) 
x” x? dx 
9. » J,(x) = 1 
2°t (n+ 1) 2(2n+ 2) 21. By Orthogonal property of Bessel’s function. 
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22. 


24. 


25. 


27. 


28. 


31. 


33. 


34. 


35. 


By Recurrence formula xd}, = nd y — XJ 444 
Put n= Owe have xJ§ = —xdy 

i.e. Jo =-dy 

By Recurrence formula xJ), = nd, — XJ n44 
putting n= 1, xJj =d, —xJo 

But we know that J§ = -d 1 


Differentiating it we get J§ = dj put it in above 
equation 


we get —xJ¢ =-JQ—xdg or Jo ee 
Since we know that J2 + 2(J2 + J3+..4d?...)=1 


and since ate de ... are all non-negative so 
J2(x) < Lor W(x)? < Lor |Jg(x) |< 1 


By Recurrence formula x"J,,_1(x) = Slx"In() 
x 


Integrating from 0 to x we get 


[7Fn-ale) dx = [x"Iq(x)]5 = x"J_(x) 


Jyja(x) = Ler 
\ mx 
alt 
=  dy/9(2x) = ,;— sin2x 
TX 


2 2 
2 JO dy p(x) dx = Fr Vex. | sin 2x ax 
0 0 1X 


2 m/2 
=f" sina =| ~ 22526) =1 
0 z | 
n 2 
J ,(x) = —~ 1 er oe 
2" (n+ 1) 2. (2n+ 2) 
2 
lim Inlx) _ lim Z = +... 
x20 xn x>02"(n+ 1) 2(2n+ 2) 
_ 1 
2" (n+ 1) 
wee Ie ede tudes al 


for n> 1, 22(x)<1 


=> 2|J,(x)P<1 
or J_lx)[ SE 


V2 
By Recurrence formula J,,_1(x) —d,44(x) = 2d7,(x) 
Putting n=1,Jg—do = 2Jj 
d 


By Recurrence formula ace n =xX"S 4 


=> |J,(x)|< 20? 


Put n=1we aot fg) =xJo 
dx 


37. 


38. 


39. 


40. 


41. 


42. 


44. 


45. 


46. 


“J ,(—x) = (-1)"J,,(x) for all integers so putting n = 2 
we get J9(—x) = Jo(x) 

» d_,(x) =(-1)"J,(x) so putting n=2 we get 
J_g(x) = dg (x) 


“J y(x) = 


or lim —*~ = 


By Recurrence formula 


<0" =x"J 4 


So putting n= 1, 4 tg) =-xJ 9 
dx 


By Recurrence formula 
x[J 4-4 + Jit] = 2nd, 
Putting n = 2, x[J, +J3] = Wo 
By Orthogonal property 
1 
Jnl) J n(Bx) dx =0. 
Ifa, B are the roots of J,,(x) = 0. 


By Recurrence formula 


SS) = =e Pd at) 
Integrating both sides 


JF neal) dx = -[x""J,(x)] + ¢ 
Putting n = 1, we get 


fx Mplx) de = Uy (x) +e = 21) 


x 


FG 


By Recurrence formula 
SxS pf) =x"J, 4 


Integrating we get 
fx" pal) dx =x"J,(x) +c 


Putting n= 2 we get Jx7dux) dx = x7 Jo(x) +C 


By Recurrence formula 


Spe Ine =x bod 


Putting n= Owe get 


(doll = -J,(x) 
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Series Solutions of Differential Equations 


INTRODUCTION 


1. 


Consider the linear differential equation of the 
second order 


Where P and Qare functions of x. Then there 
exists the following points. 


(i) The point x = 0 is called ordinary point of 
(1) If P(x) andQ(x) do not become infinite in 
the neighbourhood of the origin and they can 
be expanded in the sum of power series. 

(ii) The point x = Ois called a singular point of 
the differential equation (1) if it is not an 
ordinary point. These are of two types. 

(a) Regular singular points (b) Irregular 
singular points. 

The origin is called regular singular point if 
both xP(x) and x?Q(x) can be expanded in 


power series of x. Otherwise x = Ois called an 
irregular singular points. 


FROBENIUS METHOD 


1. 


The method of finding a solution in a series for 
the differential equation (1) near a regular 
singular point or near an ordinary point is 
called frobenius method. 


Solution near an ordinary point 


2 
Conder epi + Ony=0) ti) 
dx? dx 
Let its trial solutionisy = © C,x" ...(2) 
n=0 
Then oY. Enc, x" 
dx 


dy 


and 
dx? 


=In(n-1)C,x™? 
If P(x) and Q(x) are not polynomials in x, then 
they can be expanded as 


co 


P(x) EP, x" and Q(x) = 2 qyx" 
n=0 n=0 


Putting all these values in equation (1) and 
equating to zero the coefficient of various 
powers of x we determine all coefficients of 
(2). Putting these values in (2) we get the 
general solution of (1). 


Solution near a regular singular point 


d’y 
Consider ——> # P(x) + Q(x)y = 0 ...(1) 
dx dx 


Let its trial solution is 


yex™ 2 C,x" with Co #0 
n= 


Find ay and dy and substitute in (1) then it 
dx dx? 

reduces to an identity in x. By equating to zero 

the coefficients of the lowest power of x in this 

identity we get quadratic equation in m called 


indicial equation. It determines m. 

Now equating to zero the next coefficients of 
various powers of x we can determine all the 
coefficients C1, Co,...in terms of Co. 
Consider y” + P(x) y’ + Q(x) y = O and P and 
Q are not analytic (P = ~ or Q= 0%) at x =9 
then x = ais not ordinary point but a singular 
point. If (x — a) P and (x — a)"Q are infinite at 
x =a then it is called irregular singular point. If 
(x — a) Pand (x - a)” Qare not infinite atx =a 


then it is called regular singular point. 


[102 a B.Sc. Objective Mathematics (Differential Equations and Integral Transform) 
EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1. 


If x =O is not an ordinary point of dy, py 

dx? dx 
+Qy = Othen it is : 
(a) Regular point (b) Singular point 
(d) None of these 


If xP(x) and x2Q(x) can be expanded in a power 


(c) Essential point 


series of x in the nbd of x = Othen x = Ois called : 
(a) Regular point (b) Singular point 
(c) Ordinary point (d) Regular singular point 
Singular points of a differential equation are : 

(a) Unique (b) Two types 


(c) Three types (d) May be infinite 


If we put y= EGxm in [xD?+(1+x)D+2y 
= Othen indicial equation is : 

(a) Cy (m-1)? (b) Cgm (m-1) 

(c) Cym? (d) Com (m+ 1) 

The roots of indicial equation of [x?D? + xD 
+(x? -1)] y = Oare : 

(a)0,1 = (b)Q-1 (c)1,-1 ~=(d) 0,0 

The indicial equation of [(1— x?) D? + 2xD +1] y = 0 
is: 

(a) Cym? = 0 
(c) Cy (m-1)? 


(b) Com (m-1) =0 

(d) Com (m+ 1) 

The indicial equation of [xD2 +D+x]y=Ois: 
(a) Cym? = 0 (b) C(m - 1)? 

(c) Colm + 1)? (d) Co(m-1) (m- 2) 

For the differential equation (1- x?) y” — 2xy’ 
+p (p+ 1) y = Othe point x = Ois : 

(a) Regular (b) Singular 
(c) Ordinary (d) Essential 

If x =1 be the ordinary point of y”+(x- 1)2y’ 
-y(x-1) y=0 then the corresponding equation 
whose ordinary point x = Ois : 

(a) (D? + x2, — 4x) y=0 

(b) (D* - 4D) y = 0 

(c) (D? + xD? -1) y=0 

(d) None of these 


10. 


16. 


17. 


18. 


19. 


If y= =C,x'™*" be the solution of 9x(1—x) y” 


—12y’+4y = O then roots of indicial equations are : 


3 7 
0,1 b) O= 0,3 d) 0, — 
(a) (b) 7 (c) (d) : 
The indicial equation of (oO? -ly=xis: 
C C, 
C, = 2 b) Co = 2 
(a) 7) 2 (b) 2 2 
(c) m? =0 (d) m (m-1) =0 


The singular point of x (x —1) y”+ xy’+x?y = Ois: 
(a) 0 (b) 1 

(c) 2 (d) None of these 

The singular point of (x —1)y” + xy’+2y = Ois : 

(a) 3 (b) 2 (c) 1 (d) 0 

For the equation x (x —3)“y”+ 2(x-—3) yt+xy=0 


the regular singular points are : 


(a) 0 (b) 3 (c) 2 (d) 0, 3 
For the solution of x(x n) y” +(x —n) y’+y = Oat 
x = Ochoose y such that : 
(aby=ECx™2 (by) E Cx? 
r=0 r=0 
(c) ECx™? (d) ECxmrl 
r=0 r=0 
d2 
For the solution of differential equation (x — x?) ay 
dx 
dy . 
+(1-5x)— —4y = 0, y is equal to : 
ae Y y q 
(a) ZC,x" (b) ZC,x"™*" 
(rex (d) None of these 


The irregular singular point of (x —1) (x - 2)3y” 
+ (x —1)?y’4+3 (x -1) y = Ois : 
(a) 0 (b) 1 (c) 2 


For the equation (D? + x?) y=0x=Ois: 


(d) 3 


(b) Regular point 
(d) None of these 


(a) Ordinary point 
(c) Singular point 


The ordinary point of y” av a Ois: 
1-x 1-x 

(a) 0 (b) 1 

(c) -1 (d) + 1 both 
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20. 


21. 


22. 


23. 


24. 


25. 


At x = 0 the differential equation y” + 25 y+ es y 
x? x 


= 0 has: 
a) Regular singular point 
) 


b) Irregular singular point 


( 
( 
(c) Ordinary point 

(d) Extreme point 

Atx = 1the equation x(x — 1) y”+ xy’+x?y = 0, has: 
(a) Singular point (b) Ordinary point 
(d) None of these 


The singular point of x?(x — 3) y+ 3(x —3) y’+5y = 0 


(c) Regular point 


is : 
(a) 1 (b) 0 (c) 3 

For (x —1)y” + xy’+3 = 0, x = Ois: 
(a) Singular point 


(d) 5 


(b) Regular singular point 
(c) Irregular singular point 
(d) Ordinary point 


The regular singular point of y”+ men 
x 

+242) = 0is : 

x 
(a) 3 (b) 2 (c) 1 (d) 0 
The roots of the  indicial equation of 
(xD? + D-1) y = Oare : 
(a) 0,0 (b) 0, 1 (c) 0,-1 (d) 1,-1 


26. 


28. 


29. 


30. 


The indicial equation of [x2D? +xD+ (x? -4)] y=0 
is : 

(a) Com - 2) (b) Com + 2)? 

(c) Colm + 2) (m— 2) (d) Cgm (m - 2) 

The roots of the indicial equation of (x2D? + 5xD 
+x?) y=Oare: 

(a) 0, 1 (b) 0, 2 


(c) 0,4 (d) 0, -4 


If y= E Cx be the solution of [(x —x2) D2 
r= 

+(1- 5x) D —-4] y = Othen its indicial equation is : 

(a) Com (m-1) =0 (b) Cg(m+ 1) (m-1) =0 

(c) Cgm(m-2)=0 — (d) Cym? 

Ify= E Cx? be the solutions of (2x + x?) Dy 
r= 

—Dy — 6xy = Othen its indicial equation is : 

(a) Com (m- 2) = 0 (b) Com (2m - 3) = 0 

(c) Cgm (2m —1) = 0 (d) None of these 

The indicial equation of 2x?D? — xD + (1-x?) y= x? 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


so we =C,(m + r)xmrot 


OY =3C,(m+4 r) (m+ r=1) x"? 


put in (1) we get 


=C[(m+ r+ 2 x™" + (m4 r)?x™}] = 0 


ihe (S| 75 PCN & CO! cL ey & Wer] G IG 7 |G & Ie] ©. Fey 20. |e) 

12. | (a) | 12. | (b) | 1325) (c) | 24. |) (d) | 25. |) (c) | 16.) (a) | 17. | (c) | 18.) (c) | 29: | (a) | 20: | (b) 

21. | (a) | 22. | (b) | 23. | (d) | 24. | (d) | 25. | (a) | 26. | (c) | 27. | (d) | 28. | (d) | 29. | (b) | 30. | (a) 
4. Given y = =C,x™*" be the solution of Equating to zero the coefficient of the lowest power 


ofxi.e.x™ ! we get indicial equation (1) Cyn? =0 


Puty = 2c" be the solution of given equation 


2 
x2 TY 5 W 4 (x21) y= 0 
dx? dx 
then 2! = XC,(m + 2r) a 
dx 
d’y 


SF = BC,(m+ 2r) (rm + 2r—1) xt? 
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11. 


12. 


put these in given equation we get 
=C,[(m + 2r + 1) (m+ 2r—1) x™2" 


ex mrert2) =0 


Equating the coefficient of lowest power is x" we get 
Co(m + 1) (m—-1) =0 

> m=1,-1 

Given equation is 


Here, 


Since at x =0 
neither P nor Q— ~ so x = Ois an ordinary point 
Given that x = 1 be the ordinary point of 
2 
FY 4 (x 12 Y = -a(x-1) y=0 


dx? dx 
dy _dy dt _ dy 


putx =t+1, 
dx dt dx _ dt 
& dy _ a (). a(a\- 23 
, dx? dx\dx) dt\dt) aq? 
So given equation becomes 
d’y 24 _ ayy 9 


dt2 dt 
and its ordinary point is t = 0 


Let y = XC,x" be the solution of Dy -y=x 


2. 
So 2Y = 3G?! ana FY Y= EC rr-1) x"? 
dx dx 
Put in given equation we get 
ECy[r (r-1) x2 -x"]-x =0 


Equating to zero the coefficient of x9 we get 
2A9(2—1)— Ay = 0 
2 Z a 


Given differential equation 
2 
d“y x 1 dy ek 


Here, 


So (x -1) P and (x —1)Q 


i.e. 1 and x (x —1) both are not infinite at x = 1 so 
x = lis regular point. 


14. 


16. 


17. 


20. 


22. 


Given equation is 
2 
d*y 4 2 dy x 1 


=0 
dx? x(x-3)dx_ (x —3)? 
Here P= 2 and Q= 1 
x (x -3) (x - 3)? 


It is obvious that xP and x2Q both are not infinite at 
x = Oso x = Ois regular singular point. 
Also (x — 3) and (x -3)7Q both are not infinite at 
x = 3s0 x = 3is regular singular point. 


Given equation is 


2, 
(x x2) FY 
dx? 


+ (8x) $ “ dy =0 


Put x™ 
(x —x2)\m (m-1)x™ 


or m2x7-1 


in given equation we get 

24 (1—5x) mx™1 — dx 
~(m2 + 4m+4)x™ 

Here the common difference of the power is so its 


solution is y = z Cx 
7 


dy, x-1 dy, 3 


Given that y=0 
ae (x-2)2 dx (x —2)3 
Here, p= 1 ,Q= 3 
(«x-2° (x -2)° 


and (x — 2) P and (x — 2)2Q are infinite at x = 2s0, 
x = 2is an irregular singular point. 


Given differential equation is 


dy ldy. 1 
+ +—y=0 
dx? x% dx x3 
Here, P= = Q= = 
x x 


and xP and x2Q are infinite atx =Osox=Oisa 


regular singular point. 


Given that x?(x — 3) y”+ 3(x —3) y’+5y =0 
d’y 3a, 5 
or y=0 
a x? dx Ye 3) 
Here, P= = and Q= = 
x x“(x — 3) 


Also P and Q are not analytic at x = 0 
i.e. P= co, Q = co 


so x = Ois a singular point. 
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24. 


26. 


Given differential equation is 


2 
dy .x=1 dy RFS 2g 
dx? x dx x? 


x+2 


a= fame! 
Pan 0= 


x x 


Here, 


Also xP and x2Q are not » at x = Oso 


x = Ois a regular singular point. 


2 
Put y = =C,x™*" in x? PV Wy (x? 


4 y=0 
dx? dx u 


We get Xc,(m + r+ 2) (m+ 1 -2)x 
m+r+2 
+2C,x = 0 


So equating the lowest degree term i.e. x™ we get 


Co(m + 2) (m — 2) = Owhich is indicial equation. 


30. 


Put y = E Cx 2 in given equation we have 
= 


BY = Crm + 2r) x™2F1, 
dx 


2 co 
@Y _ Chm + 2rim + 2r—1) x 2-2 
dx? r=0 
We get C,[-x™*2"t? + (2m + 4r —1) 
(m+ 2r-1)x™"] = 0 


So equating to zero the coefficient of lowest termi.e. 
x” is 
Co(2m — 1) (m—-1) =0 


O00 
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The Laplace Transform 


LAPLACE TRANSFORM 


1. 


The Laplace transform reduces the problem of 
solving a differential equation to an algebraic 
problem. 


If the knernel k(p, t) is defined by 


(0) for t< 0 
RADE) = ie for t= 0 
Thenf(p) = L {F(t)} = F(p) 
= i. eP'F (t) dt (1) 


is called the Laplace transform of the function 
F(t). It exists if the integral (1) converger for 
some values of p, otherwise it does not exist. 


The Laplace transform is a linear transformation 
i.e. 


L {a4Fy(t) + agFo(t)} = aL {Fy(t)} + aol {Fo(t)} 


Where ay, ag are constants. 
A function F(t) is said to be of exponential order 
ast — cif there exists a positive constant, a 
number o and a finite number to such that 
| F(t)|<pe™ or 
|e“ F(t) |< for all t= to 

If a function F(t) is of exponential order then it 
is also of B for B > a. 

If F(t) is a function which 
continuous on every finite internal in the range 
t> O and satisfies | F(t) |< we for all t> 0 and 


for some constant a and u then the Laplace 
transform of F(t) exists for at p> a. 


is piecewise 


A function which is piecewise continuous on 
every finite interval in the range t= 0 and is of 
exponential order as t— o is known as a 
function of class A. 


Laplace transforms of some elementary functions 
are 


@La=4, p50 
p 


ary et!) 550 
pb 
! 
(iii) L {t"} = ” , p> Oand n is a positive 
p'+ 
integer. 


(iv) ete psa 
p 


(v) L{sin at} = _ 5) p>0 
p’ +a 

(vi) L {cos at} = 5 5) p>0 
p’t+a 
a 


(vii) L {sinh at} = =—, p>|al 
Pp -a 


(viii) L {cosh at} = _ 3 P>lal 
pa 


PROPERTIES OF LAPLACE TANSFORMS 


1. 


If L {F(t)} = f(p) when p> a 
then L {e“F(t)}} = f(p—a), p>ata 


This is called first translation or shifting theorem. 
If L {F(t)} = f(p) and 


Gi) = _ 


t>a 
0, t<a 


then L {G(t)} =e f(p) 


This is called second translation or shifting 
theorem. 


If L {F(t)} = f(p), then 
L{Flat)} = 42] 
a a 


This is called change of scale property. 


The Laplace Transform 
Ai | 


4. 


Let F(t) be continuous for all t> 0 and be of 
exponential order a as or t > oe and if F’ (t)is of 
class A, then Laplace transform of the 
derivative F’(t) exists when p>a and 
L{F’ (t)} = pL {F(t)} — F(0) 
Similarly 
L{F”(t)} = p*L{F(t)} — pF(0) - F’ (0) 
Continuing in this manners we have 

L{F(t)} = p"L{F()} - p™ 'F(0) 

-p™ °F’ (0) -....- F™ (0) 

Let F(t) be continuous for all t> 0 and be of 


exponential order as t > oo and if F’ (t) is of 
class A, then 


lim F()= lim pL {F(t)} 


to0 poe 
This is called initial-value theorem. 
Let F(t) be continuous for all t> 0 and be of 


exponential order as t > co and if F’ (t) is of 
class A, then lim F(t)= lim pL{Fi(t)} 
p70 


too 
This is called final-value theorem. 


If F(t) is piecewise continuous and satisfies 
| F(t)| Zue“ for all t> 0 for some constants a 


and i, then 


10. 


11. 


Lt J Fc) dx} = nt t)},(p> 0, p> a) 


If F(t) is a function of class A and if LF(t) = 
then 


f(p), 


L{tF(t)} = —f’ (p) 
Similarly L{t"F(t)} = (- 


For alln = 1, 2, 3,... 
IL{FO} = flph then LIFT = [700 


provided lim ea exists. 
toOl t 


Let L{F(t)} = f(p)i.e. I e P'F(t) dt = f(p) 
taking limit as p > 0, we have 
Jo FW at= f0) 


Let F(t) be a periodic function with period 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1. 


The Laplace transform of t is : 


@™ w> WS @i 
p p p 
L {cosh at} is equal to : 
1 p 
(a) (b) 
pe—a peta 
1 
(ew (d) 
pea pe+az 


If L{F(t)} = f(p) then L{F(at)} is : 


(b) af (?} 


(d) None of these 


4. 


T >0, Fu+T)=F(u), Fu + 2T) = Flu) etc. 
[cePF Wat 
then L{F(t)} = 20 
1l-e?! 
L {(5t—2)} is : 
5-2p 5p -2 
(a) 2 (b) rm 
2 
(c) beep (d) None of these 
Pp 
ik {pe} is 
—_ (b) °° 
(p — 3) (p-3) 
120 15 
(c) (d) 
(p-3)° (p-3)° 
L jes a is equal to 
(a) cot °) (bo) tan-*(?) 
a a 


(d) Does not exist 
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7. 


10. 


11. 


12. 


13. 


14. 


15. 


t 


2 
The function e' as t > © is of exponential order : 


(a) 1 (b) 2 (c) 3 (d) Not exist 
The value of L {sintcost} is : 
1 2 1 2 
(a) 3 (b) 5 (c) 3 (d) 5 
p +1 p +2 p +4 p +4 
t 
Ras” 7S ** 1 hen Dar iHe: 
0 t>1 
—p _ ppt 
(a= ®" pel (b) 1-2 pal 
p-l p-l 
—ptl1 
( joe ,p#1 (d) None of these 
p- 


anit OSES ieee: 


0 t>n 
Tp Tp 
(a) e (b) e +1 
p?+1 p°+1 
-np 
(c) 2 a =< (d) None of these 
p° +1 
The value of L lat is: 
Jatf 
(a)+,p>0 (b) +, p>0 
P vp 
() +, p>0 (d) 2, p>0 
mp Vu 
The exponential order of t? is: 
(a) 1 (b) 2 (c) 3 (d) Not exist 
L {e! sin” t} is equal to : 
(p-1) (p* +5) (p+ 1) (p* —2p + 5) 


[2 t< 2n 
Then L {F(t)} is : 
== ont 
a (b) © 
p (p? +1) pe+1 
on on's 
pe pe 
a iS 
p +1 p +1 
L {te} is : 
n! n-1! 
(a) pl (b) (p+ q)n*1 


16. 


Ly; 


18. 


19. 


20. 


21. 


22. 


23. 


! n! 
— 
(p+ a)" (p-a"* 
The value of L fet(3 cos 6t — 5sin 6t)} is : 
= eee 
p~+4p+40 p~+4p+ 40 
3p -9 
(c)} (d) None of these 
p-+4p+ 40 


If L {F(t)} = f(p) then L{F(t) cos at} is : 
(a) Hprish- Ness (b) Apa Het 
(c) f(p + ia) + f(p —ia) 


(d) f(p—a) - f(p +a) 


2 Zz 
L{sin 2t sin 3t} is : [Kanpur 2012] 
oe | 
(p* + 1) (p* + 25) (p* + 1) (p* + 25) 


(c) e 


on ee (d) None of these 
(p* + 1) (p* + 25) 


If L {F(t)} = f(p) then L {e'F(3t)} is : 


-3 3 
(p+) p 
(a) © (b) © 
(p +1) (p + 1) 
__ 3 =< 
(p+1) ptl 
i= (d) & 
p (p + 1) 
The value of L {tsin at} is : 
2ap 
(a) “P (b) 
(p? + a”) (p? + a”) 
(c) — 5 (d) None of these 
(p* + a*) 
Ifl | = tan”! : then y= “| is : 
t p t 
(a) sta “(2) (b) “an (2 } 
a p a a 


(c) atan-™{ =] 
p 


L {t"e*} is equal to : 


n! n! 
cy Se 
(a) n+1 | ) (p+ q)r*t 

n! n 
eae dj) —2 
(c) (p—a)n*t ( ) (p+ q)n*t 


The value of L i “| is : 


pt+l 


a) lo 
(a) a= Sal 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


ij tisa® =! (d) None of these 
2 pti 
If L {F(t)} = f(p) and integral is converges then 
J FO at is : 
0 ¢ , 


(a) [xf dx (o) {; Max 


(c) fof dx (d) Not exist 

The value of in te sin tdt is : 

(a) 0 (b)1  — (o) ; (d) , 
The value of fy eat is: 

(a) x (b) S (c) (d) 0 
The value of I. te sintdt is : 

1 2 3 4 
a) b) res ee d) = 
(0) 55 () 35 (55 (4) 35 
If LWo(t)} = a Joa olt) at is: 

yl+ p? 
(a) = (b) (c) 0 (d) 1 
IfL {2 | ex thee || : 
Tt p® 2 Tt 

1 1 1 2 
(a) — (b) — c) —— (d) 

Pp Pp p/p p 
If F(t) = ie BEES 2 ad i) Resa epqad at 

0, a<t<2n 


2n then L{F(t)} is : 


1 1 

(a) b 

* (pe) Ie) (p? + 1) e™? 

ic 1 ‘ 1 

(p? +1) (1+ eP") (p2 +1) e°™ 
-2 

The value oft ime fe 

(a) log (2 . -| (by Lo32 
p p 

fe} tog (2-5) (d) eat =| 
p P 

0,0<t<1l 


If F(t) = Jt, 1<t< 2 then, L{F(t)} is under ae is : 
0,2<t ae 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


3. 2 3 2 
ee eas b) -2 44 
(a) See (b) Ze 
(j3-2 gees 
e e ee 
The value of Lit?e'} is: 
(a) 2 — 
p (p-1) 
2 p 
—- (d) 
(p-1)° (p-1) 
me is equal to : 
0 x 
(a) 5 (b) x (c) 0 (d) z 
If L {J,(t)} =1- P then L {t J,(t)} is : 
p? +1 
— (») 
p’ +1 pe +1 
1 1 
——  — 
(p? + 1/2 (p? f 19/2 


If F(t) = ‘3 . : then L{F(t)} is : 


li (: - 3] t> x 
If F(t) | 3 3 then,L {F(t)} is: 
0) 


t<— 
(a) em/s : emp/3 
a 
ptl p? +1 
e m/s 
(c) 5 (d) None of these 
p° +1 


(c oral id) er 

L {tsinat} is equal to : 

(a) pe (b) Tee 

(c) ae (d) None of these 
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40. L foo a} is equal to : 
x 


0 
(a) cot! p (b) tan7!p 
p p 
(jin (d) sin! p 44. 
p p 
wo pt _ pat 
41. The value of [, So * dts 
t 
l 
2 (o) 3 ()logd (a) 88° 
p Pp p 
45. 
42. L te cos xt dt is equal to : 
7 7 1 1 
a b Cc ae 
) 605 ) 205 () G05 ) 505 
1 


43. — IfL terf Vt} = then L{e*erf Vt} is equal to: 


pyp+1 


ae (o) 1 
(p+ 3)./p—2 (p—3)./p +2 
— ——— 
(p-3) \p—2 (p-3)p 
If L{F(t)} = f(p) then L{F(at)} is : 
(a) + flap) (b) a(?) 
a a 
1,(p 1a 
(2) a (2 
fewer] is equal to : 
ni-1! | 
a (o) 
(p—a)” (p+a)" 
(c) + _ —- 
(p —a) (p + a) 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


|| (b) eee) (c) Seem) (c) RAS (a) Se (c) 6. 


(d) | 7. | (a) | & | (c) | 9 | (b) | 10. | (c) 


11. | (b) | 12. | (c) | 13. | (d) | 14. | (c) | 15.) (a) | 16. 


(b) | 47. | (a) | 18. | (b) | 49. | (a) | 20. | (c) 


21. | (d) | 22. | (c) | 23. | (d) | 24. | (c) | 25. | (c) | 26. 


(b) | 27. | (c) | 28. | (a) | 29. | (a) | 30. | (a) 


31. | (a) | 32. | (b) | 33. | (c) | 34. | (d) | 35. | (c) | 36. 


(b) | 37. | (c) | 38. | (b) | 39. | (c) | 40. | (a) 


41. | (c) | 42. | (a) | 43. | (c) | 44. | (c) | 45. | (b) 


HINTS AND SOLUTIONS 


5, _ 5! _ 120 
5. L{t?} = ies 
pp 
.. By first shfting theorem. 
Lfe3t5} = 120 ; 
(p-3) 
: : 12. 
6. Since lim S°™ does not exist so L ‘aa not 
to0 t 
exist. 
7. lim fen tet} = lim e-9 = co for all values of a. 
too tyoo 
Hence for any value of a, we can not find a number 
2 2 
u such that ed< wet so e' is not of exponential 
order as t > 9. 
t co 
9. Fi)=J& OS'S Tso LEFW)} = fe PFU dt 14. 
0 t>l 0 


1 oo —(p-lt 
= J e Pel dt + j e 'Odt = (: ] 
0 0 1 


p- 
_ eo (p-)) 
_i-e pel 
p-l 
2 
mite tFOt= tim |= te 
too tyoo et too aet 
= lim = Oifa>0 
t>~ q“e 


so F(t) = t is of exponential order. 
\t?| =t?<e¥t>0 


So t? is of exponential order 3. 


( Qn ) Qn 
o}t-—}, t>— 
Let $(t) = cost then F(t) = 3 3 
20 

[o t< = 


The Laplace Transform 
fii 11 


16. 


17. 


18. 


20. 


21. 


23. 


So L{g(t)} = L {cost} =P — = fip) 
po tl 


From second shifting theorem we have 


(2), eg 
LiFij}=e\3/ fp)=e 3-F - 
p +1 
“-L (Bcos6t — 5sin6t} = 3,P 5, © 
p. +6 p +6 
= 3e- ap = f(p) so by first shifting theorem. 
Pp 2436 
We have L{e~‘(3cos 6t — 5sin 6t)} = f(pt”) 
_ _3p-24 
p- + 4p + 40 


: L{F(t)} = f(p) then by first shifting theorem 
L{f(t)cosat} = L{F se" 2 em 
= SIL (fie) - LiF (te“}] 


[f(p —ia) — f(p + ia)] 


Nile 


F(t) = sin 2t sin 3t = loos cos 5t) 


So, L{F(t)} = slLcost) - L{cos St] 
af Es p ] 
2| p2 +1 pe + 25\ 
_ pl p?+25-p2+1]_ 12p 


2 |(p? + 1) (p? + 25) i (p? + 1) (p? + 25) 


L {sinat} = 


pea 
«. L {tsinat} = a _ s}- a 
dp |p* +a (p* + a“) 


Given {stl = tan : ) = |= “| 
t Pp at 


so, lim—“= fim =1 


since L{sin ht} = za" = f(p) 


- L{=2™| - f. Flo) m= fs ar 


25. Let F(t)=tsint 


L4F(@} = Litsint ==" Liang == 2-4 
p dp p? +1 
_ 2 
(p? + 1)* 
o _ pt, 2p 
so, { e tsintdt = __“P _ 
[ (p2 + 1)? 
letting p > 1 we get 
J, e‘tsintat a 2 7 s 
0 4 2 
26. Let F(t) =sint > L{F(t)} = L{sint} ze 
p° +1 
[|= enpt Sint 4 
L : Ine ae f(x) dx 
eo =] ai Ase. 1 Esk 
= dx = [tan lq = —-—tan 
P x24] eee. e 
put p > Owe get 
J sint ot ait 
0 ft 2 


8: Given L2 fe | en 
nl p32 


be L{F’(t)} = pL {F(t)} — F(O) 
ti t _ p i 
7 L| 5} pLja [* of plz pi 


30. Since F( t) has a period 2x 


fe e PF(t) dt ee tsintdt-+ | " OePtat 
Eee 1-e?" 
pt 
=f" ePsintat = 5 ae 5 
1-e “7 “0 (p* + 1) (1-(e")*] 
1 


(p? + 1) (l-eP") 
32. L{F(t)}} = Jy oF Wat 


= [pe Pode + fre Pttat+ ie “eo P'Odt 


—pt —pt 
L {F(t} = Le | 
p p 1 
= 2, 1 2p. a =P 
Pp P p 
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34. 


35. 


37. 


39. 


40. 


So, lim L{F (t)} =- 
pol 


and lim “"™ exists and is equal to 1. 
x>0 x 


Sa; fh = f, food 
= [tan™ 355 = cot !p 


; sin e% _ny sin 
Since LJ 50% =f en Px SINX ay 
x 0 x 


dx 


7 


“Ip x +1 


-px 
coe PX sinx z 
Be i; ————— dx = cot ly 


x 


Putting p =1,we get 


i, e™ sinx dx = cot !1= 

0 x 4 
“L {P’()} = pLiF()t — F(0) 

». Ly ()} = LEIG(E)} = LUG} 


= —{pLtJ o(t)} —Jo(O)t = , 


1 
al 


eee 42. 
Vp” +1 
Let o(t) = sint 
T 
oft 
o uta} 3 
ped 
1 43. 
So, L{o(t)} = Ltsint} = — f(p) 
p° +1 
By second shifting theorem we have 
5 Jp. f(p) — g-mp/3 
L{F(t)} =e =<, p>0 
p +1 
45. 
L{sinat} = ; 
p +a 
*, L{tsinat} mes os 
dp p2 + az 
_ Zap 
(p2 + a’)? 


Since we know that L} a ie = cos! p 
t 


Since if L{F(t)} = f(p) then L{f, Fc) dx} — Flp) 
p 


(p) 41. 


Lf 4 x = cot! p 
Pp 


Let F(t) = e' -e*# 


LIF ()} = — 1 Fp) 


= joa (245) = lim log (= }-log pel 
x+3 if Xoo x+3 pt+3 


beea = 1 tensa = ~$I P 
dp 


dp |p? +16 
co 2. 
or j e Pt cosatdt =P — 16 
9 (p* + 16) 
oo 7 
ut =3weget| e Sty cos 4t dt = —— 
put p=3we get |, me 
: 1 
Given L {erf Vi} = ———_ = F(p) 
pyp+1 
So, L{e*erf Jt} = F(p -3) 
_ 1 _ 1 
(p-3)/p-3+1 (p-3)Jp-2 
Since L {t""}} = — = F(p) 
p 
—at,n-1 
Go be pee 
(n-1)!! | (n-J)! 
1 1 (n-1)! 
= f(p +a) = : 
(n-1)! (n—1)! (p+ a)" 
24 
(p+a)" 


O00 
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The Inverse Laplace Transform 


INVERSE LAPLACE TRANSFORM 


1. 


Laplace transform of f(p) and is written as 
Fi)=L Xf (p)} 


Here L is called the inverse Laplace 
transformation operator. 


If f,(p) and fo(p 
F,(t) and Fo(t) respectively and Cy, Co are two 


) be the Laplace transforms of 


constants, then 

EN Cyfy(p) + Cofelp)} = CL fa(p)} 
+CoL¥ fo(p)} 

This is called Linearity property. 


The inverse Laplace transforms of some 


functions are 


PROPERTIES OF INVERSE LAPLACE TRANSFORMS 
If L{F(t)} = f (pp) then F(t) is called an inverse 1. 


If L-1{ f(p)} = F(t) then 
L{f(p— a)} = e“ F(t) = 


This is called first translation or shifting 
theorem. 


If LN f(p)} = F 
F(t-—a), t>a 
0, t<a 


e@1-l f(p) 


where G (t) = 


This is called second translation or shifting 
theorem. 


If L-1{ f(p)} = F(t) then 
Lf (ap)} = F(*] 
a a 


This is called an of scale property. 
fl f(p t) then 


a’; 


Fit) 
LU f"(p)} = me 


If Lf (p)} = F(t) then 


-1y(* _ Fit 
Ef fede} = 


If Lf (p)} = F(t) and F(0)=0 then 
L\ pf(p)} =F’ (t) 
If F(t) is sectionally continuous and _ of 


exponential order a and such that lim Fo 
tod ¢t 


exists then for p> a 


-1) f(p){ _ ft 
ape 


Continuing it we have 


ee 
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7. If F(t) and G(t) be two functions of class A, then This is called convolution theorem. 


the convolution of two functions F(t) and Git) 9. If F(p) and G(p) be two polynomials in p where 


denoted by F : Gis defined as F(p) has degree less than that of G(p) and G(p) 
PGs JF (x) G(t — x) dx has n distinct factors (zeros) 
07, PH1,.2:.3) 000 
FxG is commutative, Associative and ; aw | 
distributive w.r.t. addition. as DIE IP OAD = C2} -<IP = Gy) 
n 
8. _ If F(t) and Git) be two functions of class A and then | Fe j => ane ) et 
let DH f(p ies i t) and os )} = G(t) then OK eR As) 
oa LU (p b= fob de=F* 6 This is called Heaviside’s Expansion theorem. 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 7. The value of D1 {(2p + 3)-/7} is: 


3/2t 
1. rt is equal to : (a) 3, 1 (b) = 
1 7 1 e2 ./2nt 
z (b) ; (c) Vint (d) ae 3, 
2 
(c) —— (d) 
9 oj lis, = 
Peal dri 
(a) £98 2t (b) 2° h2t ia 2t (ay h2t ny in Pp _ ésint pon inl 32p fe 
2 2 2 2 (p? 4. 1)? a (16p? + 1)? 
-1 4 : 
3. The value of L Ic = 5 is : (a) Sins (b) 53m 
2t t 
(aje* —(b) 4e* (ce) 2e*# = (ed) tt sin 
4 (c) —sin— (d) 
{ 1] 4 4 t 
Pp —a/ 2 
4. wee lt. zed then D& — \ for a> 0 a 
» te l J 9. The inverse Laplace transform of 7 a is : 
Pp 
is : 
i k (a) (t- 3) H(t -3) (b) tH(t — 3) 
cos2 ; cos2,|f F t 32 
a b t-3)°H(t-3 d) “—"_H (t-3 
ae =: aa = (c) ((-3)*H(t - 3) (d) (t—3) 
) cos sa ap 
(c) (d) None of these 10. The value of 7! iD soda ee 
pout 
5, a * equal to : (a) (t- a) H(t—a) (b) cosw (t — a) H(t — a) 
(c) coshw(t — a) H(t—a) (d) None of these 
(a) (t-1) ew (b) ( me : 
(c) - : H(t-1) (d) (t + 1) + (1) 11, my jis equal to : 
p(p + 3) 
21 1 . . 
6. L eer is equal to : (a) 14 et (b) 1- et 
(a) e' cost (b) e* sint (c) ew] (d) 1-e* 


(c) e* cost (d) e' sint 3 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


[ 1 )| 
a ea(1-—5 is : 
| a 
(a) 20m ht) (b) 2 ht 


(c) Lt cosht (ai None: these 


4} 1 | 
3 is 
p*(p + 1) 
(a)tte? (b) t-1+ e* 
(c)tt1+e7 (d)t-e* 
Eloe2*?) is 
pt 
t, ,2t t, ,-2t 
(a) ete (b) ete 
t t 
a es a: 
(c) e e (d) e+e 
t £ 
-1 : ; 
is equal to : 
(ea (p+ 5 
t  -2t t ,-2t 
ey e-e (b) e+e 
3 3 
-t  ,-2t 
(c) © > (d) None of these 


(p+ 1) (p-2) 
(b) 3e7* + 5e# 
(d) 5e”* — 3e# 


The value of my Peet hi 


(a) 3e2' — 5e7t 


(c) 5e + 3e7# 


© 2 
i e ~ dx is equal to: 


(a) . (b) x 
(c) Vx (d) vn 


The value of L! oe) is: 
p(p+1) 


(a) sint+1 (b) cost+1 (c)et+1 = (d) _ 
ptY- - is equal to : 
9p* -16 
(a) Leek (b) me ea 
4 3 4 3 
(c) tsin h™ (a) -L cosh 
4 3 4 


20. 


21, 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


pc} 1 is : 
(p+ a)" 


—at,n-1 —at,n 
A et (b) ent 
(n—-1)! n! 
eo ayntl 
(c) (d) None of these 
(n—1)! 
e PX 
The inverse Laplace transform of is : 
p°+1 
(a) (t— m) H (t- 7) (b) tH (t- 2) 


(c) —sintH (t— nz) 


[ 1) 
Pe log [1+ =) is : 
| PII 
Gj 2(1 = 28 (b) a 


(c) oatrt (d) None of these 


If L {f(p)} = F(t) then Ll {f(p — a)} is : 
(a) e “F(t) (b) e“F(t) 


(d) costH (t— n) 


(d) (-4)"F(t) 


If Ll 4f(p)} = F(t) then riff) iss 


p 
(a) a de (b) [Flodx 
(c) F’(t) (d) (-1)"t"F(t) 


The value of fosinx cos (t — x) dx is equal to : 


(a) sint+ cost (b) tsint-1 
(c) tcost+ 1 (d) pny 
2 
By convolution, the value of | *| |*|x|(n times) is : 
t tn pn-l 
(a) (b) t” (c) — (d) 
(n—1)! n! (n—1)! 
The value of L7! 7 P is : 
p~ +36 
(a) sin6t (b) sinh 6t 
(c) cos6t (d) cosh 6t 
m2 cos : is 
pp 
2 2 
t t 
2 2 

atts @2t s., 
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Z is equal to : 38. Ll ev ,a> Ois: 
—a)° pe 
Cal (b tet . t7et d pet (a) at when t > aand 0 otherwise 
2 2 2 2 (b) (t— a) when t> aand 0 otherwise 
30 The value of L-! log? * 3 +3 is: (c) (t+ a) when t> aand 0 otherwise 
: pt+2{ — (d) None of these 
-2t, .-3t -2t_ -3t 
(a) a ; © (b) —_ 39. The value of my gee is : 
gts gt gt. ett p'+2p-3 
ee ih (a) 4e7* - et (bie ae 
-3t ot 3t_ o-t 
31 no P }- fsint then a ! fe: ai las 
(p?+1)?} 2 (p? +1)? 40. The value of my i ; is: 
F + 
(a) sint+ tcost (Gy SE roost 4 a = “f 
2 (a) e (b) e (c)l+e (d)l-e 
(c) tsint — cost (d) sint —tcost 1 
fo a 41. IfL-+{f(p)} = F(t) then ee (5)} is : 
- 1 
32. Thevalue of D!J___* ___lis: t 1 
i lor aa (a) F (5) io) 5F (5) 
gt ae #ugt ‘ 
er ae (c) F (21) (a) Ft) 
( )et+et (a) eé+et 
© 3 3 42, Lt {pf (p) — F(O)} is equal to : 
1] pt+5|. ; (a) F(t) (b) F(t) — (c) F(t) (d) tF’(t) 
33. LC Forel is equal to : 
pet a: a is equal to : 
(a) sint — 2cost (b) 3sint — 2cost 9p* + 60 + 1 
(c) 3sint+ cost (d) 2sint — 3cost is te /3 (b) tel/3 
34. If? {f(p)} = F(t) then L-! {f(ap)} is : 9 3 
1 t t te t/2 
(a) —F (5) (b) aF (=) (c) (d) None of these 
a a a 9 
1 
he) ate) id) a 44. The value of | is : 
Tp Ap —-1)* + 32 
35. my < | equal to : went 
pot+1 (a) e" sint (b) e! sin 8t 
(a) sintH (t- 2) (b) cost H(t — 1) 2 4 
(c) tsin(t — 7) (d) sin(t— 2) H (t- 2) (c) e! cos4t (d) e! sin 4t 
36. If L-14f(p)} = F(t) and F(Q) = Othen 17 {pf{(p)} is : 8 8 
F(t = 
(a) EW (b) tF(t) 45. Lb! ae is equal to : 
- —3p+2 
c) {oF (x, dx) (d) F’(t) Pe 
(1) (a) 4e! - 2e*# (b) on 
37, Ne 21 co82vE hon Ue Lig. 4e! + et 3e 
a) £08 (2/at) (b) £08 (2V nt) 46. Efren} is: 
vat Vat P 
1 cos2y/t (a) tant (b) cost (c) sect (d) sint 
(c) (d) None of these t t t t 


a v mt 
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a “Thewalueel a ; : | igs 48. cy 1 : | is. 
p“(p* +1) p(p + 1) 
(a) sint (b)t+sint  (c) t—sint (d) t—sint (a) e“(t+ 1) (b) 1-e“(t+ 1) 
(c)l+e? (d) e'(t-1) 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


Cn om « LOM: Bom = Bom >: Bom Bom: Bom: foe « Fe 


a1. | (d) | 12. | (a) | 13. | (b) | a4. | (c) | a5. | (a) | a6. | (d) | a7. | (a) | a8. | (c) | 49. | (b) | 20. | (a) 


21. | (c) | 22. | (a) | 23. | (b) | 24. | (b) | 25. | (d) | 26. | (d) | 27. | (c) | 28. | (a) | 29. | (c) | 30. | (b) 


31. | (d) | 32. | (a) | 33. | (b) | 34. | (a) | 35. | (d) | 36. | (d) | 37. | (a) | 38. | (b) | 39. | (a) | 40. | (a) 


41. | (c) | 42. | (b) | 43. | (a) | 44.) (a) | 45. | (a) | a6. | (a) | 47. | (a) | 48. | (b) 


HINTS AND SOLUTIONS 


f., i 1{ 20> | ¢ 
Pa al A 12 1 2 4 or =OL ‘ = sin 
1 vu} pu} ea Sige |(a2p? + 1)? | a a 
2) Es Tt tt 
. Gl put a = 4 we get 
: fer? | cos 2V/t i Sep we sin : 
4, Given that L ‘| pia i - c= (16p?+1)2] 4 4 


10. Since 7 5 P | = cos hat 


p -o9 
{1 t 
Je | _ AI 2. OL elie 
or L 7 et f(p) = ca 5] 
| Jp vat p* 
2 
21 
putk = = we get = log (Fs = —2logp + log (p? -1) 
° [ 2] P 
-ije P 2VJat 1 
PS a 0s spe _ Pp 
= p) =—-2] — 
| 4 Jaf p p?-1 
Z a 1 |- a 1 | L1{f(p)} = -2 (1-cosht) 
: 2 2 
p’—6p +10 (p-3)° +1 or —tL-!{f(p)} = -2(1—cosht) 
3t7-1 1 3t. 
ev L~}—— =e” sint [ ] 
{32 + | or es (3) = “(1 cosh) 
Pp 
8. Given that L7 P St p+2 
(p? +1)? 2 14. Let f(p) = log (e+=] = log (p + 2)— log (p + 1) 
pt 
: ie Ga: 
We have L7! oP, = sin 
: eo 2aa a fipp=—t_- 
pt2 pr+l 
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or = tL! {f(p)} =e — et 
». EU (p)} = Elog? : A! =Net-e%y 
pt+l t 
16. Given ry eet 
(p+ 1) (p—2) 
Here F (p) =19p+ 37 


G (p) = (p +1) (p-2)=p*-p-2 
Here G (p) has 3 distinct zeroes, 
oO, =-1o,=2 
G'(p) = 2p-1 
By Heaviside’s expansion formula, we have 


cy 19p + 37 } F(-1) +t 
(p+1)(p-2)} G(-1) 
+ Fe et = -3et + 5e## 
G'(2) 
tx? dx 


17. Let F(t)= [5 e 


L{F()} = J Lhe} dx 


={~ dx =( fre) 
On+x? \Vp VP Jo 
eae 
2p 
zs 1 1 |x 
F(t)=E1J_ "(= -_ = c 
w ae 2Vnt 2Vt 
or [re dat a 
0 2V\t 
put t = 1 we get 
[rem dk = 
0 2 


21. Since] x | =sin 


=—sint H(t— 1) 
25. Let. F(t) = fosinx cos (t — x) dx 


By convolution theorem we have 


L {F(t)} = L{sint} L{cost} 


a SinerrGs f, FIG t-xdx 


|*|= fj lide =¢ 


Fett = fictde = © 
O° 9 


2 2 3 
pirite[5 Joa ee 


Proceeding similarly, we have 
n-1 


|*|*|....*| (n times) = 


Pp _ tsint _ 
(p? + | an 


ia 1 -j-ji_ Pp 
wear | . om | 


= [ Fexidx = =f’ xsinx dx = sint — tcost 
0 270 2 


35. vb} i = sint 
p- +1 


31. Given oy 


pi +1 
= -—sintH (t- 1) 
f 1] 
Pp 2S 
37 Since D2 | = £98 
pl2| Unt 
f 1 t 
i 9 |t 
1] e pk ee k 
(pk)? | ok [mt 
k 
f _1] t 
Ske cos 2, |— 
pk k 


Pp 
Putk = L we get Ne ” | = cos2vat 
2 p Vat 
38. cys} 
p 

ap mn 
$6, ENE =(t-d)H (t-a)= t-a t>a 
p 0 t<a 


The Inverse Laplace Transform (i18 | = 


43, 1 — 
(9p~ + 6pt) 


— 


44, a eh 
Ap -1)2+3 2p? +3 


_eé iba 1 _e! sin4t _ e' sin 4t 
2 4 8 
45. Here F(p) = 2p-—6 
and G(p) = p- —3p+2 
G(p) = (p - 1) (p- 2) 
G'(p) = 2p-3 
By Heaviside expansion formula we have 
el 2p -—6 _ F(l) e+ F(2) ett 
p’-3p+2) G'(l) G"(2) 


ey ee 
-1 1 


= 4e! — 2e** 


46. Let f(p) = tan! (=] = cot! p 
P 


f"(p) =-sint 
But Lol {f’(p)} = -tL-l{f(p)} 
tL} {f(p)} = —sint 


CY pfs hanede = cos 

pip*+1)} °° 

pl _leia dx =t-si 
aa =f —cosx)dx = t-—sint 
p°(p* + 1) 


48. a : au} t \ 
p(p+1)? [(p + 1-1) (p+ 1) } 
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Applications of Laplace Transform 


SOLUTION OF ORDINARY DIFFERENTIAL EQUATION 


1. 


The Laplace transform is very useful in solving 
ordinary linear differential equations with 
constant coefficient. 


Consider a linear differential equation with 
constant coefficients. 


n n-1 
dy +A, d™y 
dt” dt™} 
d 
+Ani at A,y = Fit) (1) 


Where F(t) is a function of independent 
variable t. 
Let y(0) = Co, y(0)= Cy, ..., yO) = Crt 

ac(2) 
be the given initial or boundary conditions. 
Where Co, Cy, Co,..., C,_1 are all constants. 
To solve equation (1) we take the Laplace 
transform of both sides of equation (1) and 
using contition (2) we obtain an algebraic 
equation called subsidiary equation form 
which 
y(p) = L{y(t)} is determined. The required 
solution can be obtained by finding the inverse 
Laplace transform of y(p). 
The Laplace transform is very useful in solving 
the differential equations having the terms 
t™y"(t) is variable coefficients, where Laplace 
transform is 

mon m dm n 
Lit’ y ()} =(-1)" —_ [Liv i] 
dp 

The Laplace transform can also be used in 


solving two or more simultaneous ordinary 
differential equations. 


SOLUTION OF PARTIAL DIFFERENTIAL EQUATIONS 


a 


Laplace transform is also useful in solving 
partial differential equations when the 
boundary conditions are given 


If y(x, t) is a function of x and t then 


(i) L 2s = pylx, p)— ylx, 0) 
[ 2, | 
G2 = pron pr 
| ot” | 
(iii) 4 2| = dy 
ox x 
2 2- 
(vy Lf vl os 
| ox | dx 


where, L {y(x, t)} = y(x, p) 


SOLUTION OF INTEGRAL EQUATIONS 


1. 


Laplace transform is also useful in solving 
various integral equations such as 
b 
F(t) = y(f)+ J ku, t)F(u) dx 


where y(t) and k(u, t) are known a and b are 
either constants or functions of t. Here the 
function F(t) which appears under the integral 
sign is to be determined. 


t F(u) du 
9 (t-u)" 


An equation of the form Git) = J 


is called Abel’s integral equation with r<n< 1. 
An integral equation of the form 


F(t)= ylt) + Jo k(t — u) F(x) dx ot 


F(t) = y(t) +k(t)* F(t) is called an 
equation of convolution type. 


integral 


An integral equation in which various 
derivatives of the unknown function F(t) can 
also be present is called integer-differential 
equation such as 


F’(t) = F(t) + y(t) + Jo k(t —u) Flu) du 


EXERCISE 


2 
MULTIPLE CHOICE QUESTIONS 10. The Laplace transform of so = ol with 
1. If u(x, t) is a functio.n of x and t then L {oI is : dx . 
ot 0) = 30cos 5x is : 
i 2 
(a) 9ox.p)— vee, (b) a) (D* + 3) 9 = cos5x 
: ) (D2 - ab =~10cos5 
(c) pylx, p)— vx, (d) p*o(x, p)— pul, 0 t( ned 
2. The solution of (D + 1) y =1, y = 2when t = Ois : (o)(D?+ 5) y =10cos5x 
(a)l+e (b)1l+e* (c)l-e* (d)1-e' 
3. The solution of (D? + 1) y = 0, (0) = 0, (0) = lis: (a) (D?- By = cos5x 
(a)cost (be +1 (c) sint (d) e* j 
11. Thesolution of F(t) = asint — 2[_F t- is: 
4. If we take Laplace transform of (D+ 2° y= de peamon tht) Saas 6 Roe ats 
with y(0) = 1, y’(0) = 4, L{y} is equal to : (a) et (b) teé (c) ate? — (d) atet 
2 2 
(gy =P (i 2 *! 12. The solution of F(t) = 1+ 2 Mac -u)e™ duis : 
(p+ 2° (p+ 2° 
ae (a) 2t (b)1+2t (c)1-2t (d) 2t+t 
(ce) 2 Sess pr (d) None of these ov |. 
(p+ 23 13. L {I is equal to : 
. a. . _ 
5. The solution of D°y=0 with (a) dy (i) pte pi 
y(0) = y’(0) = 0, y”(0) = 1is: dx 
2 2 c) py(x, p)—y (x) d d) y (x, 
ae () 2 eye aft! (c) py(x, p) we (d) y (x, p) 
2 2 14. The solution of D“y = t when y(0) = y’(0) = Ois : 
. 2 -_ _ I) — Tie « 2 3 
6. The solution of (D“ + D) x = 2, x(0) = 3, x’(0) = lis: (a) rr (b) i (c) t (d) Not exist 
(a) 1+ 2t+ e! (b) 2+t-e* 3 6 6 
(c) 1+ 2t+e* (d) 2+ 2t+e* 15. Ll {py(x, p)—y (x, OF is: 
vie The Laplace transform of - 20 y, (a) dy oy oy ( \ 
ox ot dt dx ox ot 
y(x, 0) = 6e7* is 2- 
dy 7 3 16, L | a9 | is equal to : 
(a) = -(2p + 1) py =-12e™ ax? 
dx 
dy ay 3x 2 ge 2 a= 
rs A C2 oo we 
‘2 dx dx ox ox 
(c) aw 2py = eX (d) None of these 
dx 17. | The solution of y” + y = twith y’(0) = 1, y (a) = Ois: 
8. The solution of (D? +1) y=0 under the condition (a) tcost+ 7 (b) msint+t 
p= <ioyhen SO is: (c) tsint+ 7 (d) mcost+t 
dt 
oy). 
(a)e'+1 — (b) cost+1 (c) sint-1 (d) cost ze OE (=) pcanente: 
2 a . ns , = hy 
9. For (D* -D —-6) y= 2,t > Owith y(0) = 1, (0) =0. Biglep hed (b) dy 
L{y} is equal to : dx 
i pape? e pei (c) py(x,p) — y (x, 0) (d) U(x, p) ; 
p(p” -p-9§) (p? -p-9§) 19. The Laplace transform of oD “ with 
1 ox 
a (yh th 


p (p? +1) p--p-6 y(x, 0) = 3sin 2nx is : 


; B.Sc. Objective Mathematics (Differential Equations and Integral Transform) 
[022 


20. 


21. 


22. 


23. 


24, 


25. 


26. 


27. 


a) (D? + p) 9 = 3sin2nx 
b) (D+ p) ) = -3sin2nx 
—p) y = 3sin2nx 

d) (D? — p) y = —3sin2nx 


The solution of F(t) = 4t — 3f,Flu)sin(t —u)du is : 


(a) + 2 sin 2t (6) t- 3.cos 2 
2 4 
(c) t+ sin3t (a) t- oo 3t 
The solution of y(t) = 1+ five (t—u)du: 
(a) sint (b) cost (c) sin ht (d) cosht 
L {p79(x, p) - py (x, 0) — y+ (x, O)} is : 
2 2— 2 2 
d 
a2 Gee wey “ 
dx ox dt ot 
2 
The solution of 2oy = oy with y(x, 0) = 0, 
2 ot 
y =L{y} is : 


(a) y= Ce" + Coe P*!* 


(c) ¥ = Cje* + Coe P* 


(d) None of these 


Laplace transform of == —=,x>0O,t>0, 


9 -L{y}, lx, 0) = 0 is: 
(a) (D? +1) 9 =0 
(c) (D® = p)y =0 (d) (D2 + p)y =0 


The solution of lowe 


Oe “ae 


2 
The Laplace transform of co 0 with 
ox“ at 


(d) Vt 


(a) L{y} = CyeP* + CyeP* 


(b) L{y} = Cye?! + Cpe Pt 
Py =P 
(c) Li{y} = Ce? + Cye 2 


(d) None of these 


x 


The solution of F(t) =1 +f, f(u)sin(t —u) du is : 


2 
(a)1+ 5 (b) 2+ (0) 2-— ; 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


The solution of F’(t) = sint + Mac —u) cos uduwith 


F(0)=0 is: 
(a) 0 (b) t (¢) £ (a) © 
2 2 
The solution of [Furte —u)du=tis: 
12 
(a) 0 (b) +t (c) a9 (d)+1 
f(u) . 
The solution of =tis 
ie ais 
q) ¥3H° (b) 3/3 41/2 
21 Tv 
) Bvt (d) 3yN2 
20 20 


The transformed differential equation after Laplace 
transform of y”t+ y’—y = Oif y(0) = 0, y’(0) = 1is: 


() B-(p-2) 9-2) B-py=* 
p p 


dp dp p 
y _ 1 yo 1 
(c) B-(p-gp=-+ (a) B+ py = 
dp p dp p 
After solving (D-2)x-(D-2)y=sint and 
(D?+1)x+ 2Dy = 0, x(0) = x’(0) = y(0) = O, L{x}is: 
Py 
(p* + 1) (p-}) (p* + 1) (p" -3p + 2) 
(c) > = (d) None of these 
(p* + 1) (p* — 3p — 2) 
Taking Laplace trasnform of lee 1- 
ox at 
r<x<1,t>0,u(x, 0) = x, new equation is : 
= 1 
(a) (D — p)u = 
p(p + 1) 
(b) (D+p)a = 1+ _+x 
p(p -1) 
() (D+ pja=—t_+x 
pt+l 
= 1 
(d) (D—p)u = -x 
p(p + 1) 
The solution of (D? -2D + 2) y=0,y=Dy=1 at 
t=Ois: 
(a)eb't et (b) ef cost 
(c) ef sint (d) e'sint 
If ty” + 2y’+ty = 0, y(0) =1, (mn) =0 then L{y} is 
given by : 
(a) tanp+A (b) tan! p +A 
(c)-tanp+A (d) -tan-!p +A 
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36. 


37. 


38. 


The differential of 7 = L{y} for [tD? + (t—1) D - 1] y=0 (a) 2" (p? +n?) (o)” (p? +n?) 
if y(0) = 5, y(or) = 0: pe+m? pe awe 
dy, __10 ny 2,2 
a ara eee (c) op +e) (d) None of these 
dp z 24? 
o) @, 3p _5__ 10 P ; 
dp pz ay p2 +p 39. The solution L{y} of (D* + 9) y = 18t ify (0) = y’(0) = 
dy 2_ 10 Ois: 
(c) + “p+ Y=-5 2 2 
dp p*+p  p*+p (ay? (b) 282 
(d) None of these p- +9 p- +9 
The value of L{y} for (D? +1) y=6cos2t if (c) pe (d) p- +9 
y(0) = yO) = 0: : yrs 
(a) P i (b) 7P ; 40. f(D? -4D + 5) y = t? with y(0) = y’(0) = OthenL{y} 
p(p* + p(p* + 
6p is : 
c) 7 (d) None of these 1 2 
(p* + 1) (p" + 4) (a) -———~ ae 
re p?—4p+5 pr(p? +1) 
If (D* +m*) y=asinnt,t>0 with y(0) = y’(0) =0 9 
then L{y} is : (c) ——_——__ (d) None of these 
ie i p°(p? -— 4p + 5) 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


1 (Gy 2. |X| & Ie & Ie) S Ite] G GR] 7 IE] & IG © Ie! 20, IG) 
dee (c)) f2ee) (b) tsem| (a) aes) (b) |etSee) (cd) |e) (c)) zen) (dc) Sem) (b)) (LON) (dd)! |2O8R) (a) 
2am) (d)\ [22% | (d) |e2Sem) (b) (24a) (c) e255) (c) 26am (a) 27a) (d) |e2see| (d)) §e29eN| (d)) soe (c) 
31. | (a) | 32! | (c) \9335)) (d) \)34)) (b) \P355)) (d) |365) (c) 375) (c) 385) (a) 398) (b) |7405) (c) 
2: (D+1) y=1y()=2 3 (D7 +1) y=0, (LO =O0y(O=1 
Taking Laplace transform Taking laplace transform we get 
pL(y)- y(0) + Lty} = Ll} = + p*L{y} — pul) - (0) + Lty} = 0 
_ (p? +1) Liy}=1 
J. Ge 
celia Pp > Liyb=—; 
pi +1 
= (p+ Iy=2+ i= 24! | 1 | 
p y=L e =sint 
p° +1 
_ 2p+1_ 1 1 
pip+1) p+1 p Ds Laplace transform of D°y =0 
Taking inverse Laplace p°L{y} — p*y(0) — py’(0)-v"(Q) = 0 


re rt 1 ql 1] _ ete] Given y(0) =a) = 0, y”(0) = 1, put these values in 
pt+1 p above equation we get 
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Li==, 
Pp 
2 2 
_ yor Ja! ot 
p 2! 2 
dv _ 5 0Y 
He Given equation is — 5 = 2 em + y, taking the Laplace 
x 


transform we have 


cea 


oy L 
| 2+ {y} 


or WY ~ 2 jpy—y(x, OF +9 
dx 
y(x, 0) = 6e3* 
et WY _ (2p 4.1) 9 =-120"%* 
dx 


8. Taking the Laplace transform of 
(D? -D -6) y = 2we get 
L{y"} —Lty’} - 6L{y} = L[2] 
p*L{y} — py(0) - y'(0) - [pL(y) - v ()] 


6L{y} = 
p 
p2L{y} —p—pL{y}+1-6Ly} =2 
p 


—pt+2 
p 


(p? -p- OL ty} Dt 1-2 
2) 

—-p+2 

ae -p-§ 

a’y _a 


Lty} = 


10. Taking Laplace transform of 3 


Py = —10cos 5x 
3° 


12. Given equation is F(t) = 1+ 2F(t) *e2! 


Taking Laplace transform of both sides we get 
L{F(t)} = L{l} + 2L{F(t) * e*} = a 
p 


+2 [L{F(t)}.Le7“4] 


17. 


20. 


23. 


F(t) =1+ 2t 
Taking Laplace transform of given equation we have 
L{y”} + Liy} = L{t} 


p*L{v} — py) - "(0+ Liv} = 


p 
put y (0)=A 
2 
(p2+ Ly} = Ap+ 2 + 
p 
Liyj=A - + 1 y= Acost+t 
p’+1 p 
But ym) =0 
so O= Acosn+ 1 
> A=T 


y=ncost+t 
F(t) = 4t — 3F(t) * sint 
Taking Laplace transform of this equation 
L{F(t)} = 4L {t} — 3L{F(t) * sin t} 
= 3Ltt} - SL{F(t)}.L{sin t} 


= 4-314} 
Pp p +1 
2 
LiF) = oP 
p’(p* +4) 
ra =alr{ = els : ] 
p’-4 p*(p* + 4) 
F(t) -4[ S02 t sna) 3 sin Dt + t 
2 4 8 2 
Taking Laplace transform of 2 = 2—= ay 
ax? 
| 2y| 
Lh = aL os or py — yx, 0) = gay 
ax? dx 
d?y p 
or —z-=y°=0 
dx? ay 
V(x, 0) = 0 


so its general solution is 


p= Ce p/2 ea Cel 


Given F(t) * pV2 1, taking Laplace transform 
LIF(t)}.L{t 3 = Ll} 


> LIF(t)} X™ = 
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28. 


31. 


33. 


35. 


F(t) = 


tl | 
Vn p/2 
1 
F(t) = nT 
Given equation is F’(t) = sint + F(t) * cost 
Taking Laplace transform we have 
L{F’(t)} = L{sint} + L{F(t) * cost} 


pL{Fit)} - F() = + — + LiF(t)}.L{cost} 
p +1 


Taking laplace transform of y” + ty’-y = 0 
L{y”} + Ltty’} — L{y} = 0 


py - py (0-y'(0 


(p?-1)p-1-4 {py -y (Q} =0 
dp 


ae {p+} 0 


Pp 
du _ du _4_¢-t 
ox ot 
we have Lye Le }eLa ent} 
ox ot 
ae ee a 
{pu —u (x, O)} = 
dx , p ptl 


Taking Laplace transform of 


u (x, 0) =x 
du | 

put+x= 
dx p(p + 1) 
il 


dx 7 p(p + 1) 


Taking Laplace transform of ty” + 2y’+ty = 0 
L{ty”} + 2L{y’} + L{ty} =0 


or —2L fy}42L y’}-SL =0 
dp dp 


37. 


39. 


40. 


or — 7 {p25 — py(0)—y'(0)} + 2kpp 
dp 


BY 9p? + 1B 
Ip dp 
Went 
dp p-+1 


y(0)t 1=0 


or 


so y=A- tan7! p 
Taking Laplace transform of (D? + l)y = 6cos2t we 
have 


L{y"} + Lity} = 6L {cos 2t} 


p°L{v} — py(0)— y'(0)+ Lty} = 
p +4 


=> L{y} - op 


Taking Laplace transform of (D? +9) y=18t we 


have 
L{y"} + OL {y} = 18L {t} 


p*L{y} — py(0) - y'(0)+ 9L(y} = 28 
p 


(0? + 9Lty} = 28 
p 
(0) = y(0) = 0 
18 
So, Liy} = 
p*(p? + 9) 


Taking Laplace transform of given equation we have 
L{y”} - 4L{y} + 5L{y} = Lit?} 


p°L{y} — py(0) — y'(0) — 4{pLly) 
-y (0)} + SLty} = 2 
p 


(p? 4p + )Lty} = 2 


3 
p 


O00 
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Fourier Transforms 


FOURIER TRANSFORM 


1. 


Let f(x) be a function defined on (—-9, °°) and 
be piecewise continuous in each finite partial 
interval and absolutely integrable in (—c9, 0), 
then 


FEfbe)} = = J Pl) dx 
is called the Fourier transforms of f(x) and 
denoted by F{f(x)} or f(p) 


The function f(x) is called the inverse Fourier 


transform of f(p)i.e. 

f(x)=FMf(p)} 
If f (p) is the Fourier transform of f(x) and if f (x) 
satisfies the Dirichlet condition in very finite 
interval (-1, 1) and [” | f(x)dx| is convergent, 
then at every point of continuity of f(x), 


~ 1” Apex 
Fe) = = | Flpe*dp 


Some authors also define the Fourier and 
inverse Fourier transform as follows 


(i) f(p)= J e*Flx)dx 


The infinite Fourier sine transform of f(x), 
r< x <cois denoted by F,{f(x)} or f,(p) and is 


defined as 

, Dasa : 
F.tf(x)} = f,(p) = ‘oh f(x) sin px dx 

T 

The function f(x) is called the inverse Fourier 
sine transform of Al D)i.e. 

fx) = Fe fp} 
Some authors define it as 

fg(p) = J, foc)sin px dx 


This is called Fourier sine transform. 
If f,(p) is the Fourier sine transform of the 
function f(x) which satisfies the Dirichlet’s 


conditions in (0, e) and is such that Jo 1f(x) dx 


exists, then 


f(x) = (2 hg ite sin px dx at every point of 
T 


continuity of f(x) 


This is called inverse formula for Fourier sine 
transform. 


The infinite Fourier cosine transform of f(x), 
O< x < <is denoted by F.{f(x)} or f.(p) and is 


defined as 
F.{f(x)} = f.(p) = [2 hg s00 cos px dx 


The function f(x) is called the inverse Fourier 
cosine transform of f( D)i.e., 


fix) = Fe felp)} 
Some authors define TA p)= Ne f(x) cos px dx 


This is called Fourier cosine transform. 


Fourier Transforms 


6. 


If fo p) is the Fourier cosine transform of the 
function f(x) which satisfies the Dirichlet 


conditions in every finite interval (0,/) and is 


such that Jo | f (x) | dx exists, then 


jia=,|(2) Gla felp) cos px dp at every point 


of continuity of f(x). 


This is called inversion formula for infinite 
Fourier cosine transform. 


PROPERTIES OF FOURIER TRANSFORM 


1. 


Linearity Property 
If f(p) and @(p) are Fourier transforms of f(x) 
and g(x) respectively, then 
F{af (x) + by(x)} = af (p) + bg(p) 
Change of Scale Property 
(i) If ; (p) is the complex Fourier transform of 


f(x), the complex Fourier transform of f (ax) is 
[4 

(2) 

a \a 


(ii) If Al p) is the Fourier sine transform of f(x), 

then the Fourier sine transform of f (ax) is 
(3 

(iii) If fe(p) is the Fourier cosine transform of 


f(x), then the Fourier cosine transform of f (ax) 


is a 12} 
a’ \a 
Shifting Property 
If f (p) is the complex Fourier transform of f(x), 


then the complex Fourier transform of f(x — a) 
is e P%F(p). 


4, Modulation Theorem 
Iff(p) is the complex Fourier transform of f(x) 
then the Fourier transform of f(x) cos ax is 
Tx i. 
gulp —a)+ f(p+a)] 
CONVOLUTION 
1; The function 
1 peo 
F* G=—— F(u) G (x —u)du 
Ton J 
is called the convolution or Falting of two 
integrable functions F andf G over (—°¢, °°). 
Some define it as 
F*G=[" Flu), G(x -u)du 
2. If Fi{f(x)} and Fi{g(x)} are the Fourier 


transforms of the functions f(x) and g(x) 
respectively then the Fourier transform of the 
convolution of f(x) and g(x) is the product of 
their Fourier transforms i.e., 


F{f(x)* g(x)} = F{f(x)}.F{g(x)} 


This is called convolution or Falting Theorem. 


FOURIER TRANSFORM OF THE DERIVATIVES 


As 


The Fourier transform of f (x), the derivative 
of f(x) is —ipf(p), where f(p) is the Fourier 
transform off (x). 

The Fourier transform of f"x), the nth 
s (-ip)" times the Fourier 
transform of f(x) provided that the first (n — 1) 


derivatives of f(x) Vanish as x > + 9, 


derivative of f(x) 
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EXERCISE 
MULTIPLE CHOICE QUESTIONS r ip Piidaped. (0) 2 aiianpeet 
1, The infinite Fourier cosine transform of f(x) is f.(p) Me us 


c) {2 feftedsinp be (d) 2 fefbesinpscap 


D (x D pe 
(a) 2 [ofl cospxcax (b) 2 [gfe cospxax 10. If F. {f(x)} = f,(p) then Fe {f(ax)} is : 


c) {2 fpoose« dx (d) None of these (a) “i? (b) ai(2 
m0 a \a a 
2: If f(p) and g(p) are Fourier transform of f(x) and (c) 142) (d) 1} tap) 
g(x), then F {af(x) + bg(x)} is : Pe : 
(a) flap) + &(bp) (b) af(p) + g(bp) ll. If F{f(x)} = f(p) thenF {f(x — a)} is: 
(c) flap) + bg(p) (d) af(p) + ba(p) (a) e7 %7(p) (b) ei? (2) 
3; If F{f(x)} = flp) then F {f(ax)} is : ipa? ipa? : 
; (c) ep) (d) ef °) 
(a i(2) (6) 2(2) é 
a a \a io . 
(c) ai(2} (a) Livan) 12. 5 slp + a) — f,(p — a)} is equal to : 
(a) Fs {f(x) cos ax} (b) Fe tf(x) sin ax} 
4. IEF (x) = ie a. hentorp eG Pyare: (c) Fofflx)sinax} ——(d) Fo ffx) cosax} 
. . . J2n | |< 
a) Sinpa qy sinpa 2sin pa d 2sin pa 13. lffik)=i-5, ° XIS4 then Fif(x)} is: 
pv2n av2T pv2n av2r 0, |x|> a 
5. The values of F, {e *} is : (gj SPP (b) sin ap 
2 1 2 1 ie be 
(a) 2 3 (b) J—— (ge (jee 
Tp“ +1 T p“-1 ap p 
2 2 p 
oe =i (d) 2 eal 14. ffx) = i. wie <7 then Fe fflx)} is 
a 1 sinap | cos ap 
6. IFo| r {Ee P then Fs} lis: (@) sap 
a _ t 1 J|cos(1+p)a , cos (1—p) a 
(a) 0 b)e? to [er (a) [Ber ee ia = 
7. I f.(p) = ne7P!? then f(x) is : ae a at = *} 
(a) |22 wo) | : 5 1 {= (1+ p)a , sin pals 
Z - Le age l+p l-p 
(c) ,|2 .- (d) None of these Ac tiescaa 
T ss 
. 15. If f(x)=4x asx<b then f,(p)is: 
8 If F {f(x)} = f(p) then F {f"(x)} is : 0 x>b 


_#n b) (—p)"f . z 
(a) -f p) (b) (=p) f(p) (a) 1 x sin px dx (b) Ae sin px dx 
(c) (-ip)" f(p) (d) None of these m0 7/0 


x 2b. 2,5. 
9. The infinite Fourier sine transform of f(x)i.e., f,(p) is : (c) (ele sin px dx (d) AS sin px dx 
T ™ 


Fourier Transforms 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23 


If f,(p) = 3 then f(x) is : 


(c) ox 
If f.(p) =e"? then f(x) is : 
(a) A 241) (b) [x 

Tl TU 

2 x 2 1 
( 2 d) Joa 
Vn (e241) T (x? +1) 


If f.(p) is the Fourier cosine transform of f(x) then 


f(x) is : 
(a) 2 fp fle cosa (b) {2 fp flop 


(c) [2 fp flo cospx dp (d) None of these 
179 


If F, {flx)} = f,(p) then F, {f(ax)} is : 


(a) af, (2) (b) + ,(ap) 
a a 
(c)+ i(®) (d) af, (ap) 
a \a 
If F(x) = ‘a PIS? sender fills: 
0, |x[>a 
a 2a” 2a 
(a) 2a (b) lie (c) Jon d) Ton 
F.{e~} is : 
2 1 2 p 
& b) |< 
Or eee eee 
2-1 2 p 
iad d) |4 
(c) ies (d) es 
If f(x) = {a nse then Fourier transform of f(x) 
0, |x|>a 


(a) [2lces ap-sinap) (b) Ze cosap + sin ap) 
T T 


(c) -5 Peep cos ap — sin ap) 
p°Vn 


(d) None of these 
If f.(p) = 5 thenf(x) is : 


T T ™ x 
(b) [Es (c) fe (d) ee 


(a) 0 


24. 


25. 


26. 


27. 


28. 


29. 


rele} 
If oe p< 2athen f(x) is : 
10 


0, p22a 
( = ax (b) cos es 
T 1X 
(c) cos” ax (d) sin? as 
TX TX 
és e ?P . 
If f,(p) = then f(x) is : 


p 
Tif oak 2 -1fx 
fa), |Etan (x) (b) (Eten (=) 
(c) = sin""(*) (d) fe ae 
Tl a wT X 


If f (p) is the Fourier sine transform of f(x) then f(x) 


is: 
(a) fe {> Riisinpxdp (b) ie > lp)sin px dp 


2 Cow 
(a) 2 fj Isler 


If F{f(x)} = flp) then F{f(x) cos ax] is : 


(a) f (p)cosap (b) f(p) sin ap 


(c) F ae me Ya f(p-a)+f(p+a) 
2 2 

If F and Gare two integrable functions over (— «, e) 

then the convolution F * Gis : 


1 pe 
(a) Fae ho G(x -u)du 
i 
(b) Ror [_FuG (u) du 
1; 
(c) Taq [FUG & —u) du 
1; 
8) ae fF) G(x +u)du 
x O<x<l 
If f(x) ={2-x 1<x<2 thenF, {f(x)} is: 
0 x>2 
‘2 cosp b oe 
) (0) ene 


(c) 2/2 spa ~cosp) (d) 2/2 sinp (1 -cosp) 
TU p Tl 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 
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If f,(p) = e-°? then f(x) is : 
1 x 
Tv az + x? 
a 
TT x 
If ftp) = + then fix)is : 
p 
2 1 
(2p (b) oP 
a ai |2 
( fe ( - = 


(a) 
(c) 


(d) None of these 


(a) 
c) 


If f(x) = a MIS @ shan miei rie: 
0, |xb>a 

(a) ae ap (b) P gin ap 

p 2 
(c) Pes ap (d) P cos ap 

p 2 
If f(x) =e™ then lim f, {f(x)} is : 

pre 

(a) 0 (b) 1 (c) ; (d) 2 


The convolution of f(x) and g (x) is f(x) *g 
F{f(x) * g(x)} is : 
(a) F {f(x)} + F {g(x)} 


or 
g(x) 
If F {f(x)} = F(p) then F{f’(x)} is : 
(a) f’(p) (b) ipf(p) 
(c) -pf(p) (d) -ipf(p) 


(x) then 


(b) Ftf (x) — Ftg(x)t 
(d) Ff (x) — F tg(x)t 


x O<x<l 
If f(x) ={2-x 1<x<2 then find F, {f(x)}: 
0 x>2 


(a) 2/2 SBP. cosp) (b) [2 2? 
Tl p Tl p 

(c) {2 cosptt~cosp (d) 2/2 SP sinp) 
tT Tt p 


If f.(p) = e~® then f(x) is : 


ja) 2H 
™ a 
(c) (20 

Tt 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


If F{f(x)}s 


= f(p) then F{f(x) cosax} is : 


(a) fees Ses a) 


(c) sie +a) 


Fyle** ]is equal to : 


(a) pe+l 


F, {e*} is equal to : 


i) Bt 1 ] 
wT p-+4 
c) Bt 7 ) 
Tt p-+4 


(b) = f(p - a) 


(d) tee a 


p’-4 
If f(x ) = = then F, {f(x)} is : 
T b 1 = T 
)v/% (b) D2 (d) 5 
F, {f(x)} is equal to : 
d d 
are = b) -“F 
(a) a AL (x) t (b) de Af (x)} 
(c) aap {f(x)} (d) None of these 
dp 
F., {xf(x)} is equal to : 
(a) xf’(x) (b) = F.{f(x)} 
; d 
(c) —xf’(x) (d) ape {f(x)} 
If F, {f(x)} =(2mp)"’ then f(x) is 
1 1 
sss b) — 
(a) : (b) ig 
(c) xvx (d) aA 


If Jp, fle) cos px dx =e P then f(x) is : 


1 


l+x 


2 1 
@ 2 
: Ma ee 


(a) 


2 


ee 1 
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ANSWERS 


MULTIPLE CHOICE QUESTIONS 


i, || 2 |e & IO] 4 Per & (d) | 6. | (d) (b) Seay) (c) gam) (c) fom) (a) 
aay) (c) et2ee) ((c)) etSee) (b) aaa) (b) |tSem| (bb) eGR) (c)) zee (cl)! see) (c) TORN! (c) |e20%N) (dc) 
21%| (a) 222m) (c) (e23em) (a) (za (cd) 25m) (b) 26am (a) 2am (d) |e2sem) (c) 29m) (c) |esOmm (a) 
31. | (c) | 32. | (a) | 33. | (a) | 34. | (d) | 35. | (d) | 36.) (a) | 37. | (d) | 38. | (a) | 39. | (d) | 40. | (c) 
41. | (d) | 42. | (a) | 43. | (d) | 44. | (d) | 45. | (b) 
1, |x\xa ae i eipx N2n dx 
4. Given that f(x) ia cv on { bs 
* a : * 
¢ 1 1 | eP* e'P?_e'P _ sinpa 
Since F {f(x)} = f(p) =~ 'PX F(x) dx = = = 
: ae Tom : 2a] ip 2ipa pa 
: =o 
= 1 a ipx = 1 e'Px A 2. 
==] “ss Trl rm 15, fle) =]? [cfladsinpx de 
ipa —ipa b = 
= als = ] = [2 [Jposmexae+ J x sinpx dx + Jposinpx dx | 
_ 2isinpa _ 2sinpa — [2 pb. d 
ipo pln = |? fxsinpx Ix 
6. Given that f.(p = 7 J © COSPX 4 _ e e-P 16. By Fourier sine inverse formula we have 
¥ 01+ x? f(x) = ae (p) sin pxdp = 2 | Esinpxdp 
Differentiating both sides w.r.t. p we get nos 110 2 
eae T™ —p — | tre, 
Jo 7 =e = a losinpx dx 
os 
Si e PX d = _ = 
ae ee ae 
a i.e. Te (cos px — —— = 
7. Here fe(p = , so by Fourier cosine inversion x 
=> Jo sin px dx = 
formula we have 1 
gee fix) = io) 
fix) = ah f.(p) cos px dp Bix 
1 (aj 
= elPX f ipx 
= ah cos px dp a Peele) ae de 
T 
oo 2a 
Oso dx = 
= |= (—cos px + sin px) - fe, _ fiD) al J2n 
2} 1+x? 0 214+x 5 5 
Jn 21. f-(p)= Ek f(x) cos px dx = Alo e * cospx dx 
13. Here, fx)={-5,«*XIS 4 
0 |x|>a 


F {f(x x) =e elPX F( 


2| e* a 7 = 
= 3 ( cospx + psinpx)} = 
m11+p 0 


les 
T 1+p* 


| 
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24. By Fourier cosine inversion formula, we have 33 


D 26 
= ‘a f.(p) cos px dp 
poe)= [2 (2° (« e) cos px dp 
0 V2n 2 
+E 0.cos px dp 


1 2a 2a 
= | -(2-8)sinox| (25 
TX 2 0 2mx 0 
~ 2 
2 = _ 2sin = = ay sin? ax 
20x 20x 


25. By Fourier cosine inversion formula 


EL me lee 


Differentiating w.r.t. x4 aS 1 [. e “? cospx dp 


P sin PX gy 


df _|2__a 
dx Ta? +x? 
Integrating we get 38. 


f= {2 en(2}+ A 


But when x = 0, f = 0 


so A=0 i.e. f(x)= (2 27() 
T a 
29. f(p) = 2 fgfts cos px dx 
T 


_ [26 2 
= ok cos px dx + f(2-») cos px dx 


5 1 40. 
= He (: sin px + sp) 
T}\ p p 0 


+ oot ae 
p 


2 
sp 
p? 1 
= |2 Ste200sp 1 cos2p] = 2/2 SP cos p) 
Tp? ™ p 


elPx 
32. Fif(x)}= [ e!P* f(x) dx = fc jemi -[® ] 
ip ha 


41. 


ipa _ ,-ipa . 
o 2 e e _ 2sinap heaps 
ip 2 p 


36. fg(p) 


Fote “}= fs(p) = ene sin px dx 
T 


2| e~* : 
= 3 (—sin px — pcos px) 
T11+p 
So lim fg(p) = 0 


_P ie 
1+p? wT 
pre 
= EAE B00 )sin px dx = (the x sin px ] dx 


+fr2 — x)sin px dx] 


co 


0 


1 


- 2 X COSPX | snp] 
T Pp p 0 
2 


(F=*] 1. | 
+]- cos px — —, sin px 
Pp 2) 1 


= E| Zon zone] =2/2 SP cos p) 
Tp p ™ p 


Fo {f(x) cos ax} = {2 fgfts cos ax sin px dx 
TU 0 


=e = alot x){sin (p + a)x + sin(p — a)x}dx 


= I fo )sin (p + a)x dx 
+ [EIgfeo sin (p —a)x ax| 


ca fslp -a)] 


cos px dx 


=9! 
2x1 _ 2° 2x 
le oe 
2x 
- 2 € 3 (-2cos px + x sin px) 
T!4+x 
aie 2 
T A+ p” 
1]. 2 psi 
rst ]misor= (2p MPa 
x T x 


put px = t, pdx = dt 


“ i. ae 20 
isto) = a= [eS -E 


00 


0 
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43. The Fourier sine transform of f(x) 


45. Given Jo £0) cos px dx = eP 
F, {fb0)} = [2 J fl)sin px de = flp) 
T 


or 2 | fle)cospx dx = ao = Fo tf(x)} 
+0 T 
Differentiating w.r.t. p we get “Fs {f(x)} = 2 
[Pp 


Tt Ee jo) =F] [Ber |= [2 |B (e cospxa 


Jot (x) cos px dx a 
d f(x) = =i e ? cospx dp 
or ao = Fe {xf(x)} m 


co 


2| e? : 
= i {—cos px + x sin px} 
0 


O00 
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Finite Fourier Transform 


FINITE FOURIER SINE TRANSFORM 


1. 


The finite fourier sine transform of f(x) in the 
finite range (0, e) is defined as 


Fs(fO0} = foln) = ffl 


)sin ~ ——— 


where pis an integer. 


In the finite range 0< x < mit is defined as 


Fs{f(x)} = fs(p) = Jo fx 


) sin px dx 


The finite fourier cosine transform of f(x) in 
(0,1) is defined as 


Fol Fle)} = fol) = ffx )cos Ed 


If the range is (0, =) then 


Fel fx} = fle) = fp fe) 


cos px dx 


INVERSE FORMULA FOR FINITE FOURIER 
TRANSFORM 


1. 


If fis p)is the finite fourier sine transform of f(x) 
over (0,/) then the inverse formula for sine 
transform is 

oO an 

xX fg(p) sin = 


If interval is (0, 2) then it becomes 


If fol p) is the finite fourier cosine transform of 


f(x) over (0,1) then the inversion formula for 
cosine transform is 


where fc(0) = f of )dx 


If the interval is (0, 71) then it becomes 


1; Qa, 
f(x) =—fe(0)+— ZX fe(p) cos px 
Tv T p=1 


where fc(0) =o f(x 


Let f(x, y) be a function of x, y defined in 


O<x<mand0O<y<za then 

a Tet . r 

is(p, a) = J, J, focy) sin px sin qydx dy 
Similarly, 


fclp, d= J) Jo Fl, v) cos px cos qydx dy 


PROPERTIES OF FINITE FOURIER TRANSFORM 


If f(x) is continuous and f’(x) is sectionally 


continuous then 
(i) Fgtf &)} = —pFctf(x)t, p=1,2,3,... 
(ii) Fotf’ (x)} = pFstf(x)} — f(0) 

+(-1) f(x), p=0,1, 2... 


If F(x) and G(x) be two functions on the interval 
(—2n, 21) then 


F(x) * G(x) = i F(x — y) G(y) dy is called the 


convolution of F(x) and G(x). 


Finite Fourier Transform 
A iss | 35 
EXERCISE 


MULTIPLE CHOICE QUESTIONS 10. The finite fourier cosine transform of x when p = 0, 


1. The finite fourier sine transform of 1 is : 2 
1+(-)P1-(-DP (a) x (b)-n (ce) (d) = 
(a) (b) 2 
p Pp ee naar xX. 
2 2 11. The finite fourier sin transform of — is : 
l+p l-p An 
(c) ——— (d) 
Pp Pp (a) (-1)? (b) (-1)P-1 
2. The finite fourier cosine transform of x is : 4p 4p 
14+ (-1)P 1—(-1)? 
(a) ———_ (b) _1)Pt -1)P 
p p (0) 3 (ay 
= a 29 f=)? P P 
— lee 
p p P cos( 2p 3 } 
eo The finite fourier sine transform of {1-~ | is: a (6 2 and. Os x6 Ninen j(x)is 
: (2p + 1) 
1 mp Pp 
b) = c) —— d) ——— wT 
(a) p ( - ce ( ee : cos (2p 5) 
5 (a) 2. __*-—__ =“. cos pix 
4. If fg(p) is the finite fourier sine transform of f(x) is p=l (2p +1) 
(0, ae) is : 7 ; cos( 29) 
a) J fg(p) sin px (b) Zfg(p) sin px (b) u—_~__S* sin pax 
0 1 1 (2p+1) 


2 On . 2 pa : 
(c) ee ee (d) =) fs(p) sin px dp “ cos( 2 7 | 
igs 22 


5, The finite fourier cosine transform of f(x) is : 1 (2p4 1)2 SEIS 
px 00s PPX 
(a) Bf(x x)cos—— (b) ffl - 
og, COS Ps 
Be > Eee: (d)1+2 © —‘—°4 cos pax 
(c) [fle )cos? * a (d) Xf(x )cosP* =F pe 12 
T 
6 If fx) = tee 2 then f, (O)is : 13. If f(x) =sinmx,m is +ve integer and m =p then 
. a C . mm 
=i, 3 xX<t fs(p) is 
(a) 2 cos mp (b) 2 cos (=) (j= (bs) 2m (d) 0 
p P 2 2 4 
1 a 
(c) 5 (d) 0 14. If f(x) = 2x, 0< x < 4then fe(p) is : 
x 4 
7. The finite fourier cosine transform of (2 - *| when (a) —cospr (b) -——cos pr 
Tt pt pt 
: os T T (c) 28 sri (d) a2 cos ptt 
(a) A (b) 3 (c) (d) 3 pt p 
8. If f(x) = x2, O0<x<4then fo(0) is : 15. If f(x) =sinnx and(n—p) is given in0<x< mthen 
(a) 0 (b) 1 eo we fclp)is: 
64 3 1 1 
9. The finite fourier cosine transform of 1 is : (a) n+p (b) n=p 
1+ (-1)? 
(a) p (b) tg ‘avo 
n+p n-p 


(c) 1+ (-1)P (d) 0 
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16. 


17. 


18. 


19: 


20. 


21. 


22. 


23. 


If fs(p) = — | O<x< mthen f(x) is: 
pr 
a = 
(a) x (? <OSP snp 
p=1 p 


Pl Bp 
(c) i EAE its px dx 
o> p 
(d) at PeesPE ee sin px 
nel p 
The finite fourier sine transform of x is : 
_y)P71 _1)P 
p Pp 
=])P -1)P 
(2 (-1) (da) 2 ( : 
p 4np 
The finite fourier cosine transform of (2 - *) is : 
T 
1-(-1)P -1-(-1)? 
Ca (Se os 
Tp Tp 
1+ (-1)? -1-(-1 
Chea aa 
4np 4np 
lL O<x< Ey , 
If f(x) = 2 then fc(p) is : 


-l —<x<a 
2 
(a) 2 sin( ®) 
p 2 
(c) P gin (=) 
2 2 
If f(x) = sinnx, nis positive integer and p = n then 
fg(p) is : 


(b) psin (mp) 


(d) None of these 


a) ™ b) = c) = d) 0 
(a) (b) 5 (c) z (d) 
If f(x) = 2x, 0< x < 4then fc(0)is : 
(a) 0 (b) 1 (c) 4 (d) 16 
If n— p is odd then fourier finite cosine transform of 
sin nx is : 
2n 

(a) *" (b) 

re + pe ape 
Co (a) 0 

n+p 


The finite fourier sine transform of sinnx for p #n 


is : 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


(aj (b) 


s d) 0 
2 4 (d) 


1 - 
(a) 0 (b) p = gj 
p Pp 
x O<x<% 
lf f(x)= 2 then Fe {f(x)} is : 
M—-xX; —<x<T 
2 
(a) 2sinP™ Gye sak™ 
2 Pp 2 
(c) 2 cog P™ (d) = inP® 
p 2 p 
The finite fourier cosine transform of a is : 
TU 
_1—(-1)P _14(_-1)P 
(a) a (b) a 
4np p 
(-1)P 
(c) 3 (d) None of these 
4np 


If p = nthen finite fourier cosine transform of sinnx 


2n n 

(a) (b) 

m= pe w=pe 
(c) np? (d) 0 
If p = 1, 2,3... then finite fourier cosine transform of 
3x? is : 
(a) 2% (-1P (b) 3@(-1P 

Pp Pp 
(c) O(a (a) © aye 

p p 


If p =O then finite fourier cosine transform of 
Z 


x Tt. 
See (sr 
2n 6 
2 2 
0) 22 gy 2 ay 
p p p 
The finite fourier sine transform of x(m— x) is: 
1-(-1)" 2{1 —(-1)? 
p p 
2[1+ (-1)? 1+ (-1)? 
(g 20+ C0") ig) 24D 
p Pp 
The finite fourier cosine transform of | ™ — x + *— 
3 20 


is : 


Finite Fourier Transform 
—$.:. AA sz | 


32. 


33. 


34. 


35. 


36. 


37. 


b)= — (o) 
p p 


If p =O then the finite fourier sine transform of 
f(x) = ais: 


(a) 0 


1 1 
a (d) 0 


(b) ap 


If p = O then the finite fourier cosine transform of 


f(x) = Cx in the interval O0< x </is: 
cr 
(a) Cpl (b) Cl (c) pl (d) oF 
The finite fourier cosine transform of Cx in (0, /) is 
212 
(a) Diss Tp —1) (b) OL tess Tp — 1) 
mp x? 
2 
(c) S25 (a) SO (cos mp —1) 
Cp 1p 
If p = Othen finite fourier cosine transform of 3x? is: 
(a) 0 (b) x (c) x? (d) n° 
If p =O then finite fourier cosine transform of 
T eile 
—-x+— jis: 
3 20 
1 2 
(a) p b> (WP (do 
p Tl 


If p =O then finite fourier cosine transform of 
f(x) = ais: 
(a) O 


(b) x (c) an (d) = 
a 


38. 


39. 


40. 


41. 


42. 


The finite fourier sine transform of Cx in 0<x<!/ 
is: 


2 
(a an yer (o) 
(c) (-1)? —= Le (d) None of these 


pl? 

If f(x) is continuous and f’(x) is sectionally 
continuous then for p = 1, 2... Fs {f’(x)} is : 
(a) —Fe {f(x)} (b) —pF¢ tf(x)} 
(c) Fe tf(x)} (d) pF tf(x)} 
If F(x) and G(x) be two functions on—1 < x < mthen 
* G(x) is : 

(b) J" F(x) Giy)dy 


(d) {" F(x 


If f(x) is continuous and f’(x) is sectionally 


the convolution F(x) 
(a) f° FlxGlx) dx 


(c) [7 (Fl) - Glx)] dx 


continuous then for p = 0,1, 2.... Fo {f’(x)} is : 
(a) pFs {f(x)} — f(O) + (-1)? f(x) 

(b) pF s {f(x)} — f(0) 

(c) PFs {f(x)} + (-1)? f(x) 

(d) None of these 


The finite fourier cosine transform of f(x) on (0, /) is 


Tipx 


(a) Uf(x x) cos b) ffs cos px dx 


c) [feo cos 1x dx (A) f, f(x) x)cos Sd 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


de| (b) zee! (c) See (6) Ase) (dc): See) (b) Gees (cd) ize (dc) See! (dc) oeee| (cd) |etOm (cd) 
4a, | (c) | 42, (a) (Be) (a) ae (cd) (Se (cd) [tem (b) Mee) (c) Ben) (a) Fe) (a) (zen! (a) 
21. | (d) | 22. | (b) | 23. | (d) | 24. | (c) | 25. | (a) | 26. | (a) | 27. | (d) | 28. | (d) | 29. | (a) | 30. | (b) 
31. | (c) | 32. | (a) | 33. | (d) | 34. | (d) | 35. | (d) | 36. | (d) | 37. | (c) | 38. | (a) | 39. | (b) | 40. | (a) 
41. | (a) | 42. | (d) 
HINTS AND SOLUTIONS 
I. Given f(x) =1 2. f(x) =x, 
f p) = Ja flx)sin px dx so folp) =|, f(x) cos px dx = [gx cospx dx 
=|, sin px dx = eh (sex) =} ff nce = (24) 
p 0 P p 0 
_1-cosmp _ ai-Decl ie ca De, 
Pp p* 


; B.Sc. Objective Mathematics (Differential Equations and Integral Transform) 
[_13¢ )-—- 


3. 


10. 


11. 


12. 


fs(p) = [ (2 - * Jsinpx dx 


cos px 


Cerra lene 


| 
| 2( SF _i1 
p tl py 8 


Then f0(0) =[, f(x) cos px dx = [ofoed 


124 
=f 714 


When p = 0, cospx = 1 


+ ft -1)dx =0 


So, jo(P) = J, fleoos (SBE) ax = J) x? 


“ 64 
fc(p) = 3 
Given f(x) =x andp =0 


fc(p) = [gfe cos px dx 
2\" 2 
[ux (=| ui 
2 F 2 


= gfe sin px dx 


ux. 
=| —sinpx dx 
Jo 4n 


1 
1 ( xP) “ COSPX 4, 
An p Jo ~9 p 


1 1 | sinpx ian 
= ——cospt + = 
4p 4n p- 0 


Jas 


14. 


16. 


20. 


22s 


cos (2"2) 
=1+22 : cos px 


(2p + 1) 
2ecos( PO | 
K i _ 
fs(p) j 2xsin( Jax oF 
\ 4 Jo 
4 4008 (2) 
+ 2) 4 J ay 
0 pr 
4 
[ (=) 
sin| ——— 
= 32 cospr + é 4 = 32 cospm 
pt pt pr pT 
4 Io 
Given fg(p )= 1— cos mp O<x<t 
pene 
Qia 
os {ine x s(p)sinpx=2 ¥ x [S22 James 
T p=1 mp=l| pn 
a (4 
2 s 1-cospnt sane 
1°? p=1 p2 


={, (1-* Jeospx ax 
| <)snex] fa je ae 
_ 1! cospx i 1 
“| | mp” . 


If p = nand f(x) = sinnx then 


fslp =f sin nx sinnx dx = i sin? nx dx 


_ (=) =3| srl _ Tt 
J dx x 
0 2 2 2n lo 2 


ie (p) = fosin nx cos px dx 


= slalsn (n+ p) x + sin (n— p)x]dx 


TU 
_1f cos(n+p)x cos(n—p)x | ee 
2 n+p n-p iF 
jote)= 5] cos(n+ p)m cos(n—p)T 
2 n+p n-p 
+ 1 + 1 | 
n+p n-p| 
If n—p is odd then n+ p is also odd so 
* 1f 2 2 | 2n 
= 3 
fc(p) 2| n+p —— ee 


Finite Fourier Transform 
Aso | 


25.  fg(p) = Jo feo sin px dx 
m/2 | T F 
=, xsinpxdx + (1 —x)sin px dx 


m/2 
x(—cospx) | sinpx 
- + SUF 
p p 


T 
‘{o ~( =P) a 
pP PY dn/2 


re 2 
29. If p =Othen fo(p) = (5-2) 
2 


3 2n 
TC 
_|(x 4X7 |sinpx | 
eae 
om 5 (-1+ ~sinpx dx 
p-? T 
_ | ( 1+ 2)ooepe| 1 fe a 
Pp wT P do p” oO on 


33. 


35. 
38. 


39. 


41. 


= J- lsinpxf = = p>o 
p’ pT 
e I! I 
When p = 0, fc(p) = Joc cos Oxdx = Joc dx 
ol 
2 


fo(0) = ie 3x2 cos Ox dx = i 3x2dx = 13 
Here f(x) = Cx,0<x<l 

a7. ol _ m™px , _ gl . TUpx 
fs(p) = Jf sin dx J,Cxsin dx 


1 

| (cos BX 
= T xl ! 
mp 


Fo {f’(x)} = [oreo sin px dx 


0 


= {f(x)sin px}5 - Pf. fix cos px dx 
= —pFo tf (x)}, p =1, 2,3... 
Foff’(x)} = [of (x) cos px dx 
=[f(x), cospx]§ + Pfft sin px dx 
= f(x)cospr — f(0) + pFs tf(x)}, p = 01 2... 
= pFg{f(x)} — f(O) + (1)? f(2) 
900 
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Applications of Fourier Transforms in 
Initial and Boundary Value Problems 


APPLICATION OF INFINITE FOURIER TRANSFORMS APPLICATION OF FINITE FOURIER TRANSFORMS 


1. 


The choice of sine or cosine transform is 
decided by the form of boundary conditions at 
the lower limit of the variable selected for 
exclusion. 


2 


For the exclusion of from a differential 
x 


equation we require 


(i) (V),--9 in sine transform. 


(ii) (=) in cosine transform. 
ox x=0 


1. 


If the range of one of the variables is finite, finite 
Fourier transforms are applied. 


2 
For the exclusion of -_ from a differential 
x 


equation, we require 

(i) U(0, t) and U(], t) in finite sine transform. 

(ii) U,(0,t) and U,(l, t) 
transform. 


in finite cosine 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 


1. 


For the exclusion of av from a differential 
ax? 

equation if (V),._9 is given then we take 

(a) Fourier sine transform 

(b) Fourier cosine transform 


(c) Fourier transform 


(d) Laplace transform 


2 
In the solution of ae = 29 u ,U (0, t) =0, 
t 


ax? 


U(x, 0) = e*, x > 0, U(x, t) is bonded for x > 0, t> 0 
the new differential equation after Fourier sine 
transform is 


(a)(D-p?)Us=0 — (b) (D+ 2p”)Us =0 


(c)(D-2p*)Ug=0 — (d) (D+ p*)Ug =0 
a°V ; 
For the exclusion of ot from the differential 
ox 


equation we require 


(a) (5) in sine transform 
Ox )x=0 
(b) (V),-9 in cosine transform 


(c) (=) in Laplace transform 
ox x=0 


(d) (=) in cosine transform 
x=0 


ox 
2; 
The finite fourier sine transform of a oy 
ot ax? 
U(0, t) =U (u, t)=0, where 0<x<4t> Ois given 


by 
(a)Ug=AeP™ HIS (by) Ug = Ae? ®t 


(c) Us = AeP tt (d) Us = Ae? ™'t/16 


2 
The finite fourier cosine transform of ou | god 
ot ax? 
i OV : 
sit = Owhen x = Oandx = 2, t>Ois: 
x 
(a) Ug = Ae Pt (b) Ug = Ae? #t 


(c)Ug = Ae? (d)Ug = Ae?t 


Applications of Fourier Transforms in Initial and Boundary Value Problems (141 | 


6. 


10. 


2 
The fourier transform of ou = aU forx20, 44. 
ox oy 
—2w<b<ocis: 
(a) U = AeP* (b) U = Ae’ P* 
(c)U = AeP’* (d) U = Ae?* 
aU _ aU 


The fourier finite cosine transform of — = —— 


0<x<6t>0,U,(0,t) =U, (6 t) = 0is: 
(a) Uc = Ae™P tt (b) Uc = Ae~P ®'t/16 


oe 12. 
(c) Ug = Ae Prt 32 (d) Uz = Ae 36 
2 2 
The finite fourier sine transform of ae ge. 
at? ax? 
O0<x<2t>0,U(0, t) =U(2 t) = Ois: 13. 
t 
(a) Ug = Ae PF 2 
n ~3n2n2t 
(b) Ug = Ae 2 
(c) Ue = Acos =m + Bsin Spt 
: 3pmt . , optt 
(d)Us adi ae maed aa 14. 
2 
The finite fourier sine transform of ou = aU 
ot ax 


O0<x<6t>OandU(0, t) =U(6,t) = Ois: 
t 


2 


(a)Us=Ae 3 ~—(b)U = Ae Pt 
ie A -p’n2t 
(c) Ug = Ae?" (d)Ug=Ae 36 


2 2 
The finite fourier sine transform of Lae = goU 
at? ax? 
O<x< 2a,t>OandU(0, t) =U (n, t) = Ois: 
(a) Ug = Ae7Pt 
. 4p?t 
(b)Ug=Ae * 
(c) Us = Acos 2pt + Bsin2pt 


(d) Us = Acosh2pt + Bsin h2pt 


15. 


2 


The finite fourier sine transform of oe aU 
ot ax? 

O<x<2,t>0,U(0 t) =1,U(n, t) = 3is: 

(a) (D + p) Us = p (1+ cos mp) 

(b) (D + p) Ug = p (1+ 3sinpn) 

(c) (D + p)Ug = p (1-3sinpn) 

( 


d) (D + p”) bls = p (1—3cospm) 


aU _, dU 


The fourier transform of — = k——,-a<x<ais: 
ot ax? 


(b) U = Acos hpt 
(d) ie Acoskpt 
2 2 
U _ 20U 
ot ox 


(a) U = Ae~*rt 
(c)U = Ae*P’t 


The fourier transform of for 


-a<x<a,t>Q, is given by: 
a) U = Ae?Pt 

b) U = Acoscpt + Bsincpt 
c) U = Acos hcpt + B sin hcpt 
d)U = Ae~Pt 


The fourier sine transform of 


( 
( 
( 
( 


2 
 _98U soto 
ot ax? 
U= 1 O<x<l 
0 x21 


with U(0t)=0 


when t=O and U(x,t) is 


bounded, is : 


(a) Ug = Ae Pt (b) Ug = Acos hpt 


(c) Us = Acos hp*t (d) De = Ae7P’'t 


Solve 


U(0, vy) =0= Vn, y): 
(a) Ae 'PY 
(b) Be7'PY 
(c) Acoshpy+ Bsinhpy (d) Ae'?Y + Be PY 


ANSWERS 


MULTIPLE CHOICE QUESTIONS 


ile 


(a)) (22a) (bb) Seam) (cl) ace (a) See) (c)) ies 


(c) | 7 | (a) | & | (c) | 9 | (d) | 20. | (c) 


ali t 


(d) | 12. | (c) | 13. | (b) | a4. | (d) | 15. | (c) 


[a ) is B.Sc. Objective Mathematics (Differential Equations and Integral Transform) 
HINTS AND SOLUTIONS 


dU _ ,0°U A 2,2. 
2) Taking fourier sine transform of oo 2 we dUc _-p a ic - U,(0, t) -U,(6,t)cospa} 
have dt 6 
2,°0U .. 2,°0U Mx ans? 
=| —sinpxdx =2,|—| —— sinpx dx Gia = iP 
lo a |b xe = dt 36S 
co . 2 2 
Sek U sin px dx = 2/2 (Senex) So Uc = Ae™ ae 
0 ) 0 36 
-p| ee eas px ax| 92U 92U 
., OU 9 ax 8. Taking finite fourier sine transform of —— = a——, 
if — > O0asx 4 «so 2 2 
ox ot ox 
dU S_ 2 a 2/2;a.,. we have 
ae -2p,|* (U cos px)y — 2p ele U sin px dx pees U WP = ot nPO - 
if U > Oas x = ~ we get 0 ot? ea 
277 2 
vena t)— 2p’U 5 o «= 2 Us = SP" — 
T dt? 4 4 
or Ys 4 on%} = 2p fe One [U(0, t) -UL2, #) cospr] 
dt ug aU Ss 9p? x? 
Ug=Ae?t ae a Ug =0 
5: Taking finite fourier cosine transform of i Bex 
So, the solution isU = Acos e™ + Bsin 2P™. 
aU _ |, 9U : 2 
ot ax? 2 2 
2 10. Taking Laplace transform of ae = ae 
t QU t dU at? a 2 
J —— cos px dx =k] —— cos px dx x 
d0 7 ii —z sin px dx = af 2 snp 
a =k[-p'Uc - U, (0, t) -U,(1, t) cos mp} a 
d Ale = ary 
or We = “kk ¢ qo Us + 4p {U(0, t) -—U(z, t) cos pr} 
t 
A + U(0, t) =U(n, t) = 0, t 
Integrates it Uc = Ae7kp’t a ) (1, ) , We Ge 
qUs | any. = 
6. Taking the fourier transform of both sides of dt 
2 " 
len, => (D?+4p*)U,=0 
ox dy” 
So the required solution is 
dU elPy aU ipy % . 
ee . dy = I. 7 ay? ev"dy Us = Acos2pt + Bsin 2pt 


a aie n 11. Taking the finite fourier sine transform of 
or ary Ue'P¥dy = (-ip)?U 
yc J—s0 


aU _ aU 
7 , A yay 2 
dj = pI = O= Ae? of ax 
dx 
ts Taking finite fourier cosine transform of Ls “sin px dx = ie oe px dx 
aU _ 0°U ; 
Be a eh : 
eo ee “s - p*tig + p U(G, t) -U(n,t) cospr} 
j = dc = [OU U sa de es U(0, t) = 1, U(n, t) = 3, we get 
0 ot 0 x? 


Applications of Fourier Transforms in Initial and Boundary Value Problems (143 |] 


12. 


13. 


14. 


ws 7 pUs + p (1-3cos pz) 
or as + pus = p (1—3cospn) 
aU _, dU 
Taking the fourier transform of — =k——, we 
ot ax? 
aise 
0U elPX a" . elPX 
x 
V2n zl ot Ti lee, is 
d 1 2 
——=_| Ue'P*dx =k (-ip)“U 
dt J2n /-~ om 
dU 2 
— =-kp*U 
dé 
So U = Ae Wr't 
dU _ 20°U 
Taking the fourier transform of ——=c —z we 
at? ox 
have 
a4 U elPX = ft) ay elPX dx 
de oe 
FL Yet = <(-ip2O 
dt? V2n/-~ 
27 is 
gu : = c2pU 
dt 
27 ‘ 
or = + c*p°U =0 
a 
AE. ism? +c for =0 
m=t icp 


where solution is U = Acos cpt + Bsin cpt. 


Since (U),_9 is given so taking the fourier sine 


aU 7 
——, we have 
at ye 


Jolp — sin px dx = oe oN sin px dx 
T 


transform of — 


15. 


e4 Jo U sin px dx = Az sin Px} 
) 0 


2 -° dU 
—p,/—|. —cospx dx 
ph ax . 
Us Bye fg — cos px dx 
if Ti noe 


= Ae t)cos px] 6 -P Fu sin px dx 
Tt m0 


= |20u (0, )-pUs asU — Oasx > © 
T 


as epee (Zeu1a ‘) 
dt T 


Ws 4 ps=0 + U(OH=0 
dt 
So, its solution is Us = Ae?’ 
Taking finite fourier sine transform of 
aU , o°U | é 
a2 52 
ox oy 


noU | n dU | _ 
, oo [i ao =0 


[2esinpx -pj. OU segs dx 
a 0 ax 


2 
+2 fu sin px dx = 0 
y2 0 


oe 
or —p[U cos px]§ — p®{U sinpx dx + d Us -0 
0 dy 
2 7 
or fUs _ pis =0 
dy 


Since U(0, y) =U (x, y) = 0 
So, the solution is Us = Acoshpy + Bsin hpy. 


O00 
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Fourier Series 


FOURIER SERIES EXPANSION IN THE INTERVAL 
(0, 270) 


1 The Fourier series is 


x bnsinnx 


ag it 
f(x)=—+ 2 a, cosnx + 
2 n=1 n n=1 


2 
where dg = =f ” fix) dx 
20 
2 
Ay = =f f(x) cosnxdx, 


1 ;2n ; 
bn=—Jo f (x) sinnxdx 


2. If the Fourier series is 


f(x)=ag + Z a,cosnx + X bnsinnx 
n=1 n=1 
1 ;-2n 
Then ag = = [. f (x) dx 
1 -2n 
an= =| f(x) cosnx dx 


and b= a f (x) sinnx dx 
720 


FOURIER SERIES EXPANSION IN (—71, 70) 


ile. The Fourier series is 


a 7 a . 
f(x) =—8 + E a,cosnx + E b,sinnx 
2 n=1 n=1 


len 
where ag = — J, flo) dx 
lpn 
an = als f(x) cosnx dx 


and bn=—[" f(x) sinnx dx 
| ol 


FOURIER SERIES FOR DISCONTINUOUS FUNCTIONS 


fy (x), 
1. L — 
a= 


in the interval (a, o + 27) and xq is the point of 
discontinuity. Here the Fourier series is 


aA<x<XxQg 
xXxg<x<at+2n 


co 


a ee : 
f(x) =—2 + © a,cosnx + E bnsinnx 
2 n=1 n= 


Where ay = “| [2° fioddx + ie fobelds | 


1 Xo 
a,= . is f4(x) cosnxdx 


fern fo(x) cosnx dx | 


Xo 


b= “fe f4(x) sinnx a | 


ea fo(x) sin nx a | 


Xo 


At the point of discontinuity, x = a the Fourier 
series gives f(x) as 


flx)= ie 0) + fla+ 0) 


CHANGE OF PERIOD 
Let the function f(x) in (0, 2c) 


*, 2c is the interval for the variable = x 


.. 20 is the interval for the variable = = 2m 
Cc 


So, putting z = M orx= = the function f(x) 
Cc T 


of period 2c is transformed for the function 


7 (=) of period 27. 
T 


FOURIER SERIES EXPANSION OF EVEN OR ODD 
FUNCTION IN (—7, 70) 


1. Let the fourier series expansion of an even 
function in (—Z, 1) is 


a = F 
f(x)=—2 + ¥ a,cosnx + ¥ by sinnx 
2 n=1 n=1 


Fourier Series 
ts | A5 


1 2 tn os 
Then, ag = = f(x) dx = ~ Jofeorax f= “0 +E a, cos 


1 px 2(n 
n= = f(x) cosnx dx = © J fe) dx where ag = = fg fterdx 


1 px 2 (n 
dn = = f(x) cosnx dx = ~ Jo fos) cosnx dx = n= =f. flx ) cos" dx 
bn = =e f(x) sinnx dx = 0 2. The half range Fourier sine series in (0, T) is 
nx 
2. Let the Fourier series expansion of odd f(x)= z ' b, sin TT 


function [f(—x) = —f (x)] is 
where b, = é [foo ) sin nix dx 
T 0 T 


_ a9 (2 ; co 
f(x) = 5 + J ansinx +f" nsinnx 


PARSEVAL’S FORMULA 
where ag =—[" f(x)dx =0 s S FORMU 
eal 1. If the Fourier series for f(x) converges 
a= ( f(x) cosnx dx = 0, uniformly in (-I, !) then 


i 2 ee 
1 Lf(x)©dx =1]— + & (ay + by) 
bn = = JF le) sinnx dx J c n=1 | 
T 


2. If the Fourier series for f(x) converges 
HALF RANGE FOURIER COSINE AND SINE uniformly in (0, 2/) then 
SERIES IN (0, T) 
it The half range Fourier cosine series in(0, T)is f, Ue (x)]? dx =1 E 5 + E lan + a) 
n= 


EXERCISE 


MULTIPLE CHOICE QUESTIONS 4. The coefficient b, in the Fourier series expansion of 


il; If the Fourier series of f(x) has only cosine forms x3 for -1< x < Tis: 
then f(x) must be : (a) O (b) (-1)" |s- 4 
(a) Even (b) Odd non 
(c) May be even or odd (d) Does not exist T 6 72 
(c) (-1)" (d) 2(-1)" | = -— 
2. The coefficient ag in the Fourier series for e* in n? noon 
O<x< mis: 5s The coefficient ag in the expansion of f(x) = e* in 
a- 2 any 7 
a) hyde") (0, 1) is: 
n+] ae (a) 2e (b) 2e-1 (c)2e-2 (d) 2e-3 
1-e** (1-e?") eke , ; 
(c) (d) 6. The coefficeint b, in the expansion of f(x) =1 in 
2n 2mn . 
r<x<wis: 
3. The coefficient a, in the Fourier series for x cosx in 4 
_— — if nisodd — if niseven 
-1<x< Tis: (a) 4 nn (b) san 
(a) 0 (b) = ‘ if nis even 0 if nisodd 
n— 
- g— a 
(c) (d) None of thse nn 4 
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ve 


10. 


11. 


12. 


13. 


14. 


15. 


At the point of discontinuity a, Fourier series 
converges : 


(a) fla+ 0+ fla—0) 
(c) slfla +0)+ flo 


(b) f’(a+ 0) + f’(a—-0) 
0)] (d) fla+ 0) — f(a — 0) 
2 
Fourier coefficient ag in Fourier series expansion 
represents : 


(a) Minimum value of f(x) 


(b) 
(c) Mean value of f(x) 
d) 


( 


In the Fourier series expansion of f(x) =|x| in 


Maximum value of f(x) 


None of these 


(—2, 7) the value of ag is : 


4 3 2 
(a) 0 (b) on (c) ie (d) a 
cos mx definied in (0, 1) can be expanded in series 
of : 
(a) Cosine terms only 
(b) Sine and cosine terms both 
(c) Sine terms only 
(d) Constant terms only 


In the Fourier series expansion of f(x) =x —x? in 


(—1, ™) the value of a,, is : 


(-1)" (=1)"*1 
(a) 0) 

=n (-1)" d 2 (-nr*! 
(yr ans 


-hl -1<x<0 
then the coefficient ag in 


If flx) = | 


x O<x<t 


the Fourier series expansion is : 


(a) (-"2 (b) S00" 
2 T 
-7? —T 
ae d) — 
() a 


The coefficient ap in the fourier series for x? in 


—-N<x< Tis: 
(a) nt (b) 2nn? —(c) nn® (d) La 
3 3 
In the expansion of 1 — Xin (0, I) the coefficient ag is : 
e 
(a4 (o) 2) 2r?n? (a) 1 
nu nt 


The coefficient ap in the Fourier series expansion of 


sin ()ino<x<tis: 


16. 


Li, 


18. 


19. 


20. 


21, 


22, 


23. 


24. 


2 
T T 4 4 
a) — b) — C) = d) = 
(a) i (b) ri (c) 2 (d) 
The Fourier series of sin3x in (—1, 7) is : 
. sin 3x xe x? 
(a) sinx — er oe 
3 3! OS! 
(c) Ssinx- 3% (4) 3sinx — SINS 
4 4 


In the Fourier series expansion of x2nx (—1, 7) the 


coefficient a, is : 


@) So" (o) 
(c) (-1)" (d) 4(-1)" 
n n 


and f(x) is of period 


2n then the coefficient ag is : 
(a) 0 (b) 1 (c) x? (d) x 


The coefficient a, in the Fourier expansion of : =X 


in (0, I) is : 
! 
(a)W— = (os) ™™ — (ey (d) 0 
nt I It 
If f(x) = eed alee ? then coefficient b, in 
x-l r<x<l 
the Fourier series is : 
1 -2 
(aJ— = (ob) = (ce) (ay 
nt nt 2 
The coefficient ay in the Fourier expansion of 
{1 1 
; +x ee <x< 0 
f(x) = F 1 8: 
=-x O0<x<= 
2 2 
1 
(a) 1 (b) . (c) 2 (d) 0 
If f(x) = BR: teat then the coefficent a, in 
1. €2x<22€ 
the Fourier series is : 
2 1 
(a) (b)-=—(cJ-— (a) 
2 nt nt 


The coefficient a, in the Fourier expansion of x? in 
(—1, 7) is : 


(a) Sy) cnr? (a0 
n n 


The Fourier series of cos 3x in (—7, 7) is : 
cos 3x cos 3x 


(a) Sere + (b) cosx + Fess 
4 3! 
2 4 
(c) Kosten “easey (dia a gy we 
4 2) 4 


Fourier Series 
7 | 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


2 


In the Fourier expansion of x —x“ in (—z, m) the 


coefficient by is : 


(a) 1 (b) -2 (c) -1 (d) -4 
The coefficient b, in the Fourier series expansion of 
f(x) = x? in (-—1, 1) is: 
n 4 
(a) (-1) (b) _ 
n n 
(c) 2n? (d) 0 
[_1 Ee eee 
2 
If f(x)=40 ; <x<4 , then Fourier 
1 Zexen 
coefficient ag is : 
(a) cos" _ x (b) sin _ x 
2 2 
_ nt 
c) sin — (d) 0 
(c) - 
The Fourier coefficient b, in the Fourier expansion 
of L—x in(O Nis: 
2 
I 
(a)— (os) ™™—() * (d) 0 
nt I In 


[1 += 1<x<0 
If f(x) = ! , then coefficient ao is : 


1- O<x<! 


(a) 0 (b) 


The coefficient a, in the Fourier expansion of 
x+1 -l<x<0O. 

f(x) = 
x-1l O0<x<l 


The coefficient b, in the Fourier expansion of 
{1 1 


=+x -i<x<0 
fix)=1? a a, 1 

=-x O0<x<= 

2 2 


If f(x) = au , then the coefficient b,, in 
1 “C<x<2C 


the Fourier expansion is : 


i. “We” Pniseddetherwied 
nt ni 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


(c) 2 if nis even otherwise 0 
nt 


(d) -— 


nt 


The coefficient ap in the Fourier expansion of |x| in 
(—2, 2) is : 


(a) 1 (b) 2 (c) 3 (d) 0 


If f(x) =x(m—x) then the coefficient ag in the 


Fourier expansion in the interval (0, 7) is : 


Tl x? Tl Tl 
(a) e (b) = (c) 3 (d) a 


The coefficient ay in the Fourier expansion of 


fiers TIX, O<x<l.. 
~ )n(2-x), l<x<2° 

(a) 2 o4 @2 aa 
Tv Tv T TT 


The Fourier series expansion in complex form is : 
: x 
—Intkt — 


a a Ge 7 


n=—co 


(b) 5 Cems 


n=—co 


(d) 5 Cet tinnx/T 
n 


n=—co 


(c) x Cent 


n=—co 


The coefficient ay in the Fourier expansion of 


TX, r<x<l. ; 
Jo l<x<2 
2 3 
(a) 7 (b) 7 (c) x (d) 0 


If f(x) = x(a —x) then the coefficient b,, in (0, 7) is : 


(b) ae if nis odd otherwise 0 


(-2, is: 
(c) n?n2 (dO 


nu ren? 


If f(x) = x in (-1, 1) then the Fourier coefficient b,, 
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ANSWERS 


MULTIPLE CHOICE QUESTIONS 

a (a) 2. (c) Be (a) | 4. | (d) | 5. (c) 6. (a) 7. (c) 8. (c) 9. (a) (Om (c) 

11. | (c) | 12. | (d) | 13. | (d) | 14. | (d) | 15. | (d) | 16. | (c) | 17. | (a) | 18. | (d) | 19. | (d) | 20. | (b) 
( 
( 


21. | (b) | 22. | (d) | 23. | (a) | 24. | (a) | 25.) (c) | 26. | (d) | 27. | (d) | 28. | (a) | 29. | (a) | 30. | (d) 
31. | (d) | 32. | (b) | 33. | (b) | 34. | (b) | 35. | (d) | 36. | (d) | 37. | (c) | 38. | (b) | 39. | (a) | 40. | (d) 


HINTS AND SOLUTIONS 


2: f(x) =e™~ in (0, 2z) _ -4(-1)" 
Z 
1 ,2n 1 ,2n _ j-e2 n 
So, ag = — x)dx =—_| e“dx'= ae ust 
0-5 fy fede = 5 fy on 12, fixy-[-* ~B<*<O 
3 mT r<x<t 
4. f(x) =x? for (—1, 1) qe ae 7 
2 icra 20" 3. 00 = aa Jt flelde = 2] 1° (max + fpeae| 
b, = =f f(x)sin px dx = = | x” sin px dx 2n--m TLe-% 0 
70 70 
2 
2| -n? cosnn 6mcosnt _ » 4" 6 1 =e n+ _||=-2 
+ 3 (1) 3 T 2 2 
Tt n n n n 
=1-~ 0<x< 
6. f(x)=lr<x<t 1 foe! plete! 
_ 2 ¢n : _ 2 6n, _2,! _ 2:1 (, x 
So, a fix)sinnx dx = = J sinnx dx Then ag = = |, fix)dx = = (1 * ax 
| 
2( coon) 2 1 1)" 1] _2 —— _2 ae 
ie a i, | tL 2 
_ a ifn is odd -2 an 
0, ifn is even | | 
9. f(x) = |x|in (—2, 7) 16. -sin3x = 3sinx — 4sin? x 
a == |" F(x) cosnx dx = 2 "x cosnx dx so, sin?x = 3 sinx — Sn3x 
"770 mt 20 4 
1; 170 
: +1 a _t = 
2| x Same 5 Se _ 2 (1—(-1)"] 18. ao ~ J Ada = x — m)dx 
1 n 2 0 mn? 


= =. if nis odd and 0 if nis even. 
nn? 


T 
at ae + —— 
So, dg =0 zs 9 : 9 ; 


11. f(x)=x—x? in(—n, x) 


1 ne 2 m2 2 
1 pt 2 = TT 1+ + 1 = 
a, =—[- (x — x“) cosnx dx x\| 2 2 
1 T 


i 1 
= Nga g ty 4 <9 | ne ee J, fl) sin dx 
T n n2 1 -1 t 


0 1 
ll = f& + 1)sinnxndx + Jo —1) sinnnx dx 
7. 


Fourier Series 


22: 


25. 


2rs 


29 


31. 


=|0+0( 


0 
cosnnx } (= sinnnx ) 
nt nen? Jy 


1 
| bet) ver) (=) 2 
nn? n’n® )Jo nm 


= EE testeos a 


7 =| —- 
c/0 Cc 


1 C .. 4nx I 
= sin =0 
CL4n C do 


2 
+ a eos ™ ae 
cic Cc 


=x-—x? in (—1, 7) 


f(x) 


2b. = i (x — x?) sin nx dx 
T T 


Hee) 


ay = —["_ fladd = Af (Max 


fe ? Odx + | ‘aid| 


ee + * Nae + ne - >| 


_ 1/2 nmx 
b, = Thah in= dx 
2 2 
0 1 ; 
= Ale (5 + x] sin 2ntx dx 


+2 ( 


-x} sin 2ntx dx 


33. 


35. 


1-2 1,0 1,2 
aig = al ofid = 5h!) dx + alex dx 


lane es 1 
S2|%_| 42|— | s2(4-Ge 2044s 
212), 2) 2 a4 4 


2: 4G 4nx 
==] f(x)cos——dx 
2 el c 
=F fo nx cos che +f nl m(2— x)e0s a | 
2 
1 
. NIX nix 
ee aes 
=n + 
nn n?n2 
2 4 0 
2 
sin 2X cos "7X 
n|(2—x) 2 —(-1) 2 
nt nn? 
2 4 A 
_ 8 nt — 4 
T 2285 a 2 
4 4n 
A => aoeS 1-cosnnt 
nr 
4 
Og -— 
T 
Cc 1 2 
das » fed =F face + fin xd 
1 2 
2 2 
-7|= [a3 = 
2: F 2 A 


— x)sinnx dx 


=2(" 
by = = [x(n 


= Zins x?) sours) ia 2) ( mm) 
T n n 


if nis odd 


ifn is even 
1 . liq. 
bn{_, flx)sin nxdx = es sinnx dx = 0 


O00 


